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Abstract In this contribution we present a structure theory for generalized linear
dynamic factor models. Generalized dynamic factor models have been proposed approximately a decade ago for modeling of high dimensional time series where the
cross sectional dimension is of the same order of magnitude as the sample size. In
these models the classical assumption for factor models, that the noise components
are mutually uncorrelated, is relaxed by allowing for weak dependence. Structure
theory turns out to be important for estimation and model selection. The results obtained heavily draw from linear system theory.
The contribution consists of two main parts. In the first part we deal with “denoising”, i.e. with getting rid of the noise in the observations. In the second part we
deal with constructing linear dynamic systems for the latent variables. Here an important result is the generic zerolessness of the transfer function relating the latent
variables and the dynamic factors. This allows for modeling the latent variables by
(singular) autoregressions which simplifies estimation.

1 Introduction
Analysis and forecasting of high dimensional time series is an important area in
the so called “big data” revolution. High dimensional time series can be found in
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many fields such as econometrics, finance, genetics, environmental research and
chemometrics.
The main reasons for joint modeling of high dimensional time series are:
• The analysis of dynamic relations between the time series
• Extraction of factors or features common to all time series (construction of indices)
• The improvement of forecasts, by using the past of many time series
The “traditional” approach to multivariate time series is plagued by the so called
“curse of dimensionality”. Let T denote the sample size and N denote the cross sectional dimension. If we perform “unstructured” AR modeling, then the dimension
of the parameters space is N 2 p + N(N + 1)/2 (where p is the AR order). Thus this
dimension increases with N 2 , whereas the number of data points, NT , is linear in
N. For this reason, for high dimensional time series, model classes with reduced
complexity have been used. There are several approaches for this:
• Traditional structural macro-econometric modeling which uses over-identifying
a-priori restrictions
• Hierarchical Bayesian modeling, where the prior distribution of the original parameter depends on a few hyper parameters ([15]).
• “Sparse” AR models. A particular class of such sparse models corresponds to so
called graphical time series models, where e.g. the zero coefficients correspond
to lack of conditional Granger causality ([20]).
• Factor models and (dynamical) principal components analysis. Such models allow for dimension reduction in cross section by using co-movements in the time
series.
Here we consider a particular class of factor models, the so called generalized linear
dynamic factor models (GDFMs). GDFMs generalize
• Generalized linear static factor models, as introduced in [9, 10]. These models
generalize static factor models with strictly idiosyncratic noise, i.e. with uncorrelated noise components, by allowing for “weak dependence” between the noise
components.
• Linear dynamic factor models with strictly idiosyncratic noise ([18, 25, 31, 32])
The main features of GDFMs are
•
•
•
•

They allow for modeling of dynamics (here in a stationary context)
Uncorrelatedness of the noise components is generalized to weak dependence
“Co-movement” of the individual single time series has to be assumed.
Whereas the observations are ordered in time the results are “permutation invariant” in cross section. Of course, here additional structure, e.g. corresponding to
spatial distance, might be imposed
• Strictly speaking, for GDFMs, sequences of model classes, indexed by the cross
sectional dimension N are considered.
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GDFMs have been developed over the last 13 years, say, and have been successfully
applied for instance in macroeconometrics since. The main early references are [21,
24, 33] and further important contributions are [7, 6, 13, 16].
The rest of the paper is organized as follows: In section 2 the model class is described. Section 3 is concerned with denoising. Section 4 deals with the realization
of latent variables and static factors by state space and ARMA systems. Section 5
deals with the AR case, which is generic in the “typical” situation considered here.
Section 6 treats the Yule-Walker equations for singular AR systems and section 7
outlines the relevance of our results for estimation and model selection.

2 GDFMs: The Model Class
We assume that the N-dimensional observations, ytN , are of the form
ytN = ŷtN + utN , t ∈ Z

(1)

where ŷtN are the latent variables and utN is the (weakly dependent) noise.
Throughout we impose the following assumptions:
(A.1) EŷtN = EutN = 0 ∈ RN for all t ∈ Z
(A.2) (ŷtN ) and (utN ) are wide sense stationary1 with absolutely summable covariances.
(A.3) EŷtN (uNs )0 = 0 for all t, s ∈ Z
Thus the spectral densities exist and, using an obvious notation, we obtain for the
spectral densities
fyN (θ ) = fŷN (θ ) + fuN (θ ), θ ∈ [−π, π]
(2)
For GDFMs the asymptotic analysis is performed for T → ∞ and N → ∞; thus we
consider sequences of GDFMs for N → ∞. In addition we assume throughout that
the entries in the vectors are nested, e.g. ŷtN+1 is of the form ((ŷtN )0 , ŷN+1,t )0 where
ŷi,t denotes the i-th component of ŷtN+1 .
The following assumptions constitute the core of our definition of GDFMs. Here
we always assume that N is large enough:
(A.4) (Strong dependence of the latent variables): fŷN is a rational spectral density
matrix with constant (i.e. for all θ ∈ [−π, π]) rank q < N; q does not depend on
N. The first q eigenvalues of fŷN diverge to infinity for all frequencies, as N → ∞.
(A.5) (Weak dependence in the noise): The largest eigenvalue of fuN (θ ) is uniformly bounded for all θ ∈ [−π, π] and all N.
Since we assume that the spectral density fŷN of the latent variables ŷtN is rational, it
can be realized by a state space or ARMA system. Here our focus is on state space
systems
1

