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Abstract
In this paper, the robustness of Maximum Likelihood (ML) constant frequency estimators is discussed. The motivation for the paper is to understand the performance of the Hidden Markov
Model-Maximum Likelihood (HMM-ML) tandem
frequency tracker [I]where the signal's frequency
is assumed to be piecewise constant. For this
purpose the frequencies of noisy linear FM signals are estimated under the wrong assumption
that they have constant frequencies and the performance of the ML constant frequency estimator is analyzed at different Signal-to-Noise Ratio
(SNR) levels extending the techniques in [2]. The
change of the threshold SNR with respect to the
rate of the frequency variation is investigated and
a simple rule of thumb is given for this change.
The results are supported by simulations.

1 Introduction
In this paper, we analyze the performance of the
ML constant frequency estimators under wrong
model assumptions. We were motivated by two
reasons. One is t o understand the robustness
of the ML constant frequency estimators in general. The second reason is to understand the
performance of the HMM-ML tandem frequency
'The authors wish to acknowledge the funding of the
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tracker [I]. In the latter case the measurement
signal is divided into windows and in each window the frequency of the signal is estimated using
a ML constant frequency estimator by assuming that the signal frequency is constant in the
window. Finally the transitions between the frequency estimates in each window are modelled
using a Hidden Markov Model. Of course the
assumption on the signal frequency can not always be met, at least for some windows. Our
problem is to determine how the ML constant
frequency estimator changes in the case that the
frequency of a signal is assumed to be constant,
but in fact it is not constant. In order to answer
this question we estimate the frequency of a signal whose frequency is changing, assuming that
it has a constant frequency. The signals which
have the simplest frequency variation are considered, i.e. linear FM signals. Although our selection of the model for the frequency variation is
restrictive, it is useful to understand the nature
of the problem and it gives some insight into the
general problem.

In order to compare our results with the constant frequency case which was analyzed in [2] we
use the same model for the measurement signal
which is

where the real and imaginary parts of the noise
w[-]
are zero mean Gaussian noise sequences with
variance u2 and independent from each other.
As shown in that paper, ML frequency estimate of the measurement signal is the maximizer of JZ(fl)I/N where Z(0) is the discretetime Fourier transform of the measurement sig-

nal defined by

Since finding this maximizer is computationally
very expensive, the ML estimate of the signal's frequency is found in two stages : (t)
Coarse search, (it) Fine search. The coarse
search is performed by evaluating the discretetime Fourier transform (DTFT) Z ( a ) of z[.] in
(1.1) at M different frequencies Rk = 2nklM for
k = 0,. ..,M -1, and finding the m e which maximizes IZ(Qk)l2 / N . Note that this process can be
easily done using the discrete Fourier transform
(DFT). In [ 2 ] ,the existence of a threshold SNR
region is noted where the performance of the ML
frequency estimator suddenly deteriorates.
Figure 1: Absolute value of the continuous time
Fourier transform of a linear FM signal.

2 Statistics of the DFT of linear FM signals
and Z I [ k ] .On the other hand,
Let the continuous-time signal, whose frequency
is to be estimated under the wrong assumption
that it has a constant frequency, be

I

where the total frequency variation A w ( t ) is
equal to w l t . Further, let this signal be sampled with the sampling frequency w, to obtain
the signal

Here SR[k] and SI k] are the real and the imaginary parts of S[k which is the DFT of s [ - ] in
(2.2), w d WR[k] and W I [ k ] are the real and
imaginary parts of W [ k ]which is the DFT of the
noise w [.I respectivqly. If the sampling frequency
is sufficiently high so that the aliasing effects
are negligible, then SR[k] and SI[k] are the real
and imaginary parts of &S(W) for w = (&k)
where S ( w ) is the continuous-time Fourier transform of s(.) given by, [3],

Here no = woT and R1 = W ~ T ' where T is the
sampling period such that w, = 27r/T.
The noisy measurement signal z [ n ]is assumed
to be
~ [ n=] s[n] t ~ [ n ] ,
(2.3)
where w [ n ] = wR[n] j w I [ n ] ,and both wR[']and
w I [ . ]are real and white Gaussian noise sequences
with mean zero and variance u 2 , and statistically
independent of each other.

