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Brian D. 0.Anderson*t

Abstract: Fixed and wireless telecommunications systems, sonar systems, navigs,
tion devices, image processing algorithms-these are all examples of where signal
processing is used. Much signal processing is based on statistical models of processes
generating the signals and the contaminating noise. This paper traces the develop
ment of statistical processing theories, beginning with Wiener filtering, continuing
through Kalman filtering, and ending with Hidden Markov Models. Different assumptions underpin these theories, and also very different mathematics. Yet a
number of common features remain.
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1 Introduction
Much of signal procegsing is concerned with extracting relevant information from
measurements in which that relevant information is contained in some way, but
generally buried in noise. Determinii the presence of genuine target reflections in
a signal picked up by a radar receiver; figuring out what the message is in a fax
which is blurred; minimising the effect of extraneous signals for a user of a hexing
aid trying to talk to another individual; these, aud a whole host of other examples,
constitute situations where signal processing is a must.
In the following sections, we will discuss three different approaches to signal
proceasing using statistical ideas, those associated with Wiener filtering [I],KaIman
filtering [Z],131, and Ridden Markov Model filtering (41, 15). A further section is
provided on what is termed a s smoothing, and this attempts to further illustrate
the very real similaritiesamong the different approachesto filtering,despite the huge
differences in mathematical tools. The final section summarises key conclusions.
We conclude this section by recording an example drawn from a recent project.
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Figure 1. Submarine with towed array
F i e 1is a diagrammatic representation of a submarine trailing a towed array. A towed array is a cable on which are located a large number of acoustic sensors
(labelled with the letter A), and the purpose of the acoustic sensors is to listen for
other vessels. T,ocation of acoustic sensors on the towed array rather than location
of acoustic seasom on board the submarine allows use of an dectively much bigger
and thus more effective acoustic antenna, and lessens diiculties associated with
self-noise generated by the submarine. Satisfactory use of the collection of acoustic
sensor signals, however, requires knowledge of the shape of the arrw. The hown
motion of the submarine together with equations of motion of a towed cable (generally modelled with a nonlinear partial differential equation) allow the generation
of an estimate of the shape of the may, but this win be deficient for at least two
reasons. First, the equations of motion of the towed cable are only approximations
of reality (i.e., there is modelliig error); and second, there may well be currents

Pulling the Information Out of the Clutter

or-

Known
Motion

:,":

Modelling errors . ldeasurement
I
Sensor
Noise
Towed Array
Dynamical
System
(Nonlinear PDE)
Measurements

+

Acoustic sensor
Positions
(not measured)

Figure 2. Abstract repaentation of away shape estimation problem.
giving rise to further forces on the array, and thus distortions of it.
For this reason, it is desirable to find techniques for improving the determination of array shape. To this end, one can contemplate including along the array
some depth sensors and compasses (labelled DS and C), which provide some sort of
(noisy) measurement information relevant to determining the shape of the array.
At this stage, one can represent the situation abstractly via Figure 2. The
inputs on the left include the known motion, which is the submarine motion. The
rest of the diagram is self-evident.
In order to obtain the acoustic sensor positions, a filter is needed. The signals
driving the filter are the measurements from the sensors as well as the motion of
the submarine, and, of course, the equations defining the filter in some way will
depend on the model of the towed array. Filtering theory in the sense of Wiener [I]
and Kalman [2], [3] attempts to provide a technique for determination of a filter,
and for predicting the performance of the filter (as measured, for example, by the
mean-square error in the estimates produced by the filter).
A description of the towed-may problem can be found in [6].

2

'

Wiener Filtering

Wiener Btering theory [I]is probably the first attempt to provide optimal filters in
situations where signals are characterised by random processes. Indeed, the pr&e
to [I]states: "Largely bmuse of the impetus gained during World War II, communication and control engineering have reached a very high level of development
today .. The point of departure may well be the recasting and verifying of the
theories of control and communication . . on a statistical basis." Actually, the preface also notes that the work had its origins in ideas of Kolmogorov and Kosulajeff
which was published between 1939 and 1941.
A basic situdion handled by Wiener filtering is depicted in Figure 3. Figure 3(a) denotes the signal model. The designation 'measurement' is just that:
it is what is available to an observer, and can be used for processing. The measurement itself is to be regarded as a sum of signal and noise. The noise, more
precisely termed 'measurement noise', is assumed to be a stationary process with

..