It should be noted, however, that recently GDFMs for integrated processes have been proposed.
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N
N
= F N xtN + GN εt+1
xt+1

ŷtN

=

H N xtN

(3)
(4)

where xtN is an, n-dimensional, say, (minimal) state and F N ∈ Rn×n , GN ∈ Rn×q ,
H N ∈ RN×n are parameter matrices. We assume that the system is minimal, stable
and miniphase and accordingly
ŷtN = wN (z)εtN

(5)

where wN (z) = H N (I − F N z)−1 GN is a rational, causal and miniphase transfer function and where z is used for the backward shift on the integers Z as well as for a
complex variable. This will be discussed in detail in section 4. In (5), εtN is a minimal dynamic factor of dimension q.
The above representation (5) shows that the latent variables are driven by the q dimensional factor process εt . Typically q  N holds. This generates the co-movement
of the latent variables and the observed variables. The assumption (A.5) implies that
the noise components are only weakly dependent, which means that the noise can
be eliminated by suitable (dynamic) cross sectional averages. This property will be
used for “denoising” i.e. for getting ŷtN from ytN (for N → ∞), as will be discussed in
section 3.
In a number of applications GDFMs have been quite successfully applied which
shows that the above assumptions in many cases at least provide a reasonable approximation of the true data generating mechanism. There exist (testing) procedures
which try to assess whether the given data is compatible with the assumptions. In
particular estimation routines (see e.g. [26]) for the number of factor q implicitly
test this assumption.
In addition we assume:
(A.6) The spectral density fŷN corresponds to a state space system (3),(4) with
state dimension n, independent of N.
By (A.6) the McMillan degree of the spectral density fŷN is smaller than or equal to
2n, independent of N. (A.6) is an assumption of bounded complexity dynamics. It is
justifiable in a number of applications, e.g. when there is a true underlying system
(of finite order) and the number N of sensors is increasing (over sensoring). Recently
a theory for the case where q is independent of N, but n is allowed to increase with
N has been developed in [23].
As will be shown in section 4, (A.6) implies that the minimal dynamic factor εt ,
the state xt and F, G in (3),(4) can be chosen independent of N. Furthermore this
assumption implies the existence of a static factor, zt say, which may be chosen
independent of N and thus
ŷtN = LN zt
(6)
holds. Note that zt is called a static factor since the factor loading matrix LN ∈ RN×r
is a constant matrix whereas the corresponding factor loading matrix wN (z) for εtN
in (5) is a transfer function matrix. Let us denote the minimal dimension of such a
static factor zt by r. Then clearly
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q≤r
holds. In a certain sense the case q < r is of particular interest, since it allows for
further complexity reduction.
Given the assumptions, the decomposition (1) of the observed variables into latent variables and noise is unique, asymptotically with N going to infinity. However,
the factor loading matrix LN and the static factor zt are only unique up to postrespectively pre-multiplication with nonsingular matrices. If we assume that the dynamic factors εtN are the innovations of the latent variables then they are unique up
to pre-multiplication by non singular matrices.

3 Denoising
In this section we consider the problem of estimating the factors and/or the latent
variables ŷit , i.e. we want to eliminate the noise uit from the observations yit . We will
concentrate on the estimation of the static factors zt and corresponding estimates of
the latent variables. The dynamic case will be shortly treated in section 3.2.

3.1 Estimation of The Static Factors zt
Here we consider the static factor model as defined in (6). Since the spectral density
fuN of (utN ) is uniformly bounded by (A.5) it follows that the covariance matrices
γuN (0) = EutN (utN )0 are also bounded, i.e. there exists a constant, γ < ∞ say, such
that
γuN (0) ≤ γIN for all N ∈ N
(7)
holds. For the latent variables ŷtN = LN zt we assume
(A.7) γz (0) = Ezt zt0 is positive definite and the minimum eigenvalue of (LN )0 LN
converges to infinity for N → ∞.
This assumption (together with the assumptions above) implies that
ytN = ŷtN + utN = LN zt + utN
is a (static) generalized factor model as defined in [9, 10] and the denoising can be
performed by a simple static PCA analysis as described below.
A sequence of row vectors (aN ∈ R1×N | N ∈ N) with aN (aN )0 → 0 is called an
averaging sequence, since by the property (7) it follows that aN utN converges to
zero in mean squares sense. This key idea has been proposed in [9], however with a
different name, namely “well diversified portfolio”. Therefore such sequences may
be used for “denoising” purposes. If aN ytN has a (non zero) limit then this limit
has to be an element of the space spanned by the components of the factors zit ,
i = 1, . . . , r in the Hilbert space L2 of the underlying probability space (Ω , A , P). A
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straightforward generalization is to consider sequences of matrices (AN ∈ Rr×N | N ∈
N) with AN (AN )0 → 0 ∈ Rr×r . Clearly
AN ytN = AN LN zt + AN utN −→ zt
holds if and only of (AN LN ) → Ir and thus averaging sequences with this property
yield consistent estimates of the static factors zt . There are a number of possible
ways to construct such a denoising sequence AN .
First let us assume that we know the factor loadings matrix LN and the covariance
matrices γz (0) and γuN (0). The best (in the mean squares sense) linear estimate of zt
given ytN is
−1 N
yt
ẑt = E(zt (ytN )0 ) E(ytN (ytN )0 )
= γz (0)(LN )0 (LN γz (0)(LN )0 + γuN (0))−1 ytN
−1 N 0 N
= γz (0)−1 + (LN )0 (γuN (0))−1 LN
(L ) (γu (0))−1 ytN
{z
}
|

