2019 IEEE 15th International Conference on Control and Automation (ICCA)
Edinburgh, Scotland, July 16-19, 2019

Almost global convergence for distance- and area-constrained
hierarchical formations without reflection
Yue Cao, Zhiyong Sun, Brian D. O. Anderson and Toshiharu Sugie
Abstract— This paper discusses formation shape control systems with both distance and signed area constraints, which
aim to avoid the flipping or reflection ambiguity in a target
formation shape. We prove an almost global convergence result
for a triangle formation with general shape, by choosing
a particular value of the control gain associated with the
formation area term. This result extends the recent paper
[1] on formation shape stabilization from equilateral triangles
to general triangles, with an almost global convergence from
almost all initial conditions. We then consider a hierarchical
formation system comprised of multiple triangular shapes, and
prove almost global convergence of a shape control algorithm
with appropriate gains. Several simulations are provided to
validate the theoretical results.

I. I NTRODUCTION
This paper focuses on a formation shape control problem
that aims to design distributed controllers to stabilize a group
of autonomous agents to reach a predefined target formation shape. Two popular approaches in formation control
are the displacement-based approach and the distance-based
approach [2]. The former one inherits ideas from linear
consensus dynamics with an offset vector of desired relative positions that encodes information of desired formation
shapes, while the latter describes a target formation shape by
inter-agent distance constraints, and often employs a gradient
control law associated with some potential functions for
formation shape stabilization. The distance-based formation
approach (in contrast to the displacement-based approach)
does not require a common orientation alignment of each
agent’s local coordinate frame, which may be a substantial
advantage in practice and therefore is the focus of this paper.
For more recent advances and novel approaches on formation
control, we refer readers to [2], [3].
In distance-based formation control, since the target formation shape is defined by a certain set of inter-agent
distances, the uniqueness and existence of a target formation
shape (up to translations and rotations) are often ensured by
graph rigidity theory, at least locally. Recent years have witnessed much progress on shape stabilization and convergence
analysis of rigid formation control systems. In general, a
rigid formation constrained only by distances may not have a
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uniquely defined shape, since shape flipping or reflection ambiguity remains for the whole formation. Some recent papers
[4], [5], [1] aim to resolve the flipping or reflection ambiguity by imposing additional geometric constraints for target
formation shapes. The paper [5] considered both distance
and planar (or volume) constraints in defining a formation
potential function, which can exclude the reflection shape
of a target formation with a gradient control law derived
from formation potential functions. The paper [4] introduced
the idea of incorporating signed areas in formation shape
constraints to resolve reflection ambiguity in distance-based
formation systems. More recently, a hierarchical formation
control framework with both distance and area constraints
was introduced in [1], which aims to stabilize a formation
system comprising multiple equilateral triangular shapes into
a desired shape without reflection.
This paper is built on [1], [4], and we resolve some
outstanding issues in these papers on a hierarchical formation
system that consists of multiple triangular sub-formations.
We develop a distributed control law with a particular control
gain K = 4 associated with the signed area term to ensure
an almost global convergence of any triangular formation
shape with both distance and signed area constraints. Since
the result is independent of particular formation shape, it
improves the result in [1] which considered hierarchical
formations with multiple equilateral triangles. Based on the
developed stabilization law for triangular shapes, we then
prove an almost global convergence for hierarchical formations comprising general triangular sub-formations. The
formation shape is uniquely defined by distance and area
constraints (up to translations), and the reflection ambiguities
are avoided.
This paper is organized as follows. Background and problem formulation are presented in Section II. Section III
presents the main result of this paper. We will show an almost
global convergence for triangular shapes with both distance
and area constraints, and for hierarchical formations comprising multiple triangular shapes without reflection. Simulations
are provided in Section IV to validate the theoretical results.
Concluding remarks in Section V close this paper.
II. P ROBLEM SETUP
We consider a multi-agent formation system consisting of
n agents and m edges in a 2D space that aims to achieve
a predefined rigid formation shape. For background on
graph rigidity theory and its applications in formation shape
control, we refer the reader to [6]. The formation control
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structure is described by a graph G = (V, E) with vertex set
V = {1, 2, · · · , n} and edge set E = {1, 2, · · · , m} ⊂ V ×V.
Assume that the underlying target formation graph is
a triangulated graph, which can be constructed by vertex
extensions in a Henneberg construction sequence (see [7]).
One example is shown in Fig. 1: the whole formation graph
is constructed by several triangular cliques (i.e., complete
subgraphs). We use (i, j, k) to define a triangular clique,
which has to satisfy {(i, j), (j, k), (k, i)} ∈ E. For example,
in Fig. 1, we have nine triangular cliques. In the formation
control problem under discussions, the index order of i, j, k
in every clique also matters and should be exactly the same
as that in the desired formation to avoid flipping or order
reflection.