.
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Figure 3. (a) Signal model; (b) basic set-up for Wienerfiltering.

'

.

zero mean and known spectrum. The signal is also assumedto be a stationary prccess. Its generation is modelled Chrough the use of a so-called 'input-noise process',
assumed to be zero mean stationary and white1, passing into a lineartime-invariant
stable system. Virtually any smooth spectrum can be achieved in this way. The
input-noise process and the measurement-noise proceis are normally assumed to be
independent (which implies t b t the signal and the measurement-noise process are
'-independent), Note that there.% no real loss of generality in assuming that the
input-noise process is a white process, because if it is not, a 'shaping filter' driven
by white noise can be regarded as generating the input process, and then the shaping filter can be combined with the linear, time-invariant stable system between
the input-noise process and the signal..The measurement process is aften taken as
white, but not always.
The Wiener filter, exhibited inFigure 3(b), is the device which reconstructs
in real time a 'best estimate' of the signal from the measurement process.
One can either assume that the two noise proceises are Gaussian, in which
&e one can show that the Wiener filter is necessarily linear. Or one can postulate
that one is seeking a best estimate among those achievable by linear flters, and not
then require that the noise processes are Gaussian. Either way, the Wiener filter is
itself linear.
What is meant in this context by the words "constructs in real time a 'best
estimate' of the signal from the measurement process"?
Denote the signal by s(.) the measurement by z ( . ) and the signal estimate
by 3 ( . ) The mean square error at time t associated with the estimate $(t) of s(t) is
E[s(t)- s^(t)I2and it is this quantity which is minimised for the particular choice of
Bter (a Wiener filter) linking z ( . ) to 8 ( . ) The words "in real time" connote that
t is a running variable, 8 ( t ) is available at time t , and necessdy only depends on
values of z(r) for r < t or possibly T 5 t.
There is of course a theory explaining how the Wiener filter can be calculated
from problem data. The central component of the calculation is termed 'spectral
factorisation'. With some simplification at the edges, the spectral factorisation
'A white prois one with constant spectrum. A gaussian white p r o m ,jsobtainable as the
deriwtive of a Wiener piocess.

5
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problem looks like the following:
Suppose S(w) is the spectrum of the signal process, and suppose N(w)
is the spectrum of the measurement-noise process. This means, given
independence of the signal and the noise processes, that the measurement process has spectrum S(w) +N(w). Spectral factorisation involves
finding a fuoction H(s) of the complex variable s with the following
properties:
(i) H(s) and H-'(5) are analytic in Re[s] 2 0

(ii) I H ( ~ W=) S(w)
~~

+ N(w) for d l real w.

Much of Wiener's work was involved with explaining how to compute the fun*
tion H. Reference [I]restricts attention, as we have done above, to the case where
the signal and noise are scalar processes. In this situation there is in formal terms a
formula involving integrals for obtaining H from the spectral information; however,
use of approximate integration methods in order to obt* numerical results may
be perilous. There is an extension to the vedor process case, but not of the formula
itself. However, in the event that S(w) N(w) is rational in w, the calculations are
hugely simplified; there is even a simple way to deal with the vector process case.

+

By way of illustration, consider Figure 4.
White Noise
White Noise
Intensity q

Intensity 1

s(t)

t-(t)

(a)

Figure 4. (a) Signal modd; (b) Basic set-up for Wiener j i l t e h g .
To those unfamiliar with the block diagram notation widely used by of electrical engineers, they should understand that Figure 4(a) captures the notion that
d a s = w where w( ) connotes the input-noise process, here assumed to be white
noise with intensity q. This means that the spectrum of w msumes the value q at

+

.
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then
all frequencies. The spectrum of the process s(.) is S(w) = -.
wa +as'

and

in that

IHO.~)(~

+

= S(W) N(w)

(2.3)

with H and H-' analytic in Re[s] 2 0.
Also shown inthe figure is the Wiener filter and the value of the mean square
error. The block diagram notation is shorthand for

d + (&);=

( e - a ) z .

(2.4)

It turns out that when the measurement; noise is white noise of intensity one, the
Wiener filter transformation is always 1 H - l .
When the spedra are rational, the calculation of H reqvires in effect simply the
determination of the zeros of two polynomiak. The numerator bnd denominat05
of S(w) + N(w) are even in w2. With the substitution w2 = -sa, the resulting
numerator and denominator polynomials in s, call them m(s) and n(s) respectively;
are both factored as

-

where all zeros of g( .) and h ( . ) lie in Re[s] < 0. Then

Obviously, H and H-' are analytic in Re[s] 2 0, and it is easily checked that
S(w) N ( w ) = [ H ( ~ w ) ( ~ .