+

Let Z [ k ] be the M-point DFT of z [ - ]for k =
0,. ..,M - 1 (M 2 N ) . The output of the coarse
search is the maximizer of 12[k]I2which is equal
to ZR[kI2 Z1[kl2 where ZR[k] and ZI [k] are the
real and imaginary parts of Z [ k ] for k=O,. ..,M1. Thus in order to find the performance of the
estimator we need to find the statistics of ZR[k]

+

(2.6)
Here K ( x ) is the Fresnel integral defined by

It can be seen from Figure 1 where IS(w)l is plotted and from (2.6) that the maximum height of
IS(w)( is proportional to l/&
and it has o
width of approximately 2Aw.
In order to find the statistics of ZR[k] and
ZI[k] we need to analyze the statistics of the
DFT of the noise w [ . ] . It is known that the real

and imaginary parts of the DFT of a sequence
are the DFT of the conjugate symmetric (even)
and the conjugate anti-symmetric (odd) parts of
the sequence, respectively. Hence if ze[-] and
z,[.] denote the conjugate symmetric and antisymmetric parts of z[-]of the M-point DFT, defined by

then ZR[k] and ZI[k] are the DFTs of ze[.] and
z,[.]. Since WR[.] = DFT{w,[.]) and WI[.] =
DFT{w,[-1) where we[.] and w,[.] are the conjugate symmetric and anti-symmetric parts of the
noise w[-1,then

It can be shown that when M = N (2.10) becomes
0

- k)

E{WR[~]W~[Z]}
= -6(Z
N

(2.11)

with 6(-)being the Kronecker delta function. In
this case, both wR[k] and Wz[k] are white Gaussian raqdom variables with mean 0,and variance
a 2 / ~which
,
are independent of each other for
1 = 0,. . ,N - 1. Hence, Z R [ ~and
] ZI[k] are independent Gaussian random variables with means
Sn[k] and SI[k], and variance $. Thus 2k =
JZ[k]I2= Z;[k]
Z;[k] has a non-central ChiSquare (Xn)probability distribution with p = 2
degrees of freedom, and the non-centrality parameter, X = ( S R [ Y0 2~ + S ~ N[ ~. I so
)

3 Robustness analysis

In order to analyze the performance of the ML
constant frequency estimator we use the technique in [2]. This technique depends on the evaluation of the probability of the outliers which
are the frequency estimates far from the true frequency. As can be seen from the Figure 1there is
no true frequency for linear FM signals. Thus it
is convenient to define outliers as the frequency
estimates which are far from the frequency region
[wo,wo 2Aw], where A o is the total frequency
variation which is wlTl. So if q denotes the outlier probability, then an analytic expression can
be given by using the variables

+

where L denotes the number of DFT bins in the
region [wo,wo+ 2Aw]. Hence an outlier will occur
if EN-L > DL; Using the technique in [2], the
outlier probability q can be calculated as
q = Pr{D,c

=

.

+

< X)

Nx
= Fxn (T;
u

f,n

(x; p = 2, A) = $lo(&)

PI{DL<EN-~IEN-~=I)

1

x f~N-L(x)dx

(3.4)

00

=

FDL(x)~EN-~(x)~x- (3.5)

Furthermore the probability distribution and density functions of EN-L can be written as
FEN-,

4./

exp[-$ (A

(X 2 0).

(3.3)

(2) = [

(x)~N-L

~ 2 k

(3.6)

and

= 2, A),
(2.12)
where the probability density function for a noncentral Chi-Square distribution for p = 2 degrees of freedom and non-centralit - parameter
X is given by [4]

Fzk(X) := Pr{Zk

dm

< EN-L)

~EN-L

where

(2) = ( N

2 k

- L)[FZI;(X)]N-L-l h k (4)

= 1 Z[k]1 = ZR[k]

+ ZI [k]

and

(3.7)

+ x)],
(2.13)

Also F',(X) can be calculated as

Here Io(x) is the modified Bessel function of the
first kind.
Note that F2,(x) is a non-central Chi-Square
probability distribution as given in (2.12).