Remark 1: One recent paper [7] solved the almost global
stabilization of multi-agent triangulated formations, while
formation reflection was not considered in its target formations. In [1] and [4], flipping elimination was resolved
by adding an additional term of signed areas in formation
potential functions. The results in [1] have been based
on equilateral triangular formations. In this paper, we will
develop control laws for general triangulated formations with
an almost global convergence and without reflection.
III. M AIN RESULTS
In this section, by following [1], we propose a distributed
and hierarchical approach to solve the stabilization control
problem for triangulated formations with both distance and
area constraints. We will prove an almost global convergence
for general triangulated formations under a special value of
control gain associated with the area control term.
A. Hierarchical control strategy

Fig. 1.

An example of triangulated formation graph.

Let p = [pT1 , pT2 , · · · , pTn ]T ∈ R2n denote the aggregated
positions of all agents with pi = [pix , piy ]T ∈ R2 . We
introduce the signed area Zi,j,k for the clique (i, j, k) by
(see also [4], [1])


1
1 1 1
Zi,j,k := det
.
(1)
pi pj pk
2
The signed area represents both the area of the triangular subformation and the order of its vertexes (i, j, k). Obviously,
if the three agents are not collinear and Zi,j,k is positive,
the three agents’ positions, pi , pk and pj , are located in
a clockwise ordering; otherwise they are in an opposite
ordering. For example, in Fig. 1, (1, 2, 3) has a negative
signed area and (2, 1, 3) has a positive signed area.
The formation control system is described by
ṗi (t) = ui (t)

i ∈ V,

(2)

where ui (t) ∈ R2 is the control input for agent i. The control
objective for the multi-agent formation stabilization without
reflection is to realize a target formation that satisfies
∗
• ||pi − pj || = di,j ,
∀(i, j) ∈ E
∗
∀ cliques(i, j, k)
• Zi,j,k = Zi,j,k ,
where d∗i,j is the given desired distance between agents i, j,
∗
is the given desired signed area for the triangular
and Zi,j,k
clique (i, j, k). Of course, when the interagent distances of
a clique of three agents are known, the magnitude of the
area is defined, but the sign is not defined. Evidently, the
distance and signed area constraints for a triangular clique
specify a target triangular formation shape which needs to
be stabilized. Obviously, translation or rotation of a target
formation shape is permissible while a reflection is not.

We use a gradient-based control law for a multi-agent
formation control system to reach a target rigid formation
with triangulated graph structure. The choice of potential
functions is based on a hierarchical control strategy. In this
strategy, the position of one agent (say agent i) is fixed.
A potential function V(i,j) is constructed for the second
agent j to stabilize its position to reach a given formation.
By following the same procedure, another potential function
V(i,j,k) is chosen for the third agent k, where the three agents
i, j, k should be in a clique. Similarly, the positions of all
other agents can be controlled.
Take the formation graph in Fig. 1 as an example. If
we fix the position of agent 1, we can construct potential
functions for each agent (except the stationary agent 1)
for stabilizing a target formation shape. Following [1] and
employing a cascade system modelling, we can decompose
the hierarchical control layer of the formation graph in Fig. 1
as below:
Layer 1: V1 = 0 (Agent 1 is stationary).
Layer 2: V2 = V(1,2) .
Layer 3: V3 = V(1,2,3) .
Layer 4: V5 = V(2,3,5) , V4 = V(2,4,5) , V6 = V(3,5,6) .
Layer 5: V8 = V(4,5,8) , V7 = V(4,7,8) , V9 = V(5,6,9) ,
V10 = V(6,9,10) .
The potential functions V(i,j) and V(i,j,k) are defined in the
following subsections. Note that the procedure is divided into
several layers, in which the lower layer cannot influence the
upper layer.
B. Analysis with a two-agent case
We first consider a two-agent formation. Suppose the
formation system consists of two agents i and j. Keep agent
i’s position pi fixed and let agent j with its position pj be
governed by
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p˙j = −

∂V(i,j)
,
∂pj

(3)

with the potential function defined by (see [1])
V(i,j) :=

1
((||pi − pj ||2 − (d∗ij )2 )2 ,
4

(4)

where d∗ij is the desired distance between agents i and
j. We denote the distance error for edge (i, j) as eij =
||pi − pj ||2 − (d∗ij )2 . The stability and convergence of (3)
has been analyzed in [1] which shows that pj converges to
an equilibrium and all stable equilibria of pj satisfy
||pi − pj || = d∗ij .