(8)

=:AN

This estimate is the orthogonal projection of zt onto the space spanned by the observed variables ytN . If we in addition to (7) assume that the noise covariances are
bounded from below by
γuN (0) ≥ γIN for all N ∈ N with γ > 0

(9)

then it is easy to prove that the sequence (AN ) defined above is an averaging (matrix)
sequence and that AN LN → Ir . Thus we get consistent estimates of the factor zt . In
the above formulas one may even replace γuN (0) by a rough approximation γ0 IN ,
γ0 ≥ 0 and one still gets a consistent estimate
ẑt = γ0 γz−1 + (LN )0 LN

−1

(LN )0 ytN

(10)

for the factor zt .
The latent variables are given by ŷtN = LN zt . Therefore an obvious estimate of
N
ŷt , for known LN , is
ŷˆtN = LN ẑt
(11)
Clearly this estimate is consistent if ẑt is a consistent estimate of the true factor zt .
To be more precise if ẑt → zt in mean squares sense then ŷˆit → ŷit in mean squares
sense where ŷit and ŷˆit denote the i-th component of ŷtN and ŷˆtN respectively. If we
use the estimate ẑt defined in (8) then ŷˆtN = LN ẑt equals the projection of ŷtN onto
the space spanned by the observed variables ytN , i.e. ŷˆtN = LN ẑt is the best (in a mean
squares sense) estimate of ŷtN .
Of course in practice the above estimates are not operational because the parameters, in particular the loading matrix LN , are not known. For many (operational)
estimates the principal component analysis (PCA) is a starting point. The PCA is a
decomposition of the covariance matrix γyN (0) = EytN (ytN )0 of the form
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γyN (0) = U1Λ1U10 +U2Λ2U20
where U = (U1 ,U2 ) ∈ RN×N is an orthogonal matrix whose columns are the eigenvectors of γyN (0) and Λ1 ∈ Rr×r , Λ2 ∈ R(N−r)×(N−r) are diagonal matrices with diagonal elements equal to the eigenvalues of γyN (0). The eigenvalues (and thus the
diagonal entries of Λ1 and Λ2 ) are arranged in decreasing order which in particular implies that the minimal diagonal element of Λ1 is larger than or equal to the
maximum diagonal element of Λ2 . Note that Ui and Λi depend on the cross sectional dimension N. However, for simplicity we do not use an explicit notation for
this dependence. Our assumptions together with basic properties of eigenvalues of
symmetric matrices imply
λr (Λ1 ) = λr (γyN (0)) ≥ λr (LN γz (0)(LN )0 ) → ∞
λ1 (Λ2 ) = λr+1 (γyN (0)) ≤ λ1 (γuN (0)) ≤ γ
Here λk (M) denotes the k-th eigenvalue of a symmetric matrix M = M 0 where the
eigenvalues are ordered as λ1 (M) ≥ λ2 (M) ≥ · · · .
An estimate of zt now is defined as
−1/2

ẑt = Λ1 U10 ytN
| {z }

(12)

=:AN

−1/2

−1/2

−1/2

where Λ1
is the diagonal matrix defined by (Λ1 )(Λ1 ) = Λ1−1 . This estimate, in general, is not consistent for zt , but gives a consistent estimate for the space
spanned by the components of zt in the following sense. Let T N = AN LN then
((T N )−1 ẑt − zt ) → 0 for N → ∞
and T N (T N )0 is bounded from below and from above from a certain N0 onwards,
i.e. there exists constants 0 < c ≤ c < ∞ such that
cIr ≤ T N (T N )0 ≤ cIr for all N ≥ N0
First note that AN (AN )0 = Λ1−1 → 0, i.e. (AN ) is an averaging sequence which implies that AN utN → 0 and thus
(ẑt − T N zt ) = AN ytN − AN LN zt = AN utN → 0
Furthermore this implies
ET N zt zt0 (T N )0 − Eẑt ẑt0 = T N γz (0)(T N )0 − Ir → 0
Together these two statements prove the above claim.
The latent variables then are estimated as follows. Note that ŷit is the projection of
yit onto the space spanned by the components of the factor zt since uit is orthogonal
to zt . Correspondingly one may estimate the latent variables by the projection of the
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observed variables yit onto the estimated factor ẑt . For the PCA estimate ẑt defined
in (12) we get
ŷˆtN = EytN ẑt0 Eẑt ẑt0