Then the outlier probability for the frequency
estimate of the linear FM signal can be written

Note that when w,/2 = wo+Aw the bias becomes
zero.
Similarly the variance around the mean of the
frequency estimates Lj can be calculated as
VARIANCE =
4 E { ( 3 - Ljo,tfier)2 1 outlier) q(Gout~k G)2
+ ( I - q )E{(& - 6 ~ outlier)2
0
I N O outlier)
(3.17)
+ ( I - q ) (&NOoutlier - z)2

+

By change of variables, (3.11) can be written
as

-

Thus, the MSE computed around the "true" frequency of the linear FM signal, wo Aw is given
by

+

+

MSE = (BIAS)' VARIANCE

The performance of the ML estimator can be
measured by the mean squared error (MSE) of
the frequency estimates, hence a calculation of
the MSE is necessary. As we have pointed earlier,
there is no true frequency for linear FM signals.
The only frequency which can be defined as the
"truen frequency of a linear FM signal is its mean
frequency, i.e. wo Aw. By extension, the bias
for the frequency estimates can be defined by
Lj-(*+Aw) where 3 is the expected value of the
frequency estimates c j of the linear FM signals
assuming that they have constant frequencies.

.

(3.18)

Since it is very difficult to give an analytic
expression for the MSE around LjNo outlier an UPper bound can be derived for it. It can be seen
from Figure 1 that the peaks of the IS(w)l are
very close to wo and wo 2Aw when Aw is sufficiently large, So even at very high SNRs this
MSE around LjNo outlier is approximately ( A w ) ~ .
So this MSE can be bounded as

+

(3.13)

~ { ( c-j GNooutlier)2 1 3 NO outlier) 5 ( A W ) ~
(3.19)
and E ( ( 3 - Cjout1;,)2 ( 3 outlier) can be calculated easily. If w, / 2 = wo Aw the bias of the
frequency estimates is zero, then (3.18) simplifies
to
1
MSE q (?w: wOAw A W ~ ) ( 1 - q ) Aw2
(3.20)
Note that at high SNRs the outlier probability
q is approximately zero and the MSE of the frequency estimates around wo Aw is given by the
bound in (3.19). On the other hand, at very low
SNRs ( 1 - q) is approximately zero and the MSE
expression that is derived becomes exact for this
range of SNRs. Also if w8 # wo Aw, (3.20) can
be modified easily by adding the bias term given
in (3.16) as in (3.18)

Then the expected value of the frequency estimates Lj can be written as

4 Simulations and theoretical computations

+

be the expected valLet Cjoutlier and CjNo
ues of the frequency estimates when there is an
outlier and there is no outlier, respectively. In
fact, LjNo outlier is equal to (wo A w ) since S ( w )
is symmetric around (wo A w ) as can be seen
from Figure 1. On the other hand, the noise
which causes the occurrence of an outlier has a
uniform distribution outside the frequency region
[wo,wo ~ A w ]it, can be shown that

+

+

+

-

Goutlier =

5 =

w: - 4w0 Aw - 4Aw2
2 (w, - 2 A.w)

q Goutlier

+ (1 - Q) NO

.

outlier

(3.14)

and it can be verified that the bias of the frequency estimates is
BIAS =

=

(3.15)
3 - (wo + A w )
[wa - 2 (00+ Aw)]
. (3.16)
2(ws-2Aw)

.

r

+

+

<

+

+

+

+

The simulations were implemented by estimating
the frequencies oflinear FM signals with different
total frequency variation A f under the assumption that the signals had constant frequencies.
The sampling frequency fa was selected as 4000
Hz and the mean frequencies of the linear FM
signals (i.e. fo A f ) were selected as fa/2 where
w, = 27r f a , wo = 27r fo and Aw = 27rAf. The

