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cai~nalor i n  hl;.rbn. rlnere it is ~ n , r w d  rl~nr rlte huam~t i c  nn,plit~r.lcr arc L.tulw13. Wc derive botrtsrl. nb llnr pcrlunnr~ace of lllr crlirnnlor 
and sirow l t o r  c l~c ~ ~ l m s r f r ~ ~ ~ t c ~ t c y  ~ t i ~ ~ ~ a l i o ~ ~  p.ol~letn UYI Ire it&le).pt.t:led in  ar trullirsr-ricr hryttcncy h4alalxlion (Fhl). nrc lm(,sr 
a b  pmscnls sinnulalions duno~trlaatin~ tltc exkent:e .,I a ' l l ,wrl~uld cll.ers . lussiliar LC, tu l rmn riuuglc curirm I.hi rleua*d~ln!io~t - -sialcd 
xilh tLc geltcnl plnav-lre.l~m,cy ~ i l i ~ x ~ a l i r ~ r n  pr4,I,k8~&. 

Irackiisgd8c dylal'r l r u h c l ~ t ~ t t n l  f r q m t c y  along rill, 11% pluuc stnl 
un~~l i ludc of each of i ts Ioumnstis: mml,o~,cttis. 

P&Lcr.md Anal=-n (0.71 I,n\natc.cked tlli. pwWsr,t lq lon~n~ la i .  
~ ~ 

iq a slak space dewriptiat uf LIIO sig,txl and applyins =a Estcnderi 
l i n l u ~ , ~  biller (EKF) l o  llre rwivived rigr~nl, A connlrlcrc dactiprinn 
ul llldr approad, may bc <and in IB.7k wltal Inllews is a Md rrca- 

~ l u l a l i o .  d llk proLlcrn l a n ~ u l a h  given llncrein. \Vl~i lc i l r r  work 
d l l i s  wpm duo nut dcal r i r b  lhd: for .~~tu ln l io~~ per sc. 11,. ld lcw- 
iq abmmary m n  l o  x l  lhe scale fur our Lrmltnetrt. Wc wil l  bc 
<ansi.lcnt viLh rlldr nntnrion. 

\S'e dc~uulc Pe receivnl (or mcwared) dgt!nl t y  

w l tn r  I ,  Is r lw  m x m icIcl)t i~y i ~ t i ~ r i s  ntnl tlar Llar~k errw:er do 
-. ~ B L  pmc-s I ~ ~ S C  ten. "(I) hi a rloile. Guurriiua. 

zat,.,,- -au, 1 u1,lcun p-ra or 1~1g111 2n1 + I nil11 ~~.nn' iun:c 

E[ u(l)uT(s) ] = ( lbr , ,  r l rn rc  Q is l l ~ c  (Irt + I) x (1111 4. 1) db>~8ryahl 

IM~T~X: Q 6 d i a d  qo q l  . . . plm 1. 
' I ' l~c-~rrctx~ol l r~~, iw ~ ( 1 )  k a  wlail., G#ut~xiiut.reru-~~sea~# rcsfur 

nuslmn lw~rc iu  will, variance Is'[ n(1)nls) 1 = IlS,,. We nlu, aarurnr 
rh7r fnr i& 1 aunl s rimrc bddr El n(t)vr(r) ] = 0. T ~ P  *$t>d n o d 4  
ir suilcd co l l te ot,l,licnLioa d.88 GKF due t u l l \ c  ~wo~,lincwily \>f(1.9). 
Tbc rclasanl filler c q ~ t ~ ~ t i o t u  w n;r Iollors. (rcc [I]!. 



Lincariic~l Mearnrentenl Vector: 2.1 Cuutitttaous-Ttll,e Exr~ll#rletI Knlrtiull Filler E,p~i<cinrrs 

Upon applilieerion lo our signIJ modd, we ul*lain 

- - 
w l ,  for eonvu~ience, 0; = #;(t I t - I) and = ;(I [ 1 - I). 
lk filler is in i l ia l id  by :(0 [ -1) = q.z(O) ] = 3 0  unld E(0) = 
a (r(0) -Zo)(r(0) -z0)' 1 = Po . Tl~is,rnmplcM &he iorruulnrian 
d tlsc pmMm as one or extuded Klllman fillcring. 
EKF Slrustttre: I1 warsl,ows in [GI rlbrr rlte rolt~lhr, or (1.15) 

will* I1 given by (1.17) could be c k l y  rl,prorimatd by llmc so- 
lution d a 'limprvcragcd' rurian d (1.15), (- [GI Tor ciplana- 
(ion). This lod ru ilte diimvcry r l u ~  t1.c EiCF uruld bc d ~ ~ o t m ~ ~ l ~ l  
inlo separaLe hu~pliludc ertin8nlion anl irllilr~frm.u~ne)r crLinlntion 
mmponcnts whe~rby ampliludc c r l i i ~ c r s  rsrt xwlc M i t  lllr plszlsc 
and t m a m c v  crlirnatn were correct nnd tlicr verso. F~:lmBsrr~~oxr. 
Use ampiitudc estimator w& fouud Lo be explicillycrunpulrrWo. 018; 
l+, LI~rdnre, is Lo allcmpl an  undmlanding d the p1,ascfmtpeney - ~~ 