−1

ẑt = γyN (0)(AN )0 AN γyN (0)(AN )0

−1

AN ytN = U1U10 ytN

Since the PCA based estimate ẑt gives a consistent estimate of the space spanned by
zt one can easily show that the above estimate of the latent variables is consistent
too, i.e. ŷˆit −→ ŷit for N → ∞.
Up to now we have assumed that we have given the covariance matrix γyN (0).
However, given suitable regularity assumptions which guarantee consistency of the
sample covariances one can show that PCA gives consistent estimates of the factors and of the latent variables if one replaces in the above formulas the population
moments with sample moments. See e.g. [6, 7, 33].
A slightly different route for the estimation of the factors and the latent variables
is taken in [22]. Suppose for the moment that we have given the covariance matrices
γŷN (0) and γuN (0) of the latent variables and the noise respectively. A linear combination aN ytN = aN ŷtN + aN utN is close to the factor space if the variance of aN ŷtN is
large compared to the variance of aN utN . Therefore it makes sense to determine the
weights aN as the solution of the optimization problem
max aγŷN (0)a0 s.t. aγuN (0)a0 = 1

a∈RN

Iterating this argument one determines r such weighting vectors a j , j = 1, . . . , r
recursively by
a j = arg max aγŷN (0)a0 s.t. aγuN (0)a0 = 1 and aγuN (0)a0i = 0 for 1 ≤ i < j
a∈RN

The solutions a j are generalized eigenvectors of the pair (γŷN (0), γuN (0)), i.e. they
satisfy
a j γŷN (0) = λ j a j γuN (0), j = 1, . . . , N
with the normalization constraints a j γuN (0)a0j = 1 and a j γuN (0)a0i = 0 for i 6= j. The
λ j ’s are the associated generalized eigenvalues. Now let AN = ((1 + λ1 )−1/2 a01 , (1 +
λ2 )−1/2 a02 , . . . , (1 + λ1 )−1/2 a0r )0 and define
ẑt = AN ytN

(13)

as an estimate for the factors zt . It is immediate to see that Eẑt ẑt0 = Ir and that AN
is an averaging sequence if the noise variances are bounded from below as in (9).
One can also show that ẑt is a consistent estimate for the factor space. The latent
variables then are estimated by the projection of the latent variables onto the space
spanned by the estimated factors, i.e.
ŷˆtN = EŷtN ẑt0 Eẑt ẑt0

−1

ẑt = γŷN (0)(AN )0 AN ytN

(14)
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This estimation scheme gives the same factor space as the estimate (8) and thus
the corresponding estimates for the latent variables coincide, provided that γŷN (0) =
LN γz (0)(LN )0 holds. In order to get a feasible estimate one has first to estimate the
covariance matrices γŷN (0) and γuN (0). The authors [22] obtain such estimates via the
dynamic principal component analysis as will be outlined at the end of the next sub
section 3.2. Since this procedure incorporates information about the underlying (dynamic) factor model one may hope for an improvement as compared to the (static)
PCA scheme.
The above estimates for the factors and the latent variables ignore possible serial correlations which might help to improve the estimates. A possible strategy for
doing so was introduced by [16]. Suppose that the factor process (zt ) is an AR(p)
process2 of the form zt = a1 zt−1 + · · · + a p zt−p + νt where (νt ) is a white noise process and that the noise utN is a (spherical) white noise with γuN (0) = EutN (utN )0 = γ0 IN .
A state space model for the observed variables ytN is as follows
  


 
a1 · · · a p−1 a p
zt−1
I
zt
  zt−2   0 
 zt−1   I
0
  


 
  ..  +  ..  νt
 ..  =  . .
 .   . 
 .  
.
|

zt−p+1
{z }
xt

I

0

zt−p
| {z }

0

xt−1

ytN = (LN , 0, . . . , 0)xt + utN
With a Kalman smoother one then may obtain the best linear estimate of zt (rsp.
the state xt ) given a sample yN1 , . . . , yNT , i.e. the linear projection of zt onto the space
spanned by the components of yN1 , . . . , yNT . If the above model is correct then this dynamic estimate of course improves the “static” estimate (8) since more information
is used to construct the estimates for zt . Furthermore one can show that this estimate is consistent even in the case that the above state space model is (slightly) miss
specified, in particular even if the noise utN does not satisfy the very restrictive assumptions above. The drawback of this approach is that the estimates for zt depend
both on future and past values of the observed variables ytN and thus this estimate is
not suited for prediction purposes. Secondly the quality of the estimate depends on
time t, i.e. it makes a difference whether the factors at the start (t ≈ 1), at the end
(t ≈ T ) or in the middle of the sample (t ≈ T /2) are considered.
In order to obtain a feasible estimation algorithm one first has to estimate the
parameters of the above state space model. In [16] the following procedure is proposed to this end. The PCA procedure gives initial estimates ẑt for the factors zt ,
an estimate L̂N = U1Λ 1/2 for the factor loading matrix and γ̂0 = N1 tr(U2Λ2U20 ) is an
estimate for the variance of the errors uit . (Note that here Ui , Λi are computed from
the sample covariance matrix γ̂yN (0).) Then an AR model is fitted to the estimated
factors ẑ1 , . . . , ẑT yielding estimates for the AR parameters a1 , . . . , a p and the covari-

2

A motivation for the choice of an AR model for the static factors zt is given in section 5.
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ance matrix of the noise νt . It is shown in [16] that (given suitable assumptions) this
procedure gives consistent estimates for the factors (resp. the factor space).