Fig. 2.

Lemma 1: With the control law (3), agent j’s trajectory
asymptotically converges to a desired equilibrium point exponentially fast under almost all initial positions.
Proof: Since agent i is stationary, agent j’s motion with
the control law (3) is constrained in the line defined by its
initial positions p2 (0) − p1 . Therefore, the 2-D dynamics for
ṗ2 is reduced to a 1-D dynamical system confined in the
line of p2 (0) − p1 . Without loss of generality, we assume
that the line p2 (0) − p1 is parallel to the x-axis. According
to [1, Theorem 1], agent j’s trajectory constrained in the
x-axis direction exponentially converges to an equilibrium
point with a correct distance to agent i. Except the initial
position collocated with agent i’s position, which can be
verified to be an equilibrium point of (3), albeit an unstable
one, almost all initial positions ensure the convergence.
C. Analysis with a three-agent case
Now we consider a formation control system consisting
of three agents, i, j and k. Assume that agent k’s position
pk is governed by
∂V(i,j,k)
p˙k = −
,
∂pk

A configuration of the three-agent triangular formation shape

(5)

(6)

The potential function V(i,j,k) is defined as the same as that
in [4] and [1],
1
(kpi − pj k2 − d∗ij 2 )2 + (kpj − pk k2 − d∗jk 2 )2
V(i,j,k) =
4
 1
∗
+ (kpk − pi k2 − d∗ki 2 )2 + K(Zi,j,k − Zi,j,k
)2 ,
(7)
2
where d∗ij , d∗jk and d∗ki denote the desired distances between
the three pairs of every two agents, K denotes a positive
control gain associated with the signed area term and Zi,j,k
defined in (1).
Without loss of generality, we consider a triangular formation shown in Fig. 2, with the positions of the three agents
described by
 
 
 
−a
a
x
pi =
, pj =
, pk =
,
(8)
0
0
y
where a := d∗ij /2 > 0, d∗1 and d∗2 denote the desired
distances between agents i, k and j, k, respectively. The
∗
> 0 (and the sign
desired signed area is defined by Zi,j,k
constraint imposes no real loss of generality). By substituting

the given data in (7), one obtains the following control for
agent k
p˙k = − (kpi − pk k2 − d∗1 2 )(pk − pi )
− (kpj − pk k2 − d∗2 2 )(pk − pj )


1
0 1
∗
− K(Zi,j,k − Zi,j,k
)
(pi − pj ),
−1 0
2
which is equivalently written as


2
−x(2x2 +2y 2 +6a2 −d∗ 2 −d∗ 2 )+a(d∗ 2 −d∗
2 )
p˙k = −y 2x2 +2y2 +2a2 −d∗ 21−d∗ 22 +Ka Z1∗ −ay
.
(
( i,j,k
)
1
2 )

(9)

(10)

We now analyze the equilibrium points and stability property of the system (9). The stability of each equilibrium can
be analyzed by determining the signs of the corresponding
eigenvalues of the Hessian matrix for the potential V(i,j,k) ,
provided the Hessian is non-singular. 1 By substituting (8),
we have the Hessian matrix as
h 2 2 2 ∗2 ∗2
i
6x +2y +6a −d1 −d2
4xy
H=
.
2
∗2
2
4xy
6y 2 +2x2 +2a2 −d∗
−d
+Ka
1
2
(11)
The control gain K in the signed area term plays an
important role in stabilizing a desired formation shape without reflection. In [1] the authors showed that, under the
example of equilateral triangles, convergence to an undesired
equilibrium can occur when K is small. The theorem below
gives a single value of K applicable to all triangles which
ensures the desired equilibrium point exists and is almost
globally stable. The reason for choosing the special value
K = 4 will become evident in the proof of the main theorem.
We anticipate that a large set of K for ensuring almost global
convergence is available, which will be discussed in future
research.
Theorem 1: Consider a three-agent formation control system with both distance and area constraints, while agents i
and j are fixed and agent k is governed by the control in (9).
Set K = 4 in the formation control law. Then with almost
all initial conditions for pk , the system (9) converges to the
desired equilibrium at which the correct distances and signed
area are attained.
Proof: From the equilibrium condition of the system
p˙k = 0, an equilibrium point [x, y] should satisfy the
following formula
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∗
KZi,j,k
x − (d∗1 2 − d∗2 2 )y = (Ka − 4a)xy.
1 The

Hessian formula can be found in [8].