+

3 Kalman Filtering
The Kalman Filter [2], [3] is a variant on the Wiener Fi1tlter.i~several respects. As
with the Wiener F'iiter, we contemplate a signal model and an Gociated filter. See
Figure 5. The key chaw'= between the Wiener Filter and Kalman Filter set-up are
as follows:
The input noise to the signal modal must be white (although this is no real
loss of generality, since a device called a '&ping Bter' can be used to cope
with a non-white process, at least if it has a stationary, rational spectrum).
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white Noise

White Noise

Linear System

Known Signal

1

State

(a)
Kalman Filter

Figure 5. (a) Signal model; (b) Basic set-up for Kalman filtering.
There can be a known, deterministic input in addition to the whitenoise
process. (The towed array problem is an example where there is a known
input signal, the known motion of the submarine.)
The system linking the input noise to the signal process is necessarily finitedimensional; i.e., describable by an ordinary differential equation.
a

:

The system linking the input noise to the signal process is not assumed to
be time-invariant or stable. If however it is unstable, it must be viewed as
being switched on at some h i t e time, rather than the i W t e l y remote past,
to n+te the possibility of signals having in6nite ,miance.
The measurement process is always assumed to be white.
Quite evidently, the Kalman Filter in order to produce a best estimate of the
signal should use both the known input signal and the measurement. But,
as it turns out, the Kalman filter seeks not just to estimate 'the signal' but
also the whole state of the finite-dimensional linear system sitting between the
input process and the signal itself. Obviously, it should be intuitively clear
that with a best &bate of the state, one should be able to come up with a
best estimate of the signal also.

The great advances i n the K h a n Filter &re the introduction of possible
time-variation in the signal model and non-stationarity in the underlying random
processes: the input process and the measurement process need not be stationary;
the linear system need not be time-invariant; operations do not have to begin in
the infinitely remote past.
The Kalman Filter itself turns out to be a linear finite-dimensional &stem.
It will only be a time-invariant system in the event that all processes in the signal
model are stationary.
The calculation of the Kalman Filter is totally different to the calculation of
the Wiener Filter. To set it out, we need to formalise some of the above.

<
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3.1 Kalman Filter Equation
The signal model is defined for t > by
j.= F ( t )x

s(t) = H ( t )x
z(t) = H ( t )x

+ G ( t )w(t) + r(t)u(t)
+n(t)

(3.1)
(3.2)
(3.3)

where E[w(t)]= 0, E[w(t)w ~ ( s )=
] Q(t)J(t - s), ~ [ n ( t =
) ]0, ~ [ n ( t ) n ~ (=s ) ]
R(t) 6(t - s) with w(.), n(.) independent processes. The initial condition %(to) at
time to is a random variable independent of w ( . ) and n(.) with mean %(to)and
variance P ( t o ) The symbol u(t) denotes the deteimiaistic external input. The
matrices F ( . ) , G(.)etc. are of appropriate dimensions, Q(t) = Qr(t) 2 0 and
Rst) = RT(t)> 0 for all t.
The K h a n filter is defined by

i ( t )= [F(t)- P(t)H ( ~ ) R - ' ( t )HT(t)]2(t)
~ (~
t )( t ) ~ - lt(t)
( t ) r ( t )~ ( t )
$(to) = Z ( t 0 )
$(t) = H ( t )x(t)

+

+

(3.4)
(3.5)
(3.6)

and P(t) is a symmetric nonnegative definite matrix solving the following matrix
Riccati differential equation:

P = P F ~+ F P - PHR-'KrP

+Q ,

P(t0) = P(to).

(3.7)

Among all possible Elters where &(t)is constructed using z(s) for s 5 t, the
K h a n filter ensures
~ { [ z ( t-WIT
)
[x(t)- WI)

(3.8)

is minimised for all t (minimum variance property).
As intimated above, with the right assumptions on the signal model, the
Kalman Filter will be time-invariant. Also, in the event that the detaministic
signal at the input of the signal model is sero, the sig'nal model for the Kalman
Filter and the,signalmodel for the Wiener Filter have the potential to coincide. It
follows therefore that there are some circumstancesin which the optimal filter can be
caIculated either with the Wiener approach or with the ECalman approach. Such situations are necessarily those where there is stationarity and finitedimensionalityof
the signal model, white constant intensity input noise and white constant intensitymeasurement noise, and a time of commencement in the infinitely remote past, so
that &!a signals are stationaxy.