3.2 Estimation of the Dynamic Factors
In order to estimate the dynamic factors εt , see equation (5), the concept of averaging
sequences is generalized to so called dynamic averaging sequences as follows, see
[24]. Let aN (z) denote a sequence of 1 × N dimensional filters for which
ˆ π
aN (e−iθ )(aN (e−iθ ))∗ dθ −→ 0 for N −→ ∞
−π

holds. Then by assumption (A.5) the filtered noise aN (z)utN converges in mean
squares to zero and if aN (z)ytN has a limit then this limit is an element of the space
spanned by the factor process (εt ).
The starting point for the estimation of εt and of the latent variables ŷit is the dynamic principal component analysis as described in [8, ch. 9]. Let λ j (θ ) and u j (θ )
denote the j-largest eigenvalue of fyN (θ ) and u j (θ ) be the corresponding (left) eigenvector. This means we have fyN (θ ) = ∑Nj=1 λ j (θ )u∗j (θ )u j (θ ). (Again for simplicity
we do not explicitly notate the dependence of the eigenvectors and eigenvalues on
N.) Note that by assumption (A.4) λ j (θ ) converges to infinity for 1 ≤ j ≤ q and
N → ∞ and that λ j (θ ) is bounded for j > q. Analogously to the static PCA then
estimates of the factor εt are defined as
ε̂t = AN (z)ytN
where the (dynamic averaging) filter AN (z) are computed by
ˆ π
∞


−1/2
λs
(θ )us (θ )eikθ dθ
AN = ∑ aNk zk , (aNk )∗ = (aN1k )∗ , . . . , (aNrk )∗ and aNsk =
−π

k=−∞

(15)
Furthermore let
ŷˆtN = (BN (z))∗ BN (z)ytN

(16)

where
BN (z) =

∞

∑
k=−∞

ˆ


bNk zk , (bNk )∗ = (bN1k )∗ , . . . , (bNrk )∗ and bNsk =

π

us (θ )eikθ dθ (17)

−π

It is proven in [24] that these estimates are consistent for the factors and for the latent
variables. In the paper [21] a feasible estimation scheme is constructed based on the
above ideas. First the population spectral density fyN (θ ) is replaced by a consistent
estimate, fˆyN (θ ) say. From the eigenvalue decomposition of this estimated spectral
density then estimates for the filter AN and BN are computed as in (15) and (17). In
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order to get operational estimates the infinite filters furthermore are approximated
by finite order filters of the form
M

ÂN =

∑

M

âNk zk and B̂N =

k=−M

b̂Nk zk

∑

(18)

k=−M

where the order M converges to infinity with increasing sample size. Note that the
above filters (and the estimated filters) are in general two sided. This holds in particular for the filters related to the latent variables. Therefore these estimates for the
latent variables are not suited for prediction purposes.
At the end of this sub section we shortly explain the estimation of the covariance
matrix of the latent variables and of the noise which is used in one of the denoising
schemes explained in section 3.1, see equations (13) and (14). The spectral density
of the estimated latent variables, see (16), is equal to ∑rj=1 λ j (θ )u∗j (θ )u j (θ ) and
thus the covariance matrices are estimated through
#
#
ˆ "
ˆ "
γ̂ŷN (0) =

π

−π

r

∑ λ j (θ )u∗j (θ )u j (θ )

dθ and γ̂uN (0) =

j=1

π

−π

N

∑

λ j (θ )u∗j (θ )u j (θ ) dθ

j=r+1

Of course starting from a sample the eigenvalues and eigenvalues are computed from
an eigenvalue decomposition of an (consistent) estimate of the spectral density fyN .

4 Structure Theory for the Latent Process
In this and the next section we deal with structure theory for the latent process.
In this idealized setting we assume that the observations have been completely denoised and we commence from the population spectral density fŷN of the latent variables ŷtN , We proceed in three steps
• Spectral factorization
• Construction of a minimal static factor zt
• Construction of a model for the dynamics of (zt ) with the dynamic factors εt as
innovations

4.1 The Spectral Factorization and the Wold Representation of the
Latent Process
The following result is well known ([27, 30]. Here we omit the superscript N if no
confusion can arise.
Theorem 1. Every (N × N-dimensional) rational spectral density fŷ of constant
rank q can be factorized as
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fŷ (λ ) = w(e−iλ )w(e−iλ )∗
where

∞

w(z) =

∑ w jz j,

(19)

w j ∈ RN×q

j=0

is rational, analytic in |z| ≤ 1 and has rank q for all |z| ≤ 1. Here ∗ denotes the
conjugate transpose. In addition such a w is unique up to post multiplication by
constant orthogonal matrices.
A transfer function matrix w with the above properties is called a stable, miniphase
factor of fŷ . There exist q dimensional white noise (εt ) with Eεt εt0 = 2πIq such that
∞