(12)

The control gain K = 4 facilitates the analysis of the
above equilibrium formula (12). With K = 4, the right-hand
side of (12) is zero, which then enables a clear characterization of different equilibrium points. Now we consider two
cases, viz., (a). d∗1 6= d∗2 and (b). d∗1 = d∗2 .
(a). The case with d∗1 6= d∗2 . For all equilibrium points of
pk , there necessarily holds
y=

∗
4Zi,j,k

d∗1 2

−

x,
d∗2 2

d∗1 2 − d∗2 2
y,
∗
4Zi,j,k

x=

(13)

which will be used to analyze the stability property of
equilibrium points. By substituting (13) into the equilibrium
equation p˙k = 0 as in Eq. (9), we have
2

d∗1 2 − d∗2 2
∗
4Zi,j,k

!2
∗
y 3 + 2y 3 + (4a2 − m)y − 4aZi,j,k
= 0, (14)

where m = d∗1 2 + d∗2 2 − 2a2 . Note that the item m can be
rewritten as m = (x∗ − a)2 + y ∗ 2 + (x∗ + a)2 + y ∗ 2 − 2a2 ,
where (x∗ , y ∗ ) is the desired position of agent k. It is obvious
that m > 0. From d∗1 2 − d∗2 2 = (x∗ + a)2 + y ∗ 2 − (x∗ −
d∗ 2 −d∗ 2
∗
a)2 − y ∗ 2 = 4ax∗ , we have x∗ = 1 4a 2 and Zi,j,k
= ay ∗ .
Therefore, one can show
2
 ∗ 2
 ∗2
Zi,j,k
d1 − d∗2 2
+2
,
(15)
m=2
4a
a

Note that p2 and p3 exist if and only if m ≥ 16a2 (when
m = 16a2 the equilibrium points p2 and p3 reduce to a
single equilibrium point that still corresponds to an undesired
shape).
The correct equilibrium p1 is the global minimum of the
potential function and is asymptotically stable by the nature
of the gradient system (9). For the undesired equilibrium
points p2 and p3 , we now analyze their stability and convergences by substituting them into (11) to see if the Hessian
matrix is positive definite.
1) For the equilibrium p2 , we have
!
2
2
 ∗2
1
d1 − d∗2 2
2
∗
2
2
,
+ Zi,j,k
−s −
p2x + p2y =
4
2a
q
4
.
where s = 4a12 − m
 ∗ 2 ∗ 2 2
d1 −d2
∗2
= 21 ma2 .
+ Zi,j,k
From (16), we can show
4
Therefore, it holds

2
1
1
2
2
2
p2x + p2y = ma −s −
2
2a
m
s
2
=
− 2a + ma.
4
2
To ensure p2 is a stable equilibrium, the Hessian matrix
at p2 should be positive definite, or equivalently
f (p2x , p2y ) + 4p22x > 0,

which implies
a
∗
Zi,j,k

!2
m=2

d∗1 2 − d∗2 2
∗
4Zi,j,k

+ 2.

(16)

The above equality will often be used in later analysis to
simplify several equations.
Furthermore, it holds that
!2
a
∗
my 3 + (4a2 − m)y − 4aZi,j,k
= 0,
∗
Zi,j,k
which implies


∗
Zi,j,k
y−
a

a
∗
Zi,j,k

!2

am
my + ∗ y + 4a2
Zi,j,k

!