3.2

Example

To illustrate this point, we explain how the Kalman Filter can be calculated for the
example of Figwe 4. The signal model of Figure 4(a) can be written as

..~,
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i.e.,F=-a,G=l,F=O,H=l,Q=q,R=landinitialtimeis-03.
The Riccati equation is

It can be verified that for any )3(to) > 0,when -+ -03, the solution of the Riccati
equation is independent of the initial conditions, and is constant, viz.,

~ ( =
t )- - a .
Accordingly, the Kalman filter is
$=--?+(--a)z,

S=2.

This is precisely what Figure4(b) shows.
In situations where either Kalman or Wiener filtering ideas can be used on the
same problem, one has stationarity and one has a rational spectrum. It turns out
that the Kalman .filter approach involves steady-state Riccati equations and there
is a deep connection with rational spectral factorisation.

3.3 Time Constants and Exponential Forgetting
There is an important property common to Wiener and K a l m h Filters that is
actually not universal, but is obtained in most circurqstances. Strict theorems are
available defining the circumstances under which these properties are obtained; see
for example [2], 131, and [q. There is a notion of a 'time constant' associated with
Wiener and Kalman filters. What does this mean?
Old measurements are forgotten exponentially fast. The best estimate of the
state or the signal at a particuk time t depends in an exponentially decaying
fashion on prior measurements. If measurements sdEciently long ago were
inaccurate not just because of the noise but because of sensor failure, this
would not affect matters sufficiently far away from the time at which the
erroneous measurements were collected.

:

Initial state information of the Kalman Filter is forgotten exponentially fast.
To understand this statement, recall that at some time (which might be in
the i&~tely remote past) the Kalman Filter has to be turned on. There
is a best initial state for the K a b Filter, namely, the mean assumed for
the initial condition of the signal model. Obviously, one must reckon with
the possibility that a higuy inappropriate initial state for the Kalman Filter
is selected. The point of the observation is that any damage caused by the
inappropriate selection will be forgotten exponentially fast.
Round-off and similar errors can only accumulate to a limited extent. Suppose
that the Wiener or the Kalman Filter is implemented on a computer, so that at
every step in the calculation some little error is introduced. Oneshould have
an a priori concern as to whether these errors will accumulate in an ultimately
damaging way. The point of the remark is that this will not happen.

Brian D. 0.Anderson
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The array shape estimation problem introduced in Section 1, see Figure 2,
was tackled in (61 using Kalman Filtering ideas. A key step in the modelling is
to replace the non-line? partial differential equation model of the towed array by
a linear-system model. Also, the replacement model must be finite-dimensional.
Thus, as with many practical problems, the initial mathematical problem has to be
approximated or modiied, to suit the Kalrnan Filtering framework. The acoustic
sensor positions compofid to some components of the state vector in the signal
model and their estimates to some components of the state vector in the Kalman
Filter. The approximation error in replacing the Figure 2 model is mumed to be
swept up in some way by the incorporation of noise signals in the signal model; i.e.,
the noise signals in the signal model are meant to capture not just genuine noise from
sensors, or the uncertainty ilssociated with currents, but also (obviously in a very
crude fashion) the inaccuracies associated with the approximation inherent in the
modelling process. That these inaccuracies will not overwhelm the calculations a s
they evolve in time is also a consequence of the tiie-constant/exponential-forgetting
concept described above.

4 Hidden Markov Models
Wiener and Kalman filtering theories are concerned with filtering of signals and
linear systems. The theory can be pushed to consider same levels of ~nlineasiQr,
typically when linearisation is applicable; but in no sense do the theories provide
a general theory for the filtering of nonlinear systems. There is however a theory
which can capture many nonlinear filtering problems, and that is based on Hidden
Markov Models [4], 151.
An noted in the abstract of 151, Hidden Markw ~ o d e (HMMs)
i
were initidy
introduced in the late 1960s and early 1970s (i.e., about 30 years ago), and their
popularity has slowly 'grown. To quote from the abstract of 151:
'There are two strong reasons why this has occurred. First, the models

a+? very rich in mathematical structure and hence can form the theoret-ical basis for use in a wider range of applications. Second the models,
when applied properly, work very well in practice with some important
applications."
The reasam might just as well have been admced for the Wiener filter and
Kalrnan filter. But for HMMs, the mathematical structure is very different, and the
successful applications are also very different. The mathematical structure does not
include spectral factorisation or Riccati equations. But it does include the theory
of positive matrices (to be distinguished from positive-definite matrices), including
(as work of this decade has revealed) a form of time-varying extension of PerronFrobenius theory, [a].