ŷt = w(z)εt =

∑ w j εt− j

(20)

j=0

Now let
w = ulv

(21)

where u and v are unimodular polynomial matrices and where l is an N × qdimensional, quasi diagonal rational matrix whose (i, i)-th element is of the form
ni (z)/di (z) where ni , di are coprime and monic polynomials and ni divides ni+1 and
di+1 divides di . Then (21) is called the Smith-McMillan form of w(z), [28, ch. 2].
As easily seen a particular left inverse of w is
w− = v−1 (l 0 l)−1 l 0 u−1

(22)

where w− is rational and has no poles and zeros for |z| ≤ 1. This implies that (20) is
already a Wold representation and the innovations εt in (20) are minimal dynamic
factors.
A transfer function matrix w is called zeroless if all numerator polynomials of
the diagonal elements of l are equal to one. In this case w− is a polynomial matrix.

4.2 Minimal Static Factor
From (4) it is clear that xtN is a static factor, which is not necessarily minimal, as
discussed below. Then
rk EŷtN (ŷtN )0 = rkH N ExtN (xtN )0 (H N ) ≤ n
| {z }
=γŷN (0)

and therefore, by (A.6), rkγŷN (0) is bounded by n, independent of N. This implies
that the rank of γŷN (0) is constant from a certain N0 onwards. Let r denote this rank,
i.e. let rk(γŷN (0)) = r for all N ≥ N0 . Furthermore, we see that also the minimal
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static factor zt can be chosen independent of N. Take for instance a zt consisting of
the first basis elements in ŷtN spanning the space generated by the components of ŷtN
in the Hilbert space L2 . Minimal static factors are unique up to premultiplication by
constant nonsingular matrices. They may be obtained via a factorization
γŷN (0) = LN (LN )0 , LN ∈ RN×r , rk(LN ) = r
of the covariance matrix γŷN (0) as
−1 N 0 N
(L ) ŷt
zt = (LN )0 LN
|
{z
}

(23)

LN−

Clearly zt has a rational spectral density of the form
fz (θ ) = LN− fŷN (LN− )0
and, for q < r, fz is singular. Note that
zt = LN− wN (z) εtN = kN (z)εtN
| {z }

(24)

=kN (z)

is a Wold representation of (zt ), because wN− LN zt = εtN and wN− LN is a causal
transfer function. Thus kN (z) is a causal miniphase spectral factor of fz . Since such a
spectral factor is unique up to post multiplication by non singular matrices it follows
that we may chose εt and k independent of N.
Remark 1. As shown above (A.6) implies that the rank of γŷN (0) is bounded. Vice
versa it is easy to see that a bound on the rank of γŷN (0) implies (A.6) under our
assumptions (A.1)-(A.5).

4.3 State Space Realizations for the Latent Process and the
Minimal Static Factors
The problem of realization is to find a system for a given transfer function. Here our
focus is on state space systems, for instance for a minimal static factor zt = k(z)εt
we have
xt+1 = Fxt + Gεt+1
zt = Cxt

(25)
(26)

where xt is an, n-dimensional, say, (minimal) state and F ∈ Rn×n , G ∈ Rn×q , C ∈
Rr×n are parameter matrices. We assume minimality (i.e. the system (25), (26) is
controllable and observable), stability, i.e.
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|λmax (F)| < 1
where λmax (F) is an eigenvalue of F of maximum modulus and the miniphase condition i.e. that


I − Fz −G
M(z) =
(27)
C
0
has rank n + q for |z| ≤ 1. Note that the zeros of M(z) are the zeros of k(z) = C(I −
Fz)−1 G as defined via its Smith McMillan form (see [29]) . For given k a unique
state space realization may be obtained e.g. by echelon forms, see [12].
From this state space realization we immediately get a state space realization for
the latent variables ŷtN = LN zt
xt+1 = Fxt + Gεt+1
ŷtN = |{z}
LN C xt = H N xt

(28)
(29)

HN

This state space system is minimal, stable and miniphase. We also see that due to
our assumptions the state xt , the innovations εt and the matrices F and G may be
chosen independent of N, compare (3) and (4). Only the matrix H N depends on N,
however note that the H N ’s are nested i.e. the first N rows of H N+1 coincide with
HN .
The rational transfer function k(z) in (24) may be written as a left matrix fraction
k(z) = a−1 (z)b(z) ([28, ch. 2]) giving rise to an ARMA realization
a(z)zt = b(z)εt
where we w.r.o.g. assume that (a(z), b(z)) are left coprime, stable and miniphase.
Alternatively, we may write a right matrix fraction
k(z) = d(z)c−1 (z)
see [22]. This gives rise to a factor representation of ŷtN of the form
ŷtN = DN (z)µt , DN (z) = LN d(z) and c(z)µt = εt
i.e. with a minimal dynamic factor µt which is an AR process and a factor loading
matrix DN (z) = LN d(z) which is a finite impulse response filter.