2

= 0. (17)

Hence, we can obtain three equilibrium points of pk . They
are
" ∗2 ∗2 #
p1 =

d1 −d2
4a
∗
Zi,j,k
a


det(H) = f (p2x , p2y ) + 4p22x + 4p22y f (p2x , p2y ) > 0,
(19)

!2

,

(18)

which is the correct equilibrium, and

 ∗2 ∗2  q
d1 −d2
4
1
− 4a12 − m
− 2a
4
 q
 ,
p2 = 
4
1
∗
− 4a12 − m
Zi,j,k
− 2a

 ∗ 2 ∗ 2 q
d1 −d2
1
4
1
−
−
2
4
m
2a 
 .
q 4a
p3
=
1
4
1
∗
−
−
Zi,j,k
4a2
m
2a

where f (p2x , p2y ) = 2p22x + 2p22y + 6a2 − d∗1 2 − d∗2 2 .
We can simplify f (p2x , p2y ) by substituting m = d∗1 2 +
∗2
d2 − 2a2 , from which we have
f (p2x , p2y ) = 2p22x + 2p22y − (m − 4a2 )
m
− 4a2 + sma − (m − 4a2 )
=
(20)
2
1
= m(sa − ).
2
Note that the term m is always larger than 0. Since (sa)2 −
4a2
12
2 = − m , we know that
1
,
(21)
2
from which we have f (p2x , p2y ) < 0. It is obvious that the
inequality in (19) does not hold when f (p2x , p2y ) < 0, which
means the Hessian matrix at p2 is not positive definite, and
therefore the equilibrium p2 is not stable.
2) For the equilibrium p3 , similarly one has
sa <

p23x + p23y =

1
m
s
1
ma2 (h − )2 =
− 2a2 − ma.
2
2a
4
2

It is easy to see p23x + p23y < p22x + p22y <
which implies

1
2


m − 4a2 ,

f (p3x , p3y ) = 2p23x + 2p23y + 6a2 − d∗1 2 − d∗2 2 < 0.

which correspond to undesired shapes with incorrect distances or area, and are termed undesired equilibrium points.

Hence, the Hessian matrix at p3 is not positive definite, and
thus the equilibrium point p3 is not stable.
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In conclusion, when K = 4 and d∗1 6= d∗2 , with almost all
initial conditions, pk converges to the correct equilibrium p1 .
∗
∗
q(b). The case with d1 = d2 . We denote by h :=
d∗1 2 − a2 the desired height of the triangular formation.
Hence, pk is governed by


−x(2x2 + 2y 2 + 4a2 − 2h2 )
p˙k =
.
(22)
−y(2x2 + 2y 2 − 2h2 ) + 4a(ah − ay)
First, when x = 0, the first entry of (22) equals 0 and by
substituting it into the second entry of (22) we have
−y(2y 2 − 2h2 ) + 4a(ah − ay) = 0,
which implies
(y − h)(y 2 + hy + 2a2 ) = 0.
Therefore, one obtains an equilibrium p1 = [0, h]T , which is
the correct equilibrium and is asymptotically stable (by the
gradient nature
√ of the system (9)).
When h ≥ 8a, we have the other two equilibrium points
described by
"
#
"
#
0
0
q
q
p2 =
.
2
h2
h , p3 =
2
− h4 − 2a2 − h2
4 − 2a − 2
√
(When h = 8a, the equilibrium points p2 and p3 coincide
as the same point.) We now analyze their stability properties.
1) For the equilibrium p2 , its Hessian matrix can be
calculated as

q

2
−h2 − 2h h4 − 2a2
0
.
q
H=
2
0
h2 − 6h h4 − 2a2 − 8a2
q
2
As the first entry of H, −h2 − 2h h4 − 2a2 , is smaller
than 0, the Hessian matrix is not positive definite. Hence,
the equilibrium p2 is unstable.
2) For the equilibrium p2 , its Hessian matrix can be
calculated as
q


2
0
−h2 + 2h h4 − 2a2
.
q
H=
2
0
h2 + 6h h4 − 2a2 − 8a2
q
2
To ensure p3 is stable, we must have −h2 +2h h4 − 2a2 >
0, which implies
r
 2

h
h2
2
− 2a2 > h, ⇒ 4
− 2a2 > h2 , ⇒ −8a2 > 0.
4
4
But the above inequality can never hold which leads to a
contradiction. Hence, the Hessian matrix at equilibrium p3
is not positive definite and p3 is an unstable equilibrium.
Then we consider 2x2 +2y 2 +4a2 −2h2 = 0. In this case,
the second entry of ṗk is
4a2 y + 4a(ah − ay) = 4a2 h,

(23)

We have 4a2 h 6= 0, which implies there exists no equilibrium.
In conclusion, when the control gain is set as K = 4, the
formation control system will almost globally converge to
the correct equilibrium.