Once again r e  e~nsidor M appwxitnaldy periodic, norcsi~turuidd 
signal y(t) wills m harmics ,  nlllaauglt on clir ocenuios we will woN 
in ~onlinuous ti- Our Lask i s  to vack the dgurl'r fundnmntd 
frequency a l o n ~  with its hmnonic pllars, given t1m1 i t  JIM b m ,  
.coatnminatd tr). additircnoisc. IVe -,,BIZ pp.dccl knowledge d t l t e  
hnrnwnic smpli ldn.  A=. 1 < k 5 nt, cansiucnl with ow wblt 
la analyw tllc PI-tqciency aLiniamr in isdation. Similuty Lo 
kction 1, w e m y  upms tlrc unmrrupld rigud by 

Tlrc msw+wunnenrr arc 111- xivm by 

The lilwwiued obcrvalian vvetor is given in tlils cave by - . - - 
I I = [ O A ~ C D S O ~ A ~ ~ O ~  .... 4,-O,,] (2.11) 

'Cite 'soul' of r!,c EKF is tlar Knlusan Gda, o b l d u d  by solving lhr 
matrix 1%-d 4uarion. (2.8). We Vcrlur discus laow llrc dur ion of 
(2.8) mmy be appmxinni.Led as t - s4. 
Tllc soluiion d (2.8) n p p e n  l o b s  an imlnclbWe pmblun due lo  llle 
rucscncc of rmnscurdatmd btnctionr L, the Il(1) veaor. The l d t  erm 
bc cansidcrably simplified nrirll rlss use of a similar s l ra teg~ to Lhal 
utxmlovcd i s  rlsc d i t ~ - t i ~ ~ ~ c .  silualion. rmndy Lhe rrplaruuent 01 . . 
'130 11'(1)1I-'f1(1)tan~ b ~ h r  1urcaver;lge. Tl8euun 2.1 bcbw t l m  
lcllr ur \xnllcr wl,ic)r mr~dilion. llac solutiol, of Lltc 'limfnmaged' 
r l ~ l y - s l u l r ;  Rirsati qualion so nllahed c u t  Lc uwd to appmrin8ats 

. . 
-me ddii~iliens. 

Let us ionrr on the IIT(t)R-llJ(t) nlaltir. A p r r  frmu rhc fist ' r o w  and cdttmn ~ n \ p o n s n l s  e c h  am-, its (i+l)(i+ l)rls mm- 
poncot is ~ i v c n  by 2A;Aj sos Bi c a h % / ~ ~ .  Time avmging ykld. 

.2 

wl~erc n(t) is tlbr mcasmcrneta nois. We mume $(illC -d Wemay Uben define LLe time-averaged ~ r r r i o o o T J I ~ I l - ~  II as rdloxs. 
L. rm0*1C 

-T J r  R -I- H = a avd H*W'H 1 = dig-[ 1 0 A?. -4 1 .  (1.13) 
*(I) = Fs(t) +% + "(1) (2.3) No 

rn liere, a+.) rluroie rlns operalion d artnging each nlavix mmp* 
~ ( 1 )  = C~*~-inq(t )  + n(t) nrnt o v a  one period 01 irr mdllation. Tllc rsuir is llre diagonal, 

ki.1 lime-inuatianl matrix dciiuvd in (2.13), tlle "on-rero dig* corn. 

= I 4 0 1  + n(l) (2.,l> gonestlr of wNch are the individvrl l~lun,ortk ~~~~~~~noise rnrivr 
(SNR's). 

x1Lel.e 4 1 )  = [ ~ ( 1 )  8,(1) ... O,"(f) IT, !=!,, = [ ow 0 . .  .o ]T and line 'tir~~e.avuagd' newly.slare va~sio~t  01 (28) is dcfimd by 

-a 0 ... 0 o=K+FF~' - T I ~ R - ' ~ + Q  (2.14) [ ; ; .-. ;) Tile (ilrerrr&m IMLTL~ asmciated aich (2.1.1) is ~ i v m  b l F  & (F- 
F =  12.5) ?%T~-l-ii). Wc are n o r  eady testate tIlr Lbco~m. (Lack O ~ Y P M  

prccluder us giving a proor.) 