-+

reason for this parameter selection is to concentrate on the behaviour of the variance of the frequency estimates as the frequency variation Aw
changes. Both the length of the data N and the
DFT length M were selected as 256. Also both
the coarse search and the fine search were implemented. For each A f , 1000 different realizations
of the signals were estimated at 30 different SNR
levels. Further note that the SNR for all these
signals is defined as bi/2a2.
The MSE versus SNR curves of the frequency
estimates obtained both from the simulations
and the theoretical calculations using the formula given in (3.20), are plotted in Figure 2.
The MSE for the constant frequency case is calculated using the formula in [2]. As can be seen
from this figure when the frequency variation A f
is sufficiently large the MSEs obtained from the
simulations for the linear FM signals at a high
SNRs stay constant as the SNR increases and
they are much greater than in the constant frequency case. ( The theoretical curve for the constant frequency case is given by the Cramer-Rao
bound calculated in [2].) These observations are
consistent with the theoretical MSE curves given
in the same figure. Also as A f increases the MSE
obtained from the simulations increases almost
linearly at high SNRs when Af is sufficiently
large. When A f is small, the MSEs of the frequency estimates of these linear FM signals are
close to the MSE in the constant frequency case.
At very low SNRs the MSE is the same for all
linear FM signals. Finally, the threshold SNR
seems to decrease with increasing A f .
There are several differences between the theoretical results and the simulation results at high
SNRs. The first one is the difference between the
MSE values of the theoretical calculations and
the simulation results. But as we have pointed
out earlier for the theoret.ical calculations we
have just given a bound for the MSE of the frequency estimates when there is no outlier, i.e.
at very high SNRs. When Af is very small this
bound is quite conservative whereas when A f is
quite big this bound becomes better.
The other difference is the threshold SNRs.
But as can be seen from the Figure 3 the probability of the outlier around the threshold SNR is
approximately
In other words, statistically
just to observe one outlier at least one million
simulations must be implemented which shows
the impracticality of the simulations to find the
threshold SNRs. i
The probability of the occurrence of outliers is
primarily influenced by the height of maxj (S(f )I

above a notional noise floor, i.e. [maxj IS(f )(]/(a2/N).
Thus if A f is doubled, so that maxj IS( f ) 1 is reone would expect the threshold to
duced by
occur at an SNR which is f i higher. Put another way, we should have a relation of the form

a,

SNR threshold in dB =
10 l o g ( m ) constant

+

(4.1)

This conjecture about the threshold SNR is supported by Figure 4 where curve I corresponds to
the threshold SNRs versus different chirp rates.
Curve 11, which almost matches the first, is simply (10 l o g ( m )
c~nstant). Of course one
can not expect this relation to hold when A f is
very small, i.e. for N = 256 this relation holds
for A f 2 15 Hz and the constant in (4.1) is approximately equal to -14.

+

5 Conclusion
In this paper we analyzed the robustness of
Maximum-Likelihood constant frequency estimator under model errors. The frequencies of a class
of signals were estimated as if the signals had
constant frequencies. In order to understand the
performance of these estimators for this class of
signals the outlier analysis of Rife and Boorstyn
[2] was generalized. An analytic expression for
the mean squared error of the frequency estimates was given. It has been shown that at very
high SNR levels even when the SNR increases the
MSE does not decrease, in fact it stays constant.
At very low SNR levels the MSE of the frequency
estimates for this class of signals has been shown
to be the same as for the constant frequency case.
The change of the threshold SNRs is analyzed
with respect to the frequency variation and a
simple rule of thumb for change of the threshold
SNRs for this class of signals was given. These
results were supported by simulations.
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Figure 2: The simulation and the theoretical results for the MSE (rms) of the frequency estimates of the linear FM signals for different chirp
rates assuming that they have constant frequencies. The curves are obtained when the data size
N = 256, the DFT size M = 256, the sampling
frequency f, = 4000 Hz, the mean frequency
fo + A f = 2000 Hz.

Figure 3: Outlier probabilities of the linear F M
signals for different chirp rates when the data size
N = 256, the DFT size M = 256, the sampling
frequency f, = 4000 Hz, the mean frequency fo+
A f = 2000 Hz.
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Figure 4: The threshold SNR which is obtained from the theoretical calculations versus
A f , is plotted in curve I. (10 loglo(Jhf)+ constant) versus A f is plotted in curve I1 where
the constant is -14. The parameters are selected
such that the data size N = 256, the DFT size
M = 256, the sampling frequency f, = 4000 Hz,
the mean frequency fo A f = 2000 Hz.
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