4.1

Examples of Hidden Markov Models

Before defining what a Hidden Markov Model is, let us give several examples. The
first is a very old one, the random telegraph wave (see Figure 6).

s
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Figure 6. Noisy mensarement of a random telegraph wave.
One assumes that a signal is transmitted which takes the vaIue zero or one.
One has available noisy measurements of that signal, and from the noisy measurements, one is required to reconstruct the original signal. (The common noise model
is additive white gaussian noise.) The transitions within the original signal are assumed to occur in a Poisson manner, and the number of levels in the original signal
(hem two) can be generalised to be h i t e , but not to be infinite.
For the second example, consider the problem of listening from one submarine
for the engine of another submarine. One can postulate that the engine speed of
the other submarine has a fundamental frequency lying in one of a finite set of
frequency ranges, and the transition probability for movement fTom one range to
another is known. Noisy estimates (in effect noisy measurements) are available of
the particular range in which the fundamental frequency of the other submarine's
engine lies, and the problem is to properly reconstruct the xtivity of the 0 t h
submarine's engine from the estimates.
For i6 third example, consider a significantly nonlinear variant on the signal
model of Figure 4(a). In particular, suppose that replacing the equation

there appears the equation

x = -a(%)

+w

where a(.) is some nonlinear function of x. One cannot expect Kalman or Wiener
atering to work well, unless perhaps, and then only perhaps, a ( . ) is close to being
linear. To cope with the nonlinear case, we could imagine partitioning up the real
axis on which zlies into a finite set of intervals (two of which would be semi-infinite),
and consider transitions in tho variable x from one region to another. When x is
in the *e region, we could regard that as equivalent to the ithstate of a Hidden
Markov Model with a finite number of states being the current state of the HMM.
The finer the sub-division, the more accurately would the HMM capture the model
with continuous x. This is the way in which Hidden Markov Models can be used to
cope with problems which are too nonlinear for Kalman filters, where it happens to
be true that some linearisation can be acceptable.

Brian D. 0.Anderson
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4.2

Formal Description with Finite-State Hidden Markov Model

In this sub-section we shaU try to capture in a more abstract framework the contents
of the previous examples. We shall assums that the underlying time process is a
discrete time one rather than continuous time, which eases the exposition very
substantially. The use of discrebtiie modelling in signal processing has become
increasingly common, driven not just by questions of ease of exposition, but the
very digital nature of much of the hardware which serves as the implementation
platform.
There is an underlying state process {Xo,
XI,. ..,Xk,. ..} and XI, (the process
at time k) can w m e one of a iinite set of values, for convenience 1,2,. ..,N. The
~ i [ Xk s j] = aEj is a transition probability, and XI, is
quantity P I [ X ~ +=
a Markov process. We denote by A the matrix [a,]. There is also an output
process Ya,Yl,. . We shall assume that Yk takes one of a S t e set of values,
for convenience labelled 1,2,. .,M. (There are many examples where Yk assumes
continuous values; for example, when it is equal to gaussian noise plus the state.
However, for the sake of this paper we shall assume the simpler case of a finite
set of values. This finite set incidentally could arise through quantisation of a
continuum.) The liak between the state process and the output process is d e w
by Pr[G = m XI, = n ] = ,c,
and we denote by C the matrix (c,).
Evidently, then, two matrices whose entries are all probabilities, A and c,
describe the Hidden Markov Model process.

..

.

I

4.3

Hidden Markov Model Fitter

An HMhX filter is, in quite precise terms, a device for calculating the N-vector

I

.

whose z* entry is Pr[XI, = i Yo, K , . .,&]. This means that the filter uses
the measurements up to time k to provide the best possible statement concerning
the knowledge of the state at time k. For the simple HMM setup that we have
described, it is fairly easy to obtain atering equations by straightforward application
of Bayes' Theorem. The update process involves two steps, incorporating a time
update of the state variable with no extra measurements, and then adding in the
extra measurement associated with an update. More precisely, let I I I , be
~~
the
the vector with ithentry
vector with ithentry Pr[Xk = i Yo,. ,Yk], and nk+ll~
Pr[Xk+l=i (YO,...,Yk]. Then

I

4.4

..