m 0 ... 0 Tlteorcnt 2.1 ~ o n r i d e r 3  aadZ(1) s r  drliacd ia (2.13) and (2.d). 
SII~YOIL lhal the cigtnvaluer pl Fzc  much dvaer 10 0 IKan to the 

Huc,Fkm~(m+l)x(~n+l)rwtrix a n d r ( t ) a v ~ b o r a r l ~ n ~ t l ~ m + l .  point ju ru that ll,r ayiftm &(I) .: Fa( t )+P( t )  u a low-pas. rprfmm 
Tibe pmces n d ~  vsclor v(t), (also of lenglh m + 1). I,= covariat~ce ~ i t h  rcaycci lo inputs of Irepmcnq w and above. ncrn or t - m. 
6[ v(l)uT(s) 1 = Q6(1- r), abcre Q & dig[ go ql ...,,,. 1. 1.ikewirc, E - z(t) i r  gn~nntccd 10 b* man.  

1Lcmeanuemerr~ndac scalar n(f) 11- varianccE[,~(l)n(a)l = R6(1- - 
(The lrrulr implie. ~l ta l  ior 2 ro'bc r euod approxitt~alion to C(f) 

s), where R 4 No/?. a. t - m, sigrtak oftralwcancy n ,nust lie ot~uitle llte 'pars harrd' of 
The pmcos and measurennanl ndsc pm- are tukcn Lo he ill- tllr Oiler arwciR~eri P) 

drpmdmL.jur1 ar in Lllc dicretrlin,e lon~tuh t iu~ .  (in fact, the dm. Antted wit11 tlte rtsuir o l l ' l tmma 2.1, we r u n  our allc~,~iou 10 
ilvily ir such il* Ole pi~ue-fmquency par1 of the dircruts-tinur d a l e  11, s ~ s l i o t ,  ,,r (2.14). ~ r g u t ~ i ~ k g  botL trnlttsncy ~ I X I  plms~  ariat ti en. 
spaccwdel may be r r o v e ~ d  by san11>&8s 111. abovcco~~tiruous-rilatc Q is a bill rwtk diagUIIRI IIIA~rix. RY ~ L - O I I I P U S ~ ~ ) ~  Q into ti= sum of 
system and Irlti13g n lcnd to rcro.) two sirtcahr (rta 4. I )  x (n, + I) dingmnl a u l r i c a  

Onccrgaia, the signal modd is ~~ol~l incar  and we sl,pIy a cueiinauur- 
time EKF t o  the recdvcd signal. Tht  eqltatiom iur as fullus.. Q = ~ I + @ z .  (2.15) 
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la an arbitrary nnuubud harmonics, m. rite solutiun~ FI a114 31 
can lhcn be wed 10 dmve upponltd lower boun& on 11- lull sdu. 
lion, (lhst 01 (214)). (I1 would =em ihat (2.14) i6 no6 analyticdly 
solvable lor arbit- m. hence our in l imt  approach.) 

2.3 Interpretation o1E1 

Thesignal modd of (?) and (2.4) with QI ar ll,c procn. noise uc 
ariancemalrix. (md EX Ule m r w ~ r i a n c e  mhlriz), C O ~ ~ S ~ O I I J I  LO 

lhe c&%a wltcra ihe fundamental Ireqnmcy alone experiensc. r ~ d o m  
rariaiion, with ac, everlying random pl-c vuialion. 'fltir can bed 
bccon+unlikccl AS lrqumcy modulation (FM) - rnoreqxda l ly ,  

. p l ~ c r F h i .  We -I think of Llle mhdom fra~pu!y variation w 
llie 'mpsage' madulalieg a i r l  or harmoni4ly relald Irr 
qmda. We will later ~e llnc impor(.111cc d this ialmpntarion, 
pnrtiollarly in relation to its in~plicatMv lor tlnc EKF'r pdonnnsce 
at low SNR 

2.4 The Solulior~s E2 and 3 2  

Thtse are siven ar fellom. (Space cmslrainlr p r c d d c  51s l m ~ n  d t  
saiWng the mctlaod of roluli~n.) 