5 Zeroless Transfer Functions and Singular AR Systems
In this section we will show that for the case r > q, generically, the static factor can
be modeled by an AR system. This is important because estimation of AR systems
is much easier compared to the ARMA case.
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Let us repeat, that a transfer function is called zeroless if all numerator polynomials in l in its Smith McMillan form are equal to one.
Lemma 1. The transfer function w(z) is zeroless if and only if k(z) is zeroless.
Proof. As is shown in [29], w(z) is zeroless if and only if the associated M(z) in
(27) has rank n + q for all z ∈ C. An analogous statement holds for k(z) and thus
 



I 0
I − Fz −G
I − Fz −G
=
(30)
C
0
HN 0
0 LN
together with rk(LN ) = r yields the desired result.

t
u

The proof of the Theorem below is given in [2] and [5]. Note that a property is said
to hold generically on a given set, if it holds on an open and dense subset.
Theorem 2. Consider the set of all minimal state space systems (F, G,C) for given
state dimension n, output dimension r and input dimension q, where r > q holds.
Then the corresponding transfer functions are zeroless for generic values of (F, G,C) ∈
Rn×n × Rn×q × Rr×n .
The theorem states, that, in a certain setting, tall transfer functions are generically
zeroless. For simple special cases this is immediate. Consider e.g. the MA(1) case
for r = 2, q = 1:
z1t = b11 εt + b12 εt−1
z2t = b21 εt + b22 εt−1
then the system is zeroless whenever
b11 b22 − b12 b21 6= 0
holds.
We have (see [1])
Theorem 3. Let k denote a stable miniphase factor of the spectral density fz of (zt ).
(Remember that such a factor is unique up to post multiplication with non singular
matrices.) The following statements are equivalent
1. k is zeroless.
2. There exist a polynomial left inverse k− for k.
3. (zt ) is an AR process, i.e.
zt = a1 zt−1 + · · · + a p zt−p + νt

(31)

det(I − a1 z − · · · − a p z p ) 6= 0 for |z| ≤ 1

(32)

where
and (νt ) is white noise with γν (0) = Eνt νt0 and rk(γν (0)) = q.
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Remark 2. We call an AR system (31) regular if rk(γν (0)) = r and singular if
rk(γν (0)) < r holds. This means that in the case q < r we have to deal with singular AR systems. Clearly we may write (31) as
a(z)zt = bεt

(33)

where γε (0) = Eεt εt0 = Iq and rk(b) = q, and where γν (0) = bb0 holds.
Remark 3. Two AR systems (a(z), b) and (ā(z), b̄) are called observationally equivalent if their transfer functions a−1 (z)b and ā−1 (z)b̄ are the same up to post multiplication by an orthogonal matrix. Let δ (a(z)) denote the degree of a(z). We assume
throughout that the specified degree of a(z) is given by p, i.e. δ (a(z)) ≤ p, the stability condition (32), and a(0) = I. Note that our notion of observational equivalence
is based on the stationary solution
zt = a−1 (z)bεt
and does not take into account other solutions, compare [14].
Proof. Let

k=u



l
0r−q×q

v

denote the Smith McMillan form of k, where u, v are two unimodular matrices, l is a
q ×q diagonal matrix and 0r−q×q denotes a zero matrix of suitable dimension. The ith diagonal entry of l is ni (z)/di (z) where ni , di are coprime and monic polynomials.
The spectral factor k is zeroless if and only if ni = 1 holds for i = 1, . . . , q.
Clearly


k− = v−1 l −1 0 u−1
is a left inverse of k and k− is polynomial if and only if k is zeroless. Note that this
left inverse corresponds to (22). This proves 1) ⇒ 2). Conversely, if there exist a
polynomial left inverse, k− say, then k− k = Iq implies k− u1 l = v−1 where u = [u1 , u2 ]
has been partitioned conformingly. This implies ni (z) 6= 0 for all z ∈ C and thus k
must be zeroless.
Next we define



l
0q×r−q
v 0q×r−q
k̄ = u
0r−q×q Iq
0r−q×q Ir−q
which gives

zt = k(z)εt = k̄(z)
and thus


εt
0r−q


= k̄

−1

v−1 (z) 0q×r−q
(z)zt =
0r−q×q Ir−q


εt



0r−q




l −1 (z) 0q×r−q −1
u (z)zt
0r−q×q Iq
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If k is zeroless then k̄−1 is polynomial and premultiplying the above equation with
k̄(0) yields a stable AR system


εt
−1
k̄(0)k̄(z) zt = a(z)zt = k̄(0)
= νt
0r−q
| {z }
{z
}
|
a(z)
νt

with a(0) = Ir . Thus 1) ⇒ 3).
To prove the converse first note that (see e.g. [2]) k is zeroless if and only if
for every left coprime MFD ā−1 b̄ = k, the polynomial matrix b̄ is zeroless. If we
start with an AR system (33) then for q < r, the pair (a(z), b) is not necessarily left
coprime. By a(0) = I, the greatest common divisor r(z) of (a(z), b) may be chosen
with r(0) = I and thus extracting such a common divisor (see [28, 29]) we obtain
a left coprime system (ã(z), b) (where b remains the same) and thus, as rk(b) = q,
k = a(z)−1 b = ã−1 (z)b is zeroless.
t
u
The next Theorem (see [3]) states that for (ā(z), b) non necessarily left coprime,
there is an observationally equivalent left coprime pair (a(z), b) satisfying the same
degree restriction p.
Theorem 4. Every AR system (ā(z), b) with δ (ā(z)) ≤ p can be transformed to an
observationally equivalent AR system (a(z), b) such that δ (a(z)) ≤ p and (a(z), b)
are left coprime.