The Forgetting Property

At this stage one can ask similar questions to those which can be asked regarding
Wiener and Kalman filters:
Are old measurements forgotten, is an inappropriate filter initiallisation
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forgotten, and are round-off and similar errors guaranteed not to overpower the calculation?
As for Kalman and Wiener filtering problems, the answer is, in general, yea
The qualification is one which can be expressed in technical terms [9]-1131; in broad
terms it demands that filtering problems be well-posed. The general conclusion is
in fact that there is an mponential forgetting property, just l i e that for Kalman
and Wiener filtering. Incidentally, obtaining these conclusions for continuous-time
Hidden Markov Models is much more difficult technically.
There is a new angle here, which does not arise in Kalman and Wiener atem,
and it sbould be noted. What we have just said is that the calculations leading to
the conditional probability associated with thefiltering problem are ones in which
an exponential forgetting property is found. Suppose that one focuses on the actual
production of a state astimate. Thus, one could logically define a filtered state
estimate by saying that 2klk= J if J xpaximises P ~ [=xi ~&,...,Yk] over i.
Then it turns out that 4k1k is determined with a finite memo% iie., Zklkdepends
on Y k . Yk-1,. . . ,Yk-lfor some fured 1 and all k. At this stage, theory is not available
t o estimate 1 easily [14].

I

4.5

Mathematics of the Exponential Forgetting Property

The exponential forgetting property can be established by an elegant extension of
the Perron-Erobenius theory on the eigen-properties of matrices of non-negative or
positive entries, [8].
Consider equations 4.2 and 4.3,and the following two equations:

The effect of the scalar division on the right side in 4.3 and absent in 4.5 is to
normalize; i.e., scale the right side of 4.3 so that the vector entries add up to 1.
This means that 4.4 and 4.5 together constitute an unnorrnalized version of 4.2 and
4.3. Thus the behaviour of 4.4 and 4.5 will be able to predict, in many ways, the
behaviour of 4.2 and 4.3.
Now observe that 4.4 and 4.5 can be combined together to give

The matrix Cy,+,
can only assume one of M values and so we could rewrite 4.6 as

where Dk is drawn from a finite set of known matrices, call them Ax, Az,. ..,A&
The extension of the Perron-Robenius theorem is found in 181. Let (Al, . : , A M )
denote a finite set of matrices with positive entries, and let EN = DNDN-I.. .Dl;
where D<E [ A , . ,AM].Then as N -t m, EN + pNvT for variable vector pN
and some fixed vector v, exponentially fast. (The Perron-Robenius theorem deals

.

..

. .
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with the case where all the D4are the same.) There are heidentally extensions of
this inhomogeneous product result to cope with non-negative matrices, and such
ertensions c m be useful for the application to HMMs.
The above result implies

exponentially fast. Observe that different values of Zolo
will lead to differentvalues
of vT COIO,
which is a scalar; i.e., Zolo
only affects the scaling of ENIN.
If there is normalization, as there is in calculating nNINfrom ZN~N,
uTCO~O
drops out completely. Equivalently, the initial condition is forgotten exponentially
fast. Similarly, one argues that old measurements are forgotten exponentiauy fast.

4.6

Rapprochement between HMMs and Wiener-Kalman
Theory

One can pose the question:
Are there situations in which the Hidden Markov Model approach and
the Kalrnan filter approach or the Wiener approach overlap?

If by the HMM approach, one is td&g about finitestate processes, the answer is
no. However, one can usually regard the type of si@ model which appears in- a
Kalman 6lter or Wiener filter problem as a,limiting version of a Hidden Markov
Model signal model. Unpublished work of R.L. Streit has demonstrated that as
the limit of the number of states in a certain:finitestate Hidden Markov Model is
allowed to become i&mite, the HMM converges in acertain sense to a Kalman filter
signal model, and one can establish convergence of the associated flters a s well.

5 Smoothing
In this section, we aim to explain a variant on filtering which applies to each of the
three types of filtering we have described.
Any processing of the measurements is often described by the generic term 'filtering'. However, one can particularize the meaning of the word Btering, to distinguish it from a related concept called 'smoothing'. This is the point of this section.
Also, we will record some distinctions in the properties of filters and smoothers.