<U < e ~  2Fw Xev ... mfo, 

4 b  bEs ... ?nth  

mz€e 

(2.20) 

- 
A = A1 + 4A2 + 9A3 t .. . t m2hm ('Jfetivc' SNR) 

(2.X) 

na physical inlerprtlation of LIw QB model sr t n s l t i c ~ ~ i e r  Fhl is 
jtvlind by inspection or lltt soluliont Lo (2.18). As we will t a t s  src. 
1Un rsvcdr lhnl the forrnulncol(2.22) - (2.26] arc viduUy i~lcnt iul  
la these lor the %dl kzmwn nroblmn o l  clxqdal (sinelc c.urivr> IrM . .. . - , ... 
dmodulstion. Tltc mlc ol  Llte signd-bnoiac ratio (SNIt) pnrn~netcr 
i. L c  da~sice.1 c w  ia e m a l  it, t l r  nnt~llirmirrr cwc by rltnt v c  
leno Lltc'cliccrive'SNR A - a weiglelcdrun,oCtl~e Lulovilnal ~ u ~ . i e r  
SNR'r. 

W e  r c l d  that  he soluliox~ TI h net a rlabiiizing solution for 
T -1- (2.18), in ~ l ~ e r e r ~ s c  t l ~ n i ~ h c r e l d J s l y  Re 4[P-Frn R I11 5 0 

at*1 not It. &IF - E , v ~ R - ' ~ ~ ]  < 0. b, olllw wonlr, the filler. 
ddined by El in not asyrnptollcdly slnblc. It can be made so by tho 
it~lmduclionol n small atnoun1 01 pbssc pmcchs zmioirc inlo tho signal 
nuodd wcrl ILK L I I ~  purpol~b ol dL*gning the filler, i f  by making lire 
repkc~ncnt  Q, -r diad rl . .. r, 1, wl~tre rt ,..., c,,, are rmdl in 
rdnrion lo qO. bur nonzero. With this new Sllu  applied lor sigma1 
g o t m l d  by the signal modd asruntcd in lltc rtlulliwrriv c a ,  116s 
r c w a  re drive LIIC ~ h n w  ertitnatcr towads.J~c true pitasc vahu  ar 
1 - O J .  

As msntia td  d i r  in ihc sedion, rhc two decomposilion rolnri~nr 
cru! bc wed 10 derive uppcr snd lower bouttds on the lull d u l i o a  - 
Z of (2.14). Ttte lowerbwnrl arc Lrividly &bitted via Nirhimum's 
. r i ~ ~ ~ ~ ~ ~  111 lo bc 

n~nx  (3, .%) < E . (2.28) 
~ - 

An uppw hound may be dmived, 1.11cn Qz k no1 large, by a- 
si*lcring t l r  solution of (2.18) bul *iill~ Qx q . k c d  by TQI h 
s o n r  conrhnr 7. Let X 2 i f r ~ - l i i  = dry;[ 0 Al ... A, ] and 

&oe t l r  p-rlo i n w e  of X. by X.1 % [ 0 A;' .:.A;' 1. where 
XX' = X'X  =dad U 1...1 1. llre rppcr bound ,r Itten dscnby 
U r  following mulL  (Space liznilnlions pmvcnl lmm pbrrcn%liz,g 
llte pmollxar.) 

Theorem 2.2 Lst El(") be lhe dohlion 01 (2. ld)  with QI rcplntcd 
by -&I. 

I. Cboorc rr lhal p2XI  2 Ql. and narunzc U a t  lhr e.Mtr *I 
Q1 nrr r.ljicienllz smell Ihnt P < 2n. 

Then with C the solution OJ (2.14) wilk Q =  QI + Qz, there holds - 
I: <.;Er(t) + PX' . (230) 

Fur l y p i d  valuer 01 X_ ad with P = 0.5, ~ I P C  p ~ r c c ~ ~ t a g e  trace 
.clrors it, npproximlujn~ C by the overbuund o l  Thwnot 2.2 dong 
will) 1110 un&rbom>dssbted earlier in t lu  scclion. .arc given in Table 
1. Tliem vc havc defined .Xo ;s diq[  1.0 1.0 1.0 1.0 1.0 ] and Q = 
QI +Qz = ditg[qo ,I . .-q, ] = x KO. Wcdwsc rltcminimumb 
aatirlying Theorem 2.2. We alre d t a e  7 rnlirlying equality in (2.29). 
ie. -r=&. 