6 The Yule Walker Equations
As is well known and has been stated before, in the usual (regular) case, estimation of AR systems is much easier than estimation of ARMA systems or state space
systems, because AR systems can be estimated e.g. by the Yule-Walker equations,
which are linear in the AR parameters, whereas in the ARMA (or state space) case
usually numerical optimization procedures are applied. This also holds for the singular case and shows the importance of Theorem 2.
The Yule Walker equations are of the form
(a1 , . . . , a p )Γp = (γz (1), . . . , γz (p))

(34)

γν (0) = γz (0) − (a1 , . . . , a p )(γz (1), . . . , γz (p))0

(35)

where γz ( j) = Ezt+ j zt0 and
Γm = (γz ( j − i))i, j=1,...,m
are the population moments of (zt ). From an estimator ẑt of zt , these second moments can be estimated and yield a Yule Walker estimator of (a1 , . . . , a p ) and γν (0)
via (34) and (35).
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As is well known and easy to see, Γm for a regular AR process is non singular for
all m. On the other hand for a singular AR process, premultiplying (31) by a vector
a 6= 0 such that aγν (0) = 0 yields a dependence relation between the components in
0 , . . . , z0 ) and thus Γ
(zt0 , zt−1
p+1 is singular. However, the matrix Γp may be singular
t−p
or non singular. Now (33) may be written in companion form as
  


 
zt−1
b
a1 · · · a p−1 a p
zt
 zt−1   I
  zt−2   0 
0
  


 
 ..  =  . .
  ..  +  ..  εt

 .  

.
.  .
zt−p
0
I 0
zt−p+1
{z
} | {z } | {z }
| {z } |
xt

F

xt−1

G

zt = (I, 0, . . . , 0)xt
As is well known and easy to see,
Γp = Ext xt0
is non singular if and only if (F, G) is controllable. For this case, the Yule Walker
equations (34) and (35) have a unique solution. As shown in [4] (F, G) is generically
controllable in the parameter space. However, in this context, the notion of genericity has to be used with care, as it depends on the choice of p. If Γp is singular, of
course the solution of (34) are not unique, where γν (0) remains unique. Because of
the linearity the solution set of (34) has an affine structure in the sense that every
row of (a1 , . . . , a p ) is of the form one particular solution plus the left kernel of Γp .
Since γz ( j), j > p are uniquely determined by γz (k), k = 0, . . . , p the solution set of
(34) is the set of all observationally equivalent AR systems (without imposing the
stability condition (32)). The structure of the solution set has been discussed in [11].
In case of singular Γp , uniqueness in (34) may be achieved by taking the minimum
norm solution (see [13, 19]) or by describing column degrees in a(z) (see [14]).

7 Estimation and Model Selection
Structure theory as described in the previous sections is important for understanding
data driven modeling for GDFMs. In general terms, here, data driven modeling consists of two main parts, parameter estimation and model selection, where the latter
is performed by estimation of integers such as r or q. We do not treat estimation
(and in particular properties of estimators) in detail here. Let us only mention that
the estimation procedure we have in mind (and we had also in mind in [13]) is of
the following form:
1. Estimation of the (minimal) dimension r of the static factors zt as well as the
static factor itself using a PCA on γyN (0), as described in section 3.1.
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2. Estimate the maximum lag p in the AR system (33) from the given ẑt using an
information criterion and estimate a1 , . . . , a p from the Yule Walker equations as
described in section 6.
If the estimate of Γp is “close to being singular”, a truncation procedure as described in [13, 19] or a specification of columns degrees in a(z) as in [14] may
be used.
3. Using the Yule-Walker estimate for the covariance of νt in (31) a PCA is performed to estimate the dimension of the minimal dynamic factors, as well as εt
itself and thus of b in (33).
Remark 4. Under a number of additional assumptions, for instance assumptions
guaranteeing that the sample second moments converge to their population counter
parts, the procedure sketched above can be shown to be consistent. There is a number of alternative procedures available (see e.g. [17, 33]) and in addition our procedure may be improved, for instance by iterations.
Remark 5. Our focus is on data driven modeling of the latent variables. However,
sometimes also noise models, e.g. univariate AR systems for the components of ut ,
are used.

8 Summary
Forecasting and analysis of high dimensional time series is part of the “big data
revolution” and it is important in many areas of application. Generalized linear dynamic factor models which have been proposed slightly more than a decade ago
[21, 24, 33] are an important tool for this task. In our contribution we present a
structure theory for this model class. In particular we consider denoising and realization, the latter in the sense of finding a system representation for the spectral
density of the latent variables. The importance of AR modeling is emphasized. Yule
Walker equations and their solutions are discussed. Finally an estimation procedure
making use of the structure theory is described.
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