5.1 The Difference between Filtering and Smoothing
Consider Figure 7. Fot convenience, we shall explain the smoothing concept in
terms of a Kalman filtering problem. The explanations carry over to Wiener and
HMM problems, and to discretetime formulations.
Thii figure depicts one entry of the unknown true state of the system on which
the filtering is being performed: it depicts the measurements taken at the output of
that system and it depicts one entry of the filtered estimate of the state, obtained
at the output of the Kalman filter. The notation ?(t I t )is used to denote a atered

pulling the information Out of the Clutter
Part of True
State x(t)

Measurements z(t)

Part of Estimate
of State 2(t I t)

Figure 7. Represenfation offiltered-estimate dependence on measurements.

estimate. The iirst occurrenw of t signifies that we me achieving this estimate of the
state at time t and the second occurrence o f t signifies we are using measurements
occurring up to a time t.
It is intuitively obvious that measurements received a€ter time t must contain some sort of information about x(t). If those measurements are in some way
usable, we ought to be able to obtain an improved estimate of x(t); i.e., one with
lesser mean-square error. F~gure8 illustrates the distinction between filtering and
'smoothing', where in smoothing we are using measurements not just up to time t
but up to some later time T, in order to produce our estimate of r(t).The new
estimate is termed x(t 1 T).
Leaving aside for the moment the question of how exactly such an estimate
might be constructed, it is important to realie that there is one hey disadvantage
of working with a smoothed e s t i i namely, the estimate is not available in real
t i i e but only with some delay. For a control application, this may be a fatal disadvantage. However, if one is analyzing what happened in an experiment subsequent
to that experiment, there may be no disadvantage at all.
For the sake of completeness, we should mention also the concept of prediction
using measurements z(t) up until time t. One seeks to estimate not x(t) but x(t+S)
for some 6 > 0. (The quantity 6 may be 6xed and t a running variable.) Such an
estimation may be relevant in, for example, a lendenrous problem with a moving
target with which a rendezvous is sought at a future t i i e . If one can do filtering,
it is generally very easy to do prediction; we will devote almost no attention to it.
There are in fact several different types of smoothing which need t o be distinguished. These are termed 6xed-interval smoothing, fixed-point smoothing, and
fixed-lag smoothing.
In fixed-lag smoothing, t is variable and T is set to equal t A, with a fixed

+
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Measurements

4
Part of filtered
estimate of state $(tI t )

Part of smoothed
estimate of state 2(t I T)

Figure 8. C o n M of smoothed and filtered estimate depeadmce on meaauremts.
0

quantity A termed the 'lag'. Thus bed-lag smoothing is like filtering with delay.
Figure 9 illustrates how various measurements give lise to a fixed-lag estimate at
different time instants.
Fixed-lag smoothing is treated in the Wiener filtering context in [I], in the
Kalman a t e r context in [?I, and in the BMM context in (131,yith a precmor in [lq.
Figure 10 depicts traces of the state of a discrete-time system, a filtered e s t ' i t e of
that state and a fixed-lag estimate if that state together with mor performance of
the filter and the smoother. An inspection by eye suggests the greater accuracy of
the fixed-lag estimate, and this is confirmed by a calculation of the error variance.
In relation to the towed array problem, it is evident that in filtering, measurement information up to a time t would allow estimates of the acoustic-sensor
positions at time t and allow listening for other vessels using those sensor estimates.
Smoothing would allow a better estimate of acoustiesensor positions, and allow
better listening-but there would be a delay.

5.2

A Mathematical Road Block

Aside from the (admittedly modest) movement in conceptual complexity in passing
from filtering to smoothing, there were practical problems associated with the implementation of smoothers. These can best be understood by considering the same
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Measurements

Measurements

Measurements
~.

...

.
Figure 9. Representation of generation of a j k d l a g estimate.
.

.

simple example as earlier, illustrated in Figure 4.
With a fixed Iag of A, the fixed lag estimate b(t - A I t) can be shown to be
given by

3(t - A I t ) = 8(t - A I t - A)

+ (b - a) exp(-sA) s --bexp(-bA)

[ ~ ( t) s(t I t)]

(5.1)

where b =
and we have mixed Laplace transform notation with pure t i
domain quantities. It turns out that the hardware implementation of a device
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A2.0 .

----.Filtered state estimate

,-

- Fixed-lag smoothed
state estimate

Filter error covariance

--

Fwd-lag smoothed
error covariance

Figure 10. SimuEation data for filtniag and &&lag
corresponding to

smoothing comparison.