3 F M  Damodulrtioa a n d  tbo  Tltreshold Effccl 

181 lids seaiwr. wo nim m dcwibe the similaritieo between d ~ i r i .  
cid sinel-iu FM detnodrlalion and llbc nhrsical aiUlalion carre- " . . 
syrcmling la 1lbcsipd.rnodd d(2.3) and (2.4) wit18 QI nr the pmcar 
noise co.ovarinnccn~alrix. Tkir, nr we havc nlrendy stated, can be besr 

~nullic.uricr caqe - a pht,utotnes,on ilkat is well known in tlre special 
cxre dnrinals  cmisr.  Wc will lltcn presu81 tlm rrrtrlts olninnulationr 



3.1 SinglaCarricr FM Dotnodulation 

Our dtoicearntong the pldhonr uf trcalntattsordassical FM dusocl- 
tilation, will be the state spsce fomtulalion d Van Trw [q. Bwr, 
rl8c r m i r c d  frqneney-~nod&td signal is nsrutnd L o b  or tibe f m u  

whcm n.(t) h white, gausian ad rem-mmn with variance *6(1-r) 
nnd the modulating .zaassagsS proccrr a(c) Itas 111. rpcctcul dcniity 

In ctiker wonls. o(1) CM be tl~oughl *Pas 01. o u t ~ u l  of a'fint'unler 
fincar ayskm excited l,y white neix with spectral dinrity q. We tllm 

d 4 n c  astatc rcclor r,(t) * [a(t) #(()IT where O(t) dl Ji a(u)du. 
(Note Onat we have vha~apl  llm ode? d Ote rtala u~*tarcotnpoorrt~ 
f m n  that originnlly ddncd by Van Tbk in order to be eonrirteat 
will, o l u  prrvionrs notation.) We can rewrite (3.1) as 

cllfrc 
h,(z(t)) = d(2P)sin (wet + O(1)) . (3.4) 

We obtaim the linear 'hsebml' signd nmdel below as lollowr. 
Appb 111 EKF tc  tino ruxlincardyal rmdd re-~ttad by (3.5) awl 
(3.1). TLm nmrly Theorem 2.1 lo tine associated l l i c d i  qml iun .  
This dvark 10s '(Ln-arersgrd'Riscali qua!Au W ~ D K  WIG~imsts 
CM be idmt ikd  with the pnnvncwn d the r i d  modd d(3.5) and 
(3.6) below - the 'ba.e-bad' m d d  

'& procca noise vcdor;(l) is wltitc, ~awsisn, zero-mean and ill- 
dependent d dm m e m u ~ c n r _ n o i n  ;(l nnth E v, l )vT(?)  ] = 4 . .  ' ( sag[ q 0]6(t- r) and E[ n.(l)n.(r) ] = $6(1-  7 ) .  . 

The s tudystate  mtan square iCslnw c+timiliun - u u ~  t l ~ m  
be found by solving the 2 X 2 algchraic Riccati equation 

The expressions lor tttt mcan q r -  fwurncy crmr C, am1 the rncart 
square p1ta.c mor Fp M Labulatd in Table 2. Also t b u l n t d  are the 
sorrcspondinp crprcrsiow for the futulmen& fralu- and plmse 
e m  in t l r  multicarriv car.. We cut uer tilot the expressions arc 
virtually identical apart lmrn soma tnittor JiRaettcer c a t a ~ d  by tllc 
far1 that rli&tly d i n a n t  ntoddlel. have been uad.  This rirniluity 
give m toruc confidence in supposi!%g tltsr mu1ticatri.r FM ~Iwlod- 
ulslion eao IM understood in i s m s  of it* &rial  mdoytte. " 

What are t la  Lnplieatioar of tLb elcnrdmilarity bdwern the two 
wenaim? Pcrllap the most i m p o c l ~ l  implieation is on= colleenling 
the low SNR pedommtcc of the ntulticnrrierdm~oJdator. It is well 
knom that in 1h.i single 4 u  cue  Lhu. c&Ls a phcruna=non (due 
to t l r  pmhlun'r inlwmnt non)lt-ity) wliih mnniruts itself as s 
s u a a  worscnias in dslnod~~ktion perlomulct a t  a sullicicntiy low 
SNR. This is aptly tcmed tlac itlurjl~dcl slfsel'. At a certain critical 
vah~c uf SNR known a. tbc 'tlrrerhdd point', thc stcav scpmre i r e  
qulusncy cnor iucnrascs suddcnlr and radully above whnt is p r r d i t d  
by tlm linear modd. In the Jtg le  carricrcare, Lhis point correpc!ds 
to acalculatd mean qm phase cmw olsbout 0.25 r d 2 ,  (sea Table 
21. -, 

nicre are two main cbusrs ol tl!c dmtomuml. Tlie first is tlaat 
s t  low SNll's, t lu Iinc.rizuiota asumptiolts u,denpio,r,:arg the 151;f.' 
b-me invalid, introducing urorr that rua not aecous,trul for by tlec 
linear madcl. (RccpU that the EICF linead- ~ I I +  nonlinex sianal 

The sc%nd came. (actually ilb ntttib~mble itltitnalciy to ihe 
railurc of the liueariralion iws~sun~tiurt), is tcntvul 'cycle slipping' 
wlwrcby st low SNn'r tlne phase esri~r~alc may dilfcr iron, thc true 
ylmse by a multiple of 2r. Tlris cruses a rransiu,ll iz, r l r  frequency 
utimate thereby increasing 14c frerlvcncy rstinuution cmr l .  