.,

exp(-sA) - exp(-bA)
8-6

is apparently straightforward, but this is not actually the case.
More precisely, the "obvious" implementation to an electrical engineer is fatally flawed, due to the inclusion of a guaranteed instab'rlity. The "obviousi' hardware device has to capture the equivalent of

[with u( .) an input and y an output]. An exact solution of this equation results in
a. bounded mapping from u E Lp to y E Lp for any p E [I,m) (with an appropriate
initial condition). Nevertheles, the associated homogenous equation

has exponentially divergent solutions, and any h a r d m e (including software algorithm) based on direct solution of the forced equation will be overpowered by the
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instability. Fortunately, the problem does not occur in discrete time. (To explain
this would lead us too far afield.)
For information on these points, see [16],[17],[18]for two approaches to circumventing the instability above (which is generic, and not particular to this example),
for discrete time Kalman filters, and [I31 for discrete time HMM filtering.

M

5.3

Comparative Advantages of Smoothing over Filtering

We have already referred to the key didvantage of using smoothing as opposed
to filtering, including fixed-lag smoothing. This is the delay in obtaining an estimate. The key advantage is the greater accuracy in the estimate. This natwally
raises the question: "What improvement can we expect?" A subsidiary question is:
"How much lag should one use in fixed-lag smoothing t o capture all the significant
improvement?"
These questions have been addressed for Wiener filtering problems in a number
of papers: see e.g., 1191-[22]. The first key conclusion is that at hzgh sigaal-to-nobe
ratios smoothing gives greater improvement over filtering than at low sipl-to-nobe
ratios. Denote by Psand Pfthe mean square error in estimating the signal with a
smoother and with a filter, respectively. Then f19]provides for a si@c&nt family of
systems, a bound for the minimum possible value of P,/Pf in terms of the &urn
si@-tenoise ratio. The bound is depicted in Figure 11.

Maximum signal/noise ratio = max{S(w)
o
/N~)

.

'

.

.
.

Figure 11. Smwthing improvement against maximum signal-to-noise ratio.

At low signal ratios then it is impossible to get much improvement. Note aIso
that the curve does not guarantee that at high signal-to-noise ratios, there has to be
a lot of improvement. It simply indicates that there may be a lot of improvement.
Nevertheless, examples supported in various references testify to the conclusion that
at high signal-to-noiseratios, a significant improvement can be expected.
(Notice that the SNR can go to W t y either a s signal power goes to inhity
or noise power goes to zero. In the latter case P, and Pf ,both goes to zero and in the
limit, the issue of improvement is irrelevant. However for high signal-tenoise ratios,
improvement may nevertheless be very desirable: modern digital communications
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systems after all do seek extremely low error rates.)
The same qualitative conclusions hold for HMM lilters. Experimental data
was obtained in [15]. The theoretical underpinnings however are not yet complete,
as there are no nice formulae for the error measure of an HMM filter. Nevertheless,
for the high signal-to-noise ratio case, analytic justification was obtained in 1231.

Number of intervals of lag

Figure 12. Variation of smoothing perfomance with lag.
A second key conclusion relates to the choice of A for Exed-lag smoothing.
If A is taken to be several times the dominant timeconstant of the Wiener or
Kalman filter, then one will obtain all the practical improvement that it is possible
to obtain using iixed-lag smoothing. A typical curve illustmtii the situation is
shorn io Figure 12.
The case of zero lag corresponds to atering. As the lag is increased, the mean
square error goes d m monotonically in fact but the benefit kern furthw increasases
in lag gradually t d s off (in fact it tails off exponentia&y)until a lag is reached at
which further increase of A is pointless.
For J3MIvb, experimental evidence appeared in [15], but it took approximately
25 years before the resuIts could be expIained, in 1131.

6'. Conclusion
In tbis paper, we have tried to sketch some of the parallels between Wiener, Kalman
and 'KMM filtering, parallels which persist despite very diierent styles of rnathematics. The key results we have chosen to highlight concern:
(1) exponential forgetting properties in filtering, with the relations of the associated
time-constant to the understanding of lag adjustment in fixed-lag smoothing;

(2) the benefit of fixed-lag smoothing over atering being much greater for low-noise
situations.

While the details of (1)are well worked out,this is not the case for (2). The absence
of error-rate fonnulae for RMMs is one roadblock.
One would imagine the ideas would be relevant in other domains; e.g., Image
Processing.
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