Irr vicw of tllc npparent sinillriry bcLvrcm rlrc itlullrhurricr and 
. clurical problcnu, it ir reasanable to u k  il a lhrullald elTest ascurs 

in tibe t~aulticarriv caae as weU. lmdecrl. compulor simslalionr show 
strong cvirl'mce for tlris. 

Cort?l,utcr rirnulnlie8n2 we* cvrisd out using the ~ s c r u r l i r n e  ElCF 
delincd in Scctioo 2. (Rsali uaa wlicr  s ra teu~c~~ts  ubatt t& rl~riva- 
kncr between tine eot\tinuotv and dircrcte-tinbe formulations. In u t y  
ewe, it is the cliraac-lime El(1.' that is ulrilna~ety ulirlterat.) 

Thee. c luwu uf MontrCwlo jsnulatiau wcrr pmiormcd eorrc 
rporuliy to tlrspcdal cases of isndticarricr FM dnnodulntion, pltar* 
fvcqwney lrekinl[ alal ~rlaccfra~amtcy-a~~~pEtu~k 1rM.g rerpcc- 
lively. Each simubtior iz~rulucdlncarurin~ llr: ma- r q w c  stale 
es&nntiw cmn lar SNIPS raging fmm GO dB LO -10 dB. The 
nuualer of Mmt+Cnrlo ~ l n s  for each SNR \"a. 30 . E=h nu! war 
XY) time sm$es lona to ens- tlrar dl mcilrvrcmsnts vcic c b u ,  in - 
the .lad"-date. In the inlercrtr ol uonlinuitv. ws hare used sxactlv 
the rmneinput r i p d  nr in [6,7l rml prcrburly in(Y, nannely out rath 
s h ~ m w i a  whose Initid a rap l i tda  are givcn by rr(0) = rt(O)/k. 
k = 2,3,4.5 and Iwtdarnu>td fnquutcy w = 2~0.08. 

As prsvburly slated, Or discxcle titme EKF of S a ~ ~ i o n  2 war used 
for cech dw of sirnnlation. Tlnc EI<F esrinnala i>lnaser. kequcnry 
an3 uinplituh, hst in the ciue oi bolls mt,ltis;lrriu FM demodula- 
tion aral p b f r q u e u c y  tnckii,g. tlur arnplit>#dcr are e s u n d  con. 
atant and known. Strictly speaking t l d o n ,  the nmnpiitudes do not 
need to be aliml*td. If we sek Llie iniciJ amntituJo error v a r i i l ~  
to rm and the initial amplitudt e.limala Lo the tmo a~nplitudc rd- 
ucs, the EICF will estimate tlte frequacy uul p h a  on the baris that 
tlw amplitudes e.;we knnan.(and r h i s  happens iu th. f i rs  two sl- 
ofdmndation below). ThLi is bacsuse of l l ~ e  fact that the unplitwk 
erlimator and the p h a s e f q u a c y  =ti-LOI ara dccoupld. wllich 
firstly ixoplics that tlm p b l n r l , m m c y  mlhlvdor t r e u  tlw nnspii- 
ludc =stirnares as Y they ak cu.reet, secondly t l~ar  vMmninty 
in 1lm pl~rue mkd fnquen~ey n i m u c a  has no deer on.rlle ampliturlc 
'estimater'. 

The f o l l a ~ i n ~ i n i t i s t i ~ ~ ~ i ~ ~ ~  a d  psramerer values w w  ehoren for 
each class ofsin,ularion. 

I .  Multiearrier FM DemodtJatoc tlere. Ll,c amplitudes h n  a, 
sunned condnnt mtd known w rllat we ra rk(O j -1) = 
rr(O), 1 6 t 5 I. The initial phsrts w- ale s d  

esual , le. Bk(O 1 - 3 )  = O(0) r 0. 1 k _< m. Sim- 
ilarly to [6,7], 11- initial frqwncy estimate was taken to be 
Cr0 i -1) = S/8wf0) = 0.05 x 2 r  and t b  n x a r u m m t  neirc . .  , . .. ....-. 
mm'ancc LO LK R = I. The initid s t a e  err01 c o v m ~ a ~ i c  was taken 
to  bc S(0) = diaglo 0 0 0 0 i0.0Sr)2 0.02 0.OZ 0,OZ 0.02 %Qoz.l. . . -. . .. -- . 
Note lllat 111. fins1 5 dispnal  csntririer - rcro. consi5Lrnt with 
our (ersutnrd) perfect knowledge of l l r  imluais amplitudes. 
AIao nuro llmr the lart file sntrier arc monzso r l ~ i d t  rimply 
d e n s  wl#er would ia  prhcnclice be ow p o ~  initial knowlsdac or 
tlte finare - [we Irave used 111. a n l e  values ru in  [6.71 bere). In 
tl~is and the following e k a  el sitnulation, we use two valua 
d tho pro=- noire eovarianee msrrir. The fin1 is the asbud 
sipz.1 n>od.) proca. covariance UKCI in h e  simulation program 
to  getterate tlra r ipa l  to  be estimated. In t l i r  c a  tlrc signal hw 
no ami>litu& or phase ratiatien. Tlte a v a r i m e e  is then even 
b y 9 . = d i a g [ O O O O 0 ~ ~ 0 0 0 O O ] w l ~ u e u ~  =3xlO-'.The 
arl~ercovsriawc,Q, = d b g [ O 0 O O O o ~ o 1  n r  nr 01 ul ] rl,ere 
at = 1 X lo-', is twcrl in tlte ozrlinc sdmtion oi tlr-Rics.ti dilieo 
etrc cce8atimt. Wc nuts that the mi-altricsuf 0. nre nonzuu . . ~~-~~ 

whiel~ npprur, iaeo8ais(enl nilb ti* mulcicbrfifirr FM dnnodul* 
lion u-uraption tlrrt ilrere bc no rilndwr~ plmre. TI& celmicc is 
ddiburatdy nude to avoid tine pI~aton!ennon of data saturation 
ilr described in [O]. We abo note tlrat t ln arnplilirtlc entries arc 
zero because we know tltc atnplitudas: tluy do not need to be 
etintated. 

- 
modd ahout tl!e current utate crtinka(a rlticla is s a u m d  close to rhe 
true current state value. At low SNR'r this arsumption fidls.) 



I .  P l r a r c k e q u m ~ T r a c k a  This siluation correy,otsdr lo tine rig. 
nd model d (4.8) d (4.9) will, Q u Llse plocrjr n d i  c- 
variance nuWx. h otlscr m d r .  we .uc pfm~illing Llte ire- 
qucncy and Lhc pluuo Lo have mandm vnrialbn. Ilowever. 
the harmonic amplilucks arc slill .rsnmrd con.L~lt nnd known. 
Our 4 4  mocEd pproccu eovnriwm is lltcrdwe takol lo  LE 
Q, = dLd 0 0 0 0 0 a, a3 a t  03 na at 1 wlnue a, = 1 x 
whik lhehrcov+ameurcd in Lbo r;lutian or l l r  Riceali diilmncc 
~a~ is Q, = diag[ 0 0 0 0 0 a2 -3 q a t  ma 1. Dll~ervire. 
d idlialimtion. and pnmmc1.x v d u u  am lhe hesursc J. for ~ l t o  
nulticarriu FM dsnodulnlor. 

. 

proca covariance bemmcr Q, s d q [  a3 ... a2 ... a, 1. 
[Tlh time r e  are atinMi~tillg arnplitt~JC( er wcU ar i r~-~sensy 
and pharc..) The pnibiE1y of data ralurnlim is no l o n p  of 
concern, since all l l ~ s t d e .  in 11s riolal nwdcl nn cxcirrd. la  
chrwordr.  we set Q, = Q,. A H  rrnln iaitinliti~~g tltcLmd.+ 
mental amplitude estimate lo 11- u l r n l u e  me1 of 31.1 d 11- pe& 
4pd cmmg ilnd the rrmnining lmm~onic mopliltsde wlin~ilt~lcs 
lo rao, dl initidirnticna atd p~axncLn valua are Utc slune N 

in UN ntullis=.ria Fh8 d&ulalor. 

Jlesnllsr Mots d Ole in- sl-~lpstalc ~ ~ ~ ~ C I I C Y  error variance 
van. SNR, boll, ild~td ( a r a t k s )  and LlrcomLical (unDmlien line), 
Cec tach a[ UI. tlueo c l w  arr given in Fi- 1 - 3. (It sltw~ld be 
Mad Ll~al/illrmd, not predicted estionate are nscd.) 'i'ltc exlstctsee 
d n  1IxaLohldTSst is clear. A1 en SNR olnpproxirtlatcly 12 dB tile . 
invcne d lhc ac(*tal tmllcncy srmr *a*aruc 4 r o p  ruddcnly l,ebw 
~ I C  hrcormwonding ( i i n c ~ )  theorcticd vdne. IVc olrlained tlac tlnw. 
relid .dueor enor vrriauce lor ex11 SNR by a v w i n g  1& on-lirre 
solulion d the niccali dillerence wtlalion after 2W time swnpleler over 
the M Monle Carlo mns. (An arcraging appronsh ra- n e s i t a t e d  
by Ihe muuurerncrxI depulJnrl maturn of lbc 11 v m o .  in l l r  Riccati 
-lolion.) 

WV? alro prcsml pbls  ol Lila steady-shle p h m  enor va~inncc ver- 

au SNR. b l h  aclud Md LhmrrLical. Iw tllo liml bm%a%\ic (lunda- 
mcnld) in Figrrcp 4 - 6. The orvcl 01 Lhresl,ald is dearly exlliUtcd. 
(TI10 prrsrnce or cycle slipping is not dc~luciblc fwnr t l rse  ploa. ns 
Wcl16veUSQ[ Imd x vallles of llte 1,lnre e m r  in dcalnrirng Llw v.wi- 
awe.) Of interesl is 11,~ diiIen,cc LKiaee~l Ll~e LItcwrliul a1111  end 

Sinde Carrier 
FM lk,no<luktios 

(Vnn ' l i s )  

Mn!lic..rricr 
FhI Dc~mddnlion 

(QI) 

Pll.ue-Frq~aency 
Trncker 
(4)~ 

phar=srror variance it, llle lincar region, (Inigla SNR), n diiT<rnaco UOL 

o h c d  in llnc rrc.p#c~xcy plots. A posiblc bnnrl exlJ:malion znny bc 
Llr racr tltal applicalion ar all M(F involvesa liwsti?,alieal nl,onl the 

. 
LIE dale eslirnaler above l i in~  asrocinled wiUl n li~toarirntion s k u 1  
IlrPllerrd sh lc  eslilllilte. 110v Lltir 1ttigilL ~~ldi l i l I  L11e diiTcmnee be- 
INMI the emor vnrianco p b k  anct l l ~  invenc frw18lntlcv error 

Mon Sclnn.u.c: 
F ~ : q ~ ~ e s c ~  etror 
(hu,dil~mnld) 

(- =&k- $??)  
r = -1 + ( I  + &dlp111A112)3/1 

A = =  
N. 

(U= I(qo zu - 9) 
x=  -1 + ( I  + ~ q ; J 2 ~ l l a y / 2  - A? ,A> ".'A' 
A = x + ~ + . . . + *  

? 

Tl~is  pnpcrha camlinunlam invcrrigalioniulo rlrc plapcrtics o r a h  
qunney wlin~sriol~ algo~ilhm fin1 rswold in (61. Solnc n w  iutrig1,u 
into rllr s t s ~ ~ r ~ ~ r e  01 the nlgorill~rt werc d i ~ v ~ r c d .  ?lionapiIy 11111 

ilm pltleu~lrut~~cncy c.Linleriln 1.dhin is insrsl~rcrsblo in t u ~ m  nl 
~nonlrie.urier F M  dcntoalulrriou. The ntnllicum'u PM grobbtn wir 
found 10 be vcry rinnilnr to llte vdl  kmwn problcrn of classid sin. 
~ l c  c.v~icr IfM. 'IYirr recogwirbn Id Lo lllc ducormy or a Llualtold 
ellwl in lltc cased LIIC IUU atnplitude. ~II;L<C an1 lrquascy tracking 
prol,lcm. 

Tltir in i r m  ltas ~ m w m J a  variety d dircclioau lor luribcr inves. 
ligation. First an- tlsae i i  &nine art utulri~ta~a~ling oI ltu* lhe 
tl,rc%l,old cliccl o-n. l'llc qbtcsrion lv l r  i.; nor lllue nauoclbff 01 
reperarc Uaierl~old ~o inke~c l t au l ld ; tml  islunne w r y  will% in~liviclual 

Menm Sqznre 
Plm~c ILmrr 

(rt#nda#r8cttl:ul) 

= & A 

{B = 9 

. 

? 

Anolltcr is dmnnai%liun of Lhc lhr&ald pdnl.  k U a  pw$iWc 
will, a single value of p h  mor CM example, n. it, llle crr~e 01 single 

Tl~rd>old !>"in1 
(phase error) 

z 0 . 2 5 r d  

ss u.2sranP 

- 
? 

Finnlly lnrning Cmln lhc a ~ l d y L i ~ d  10 tl\E p r ~ ~ ~ i c ~ ~ l ~ ~ w  can we 
lowcr the tlwerl~uld point, ic. !row caul we set Lcllcr pednrznance 
lrom lllc EKP a1 low SNll's? 
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valiance plots is no% krurwn. T l ~ c  phcnotncnon is still n~ulrr invesri- 
galirm. 

1 
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