D. Stability analysis of the hierarchical formation system
Based on the stability results derived above, in this subsection we present the stability analysis for a hierarchical
formation system consisting of triangular shapes. The proof
will be based on the stability theory for cascade systems.
Theorem 2: Consider a hierarchical triangulated formation system comprising multiple triangle shapes and n agents
under both distance and area constraints. Suppose that the
potential function associated with each agent is designed
based on the hierarchical control strategy detailed in Section
III-A. Specifically, agent 1 is stationary, agent 2 follows
the control law of (3) and all other agents follow the
control law of (6) with the area control gain K = 4. Then
the overall hierarchical formation system is almost globally
asymptotically stable, and all agents (except the stationary
agent 1) converge to equilibrium positions which satisfy
the distance and area constraints from almost global initial
positions.
Proof: According to the hierarchical structure of the
formation control law, the overall formation system can be
considered as a cascade system and we will use the stability
theory of cascade systems (see e.g., [9, Chapter 9] and
[10]) to prove the almost global convergence. As proved in
Lemma 1 (also see [1, Theorem 1]), if agent 2’s initial position is not collocated with agent 1, agent 2 almost globally
converges to an equilibrium point with the desired distance
exponentially fast, and the converged equilibrium point will
be constrained in the line p2 (0) − p1 . Based on the gradient
control law and the fact that agent 1 is stationary, the distance
function kp2 (t) − p1 k always decreases, which implies that
agent 2’s trajectory, which is confined in the line p2 (0) − p1 ,
is always bounded. Furthermore, since agent 1’s position is
fixed, the motion of agent 2 is fixed in the line of p2 (0) − p1
which reduces the 2-D dynamics of ṗ2 to a 1-D dynamical
system in the same line. As shown in Lemma 1, given an
initial position p2 (0) not collocated with p1 , the asymptotic
convergence of the reduced 1-D dynamical system in the
line implies the almost globally asymptotic convergence of
agent 2’s position to an equilibrium. For agent 3 with the
control law of (6) under K = 4, Theorem 1 shows that, if
agent 2 is at a desired equilibrium point, agent 3’s trajectory
almost globally converges to a desired equilibrium point and
its position is always bounded by the nature of the gradient
control law (6). Furthermore, the system (6) satisfies the
assumption A0-A2 of [10], which, together with the ultimate
boundedness property, proves that the cascade formation
system with agents 2 and 3 is almost globally asymptotically
stable by invoking [9, Corollary 9.3] and [10, Proposition 2].
As analyzed in the proof of Theorem 1, since the Hessian
matrix at a correct equilibrium is always positive definite, this
implies exponential convergence to a correct equilibrium.
For all other agents, by following a mathematical induction
of Theorem 1 and repeating the same procedure of the
above analysis via [9, Corollary 9.4] and [10, Proposition
2], it proves that the overall hierarchical formation system is
almost globally asymptotically stable and all agents (except
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the stationary agent 1) converge to desired equilibrium points
that satisfy correct distance and area constraints.
IV. S IMULATION RESULTS
A. Trajectory of agent k in the three-agent case with an area
control gain K = 4

Fig. 4. The trajectories of all agents in a hierarchical formation, and their
final positions with a converged shape

V. C ONCLUSIONS
In this paper we have discussed formation shape control
with both distance and area constraints, and proved an
almost global convergence for formation shape stabilization
by choosing a special control gain associated with the area
control term. The results are applicable to general triangular
formation shapes, which can avoid reflection ambiguity and
thus ensure a unique shape up to translations. Based on the
stability theory for cascade systems, we have also proved an
almost global convergence for hierarchical formation systems
comprised of multiple general triangular sub-formations.
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Fig. 3. Phase portrait of agent k when K = 4 with different initial
positions and target shapes

We show several simulations on the equilibrium stability
of Theorem 1. We consider four different triangular shapes
and plot the trajectories of agent k with different initial
positions. The star markers are the positions of agent i and j
with fixed positions at (−1, 0) and (1, 0), respectively. Round
markers indicate different initial locations of agent k, and
the triangle markers are the final positions of agent k with
different initial positions. It can be observed in Fig. 3 that in
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positions to the desired equilibrium position which satisfies
both the given distance and area constraints.
B. Stabilization of a hierarchical formation system
In this section, we apply the hierarchical control strategy
to solve the formation stabilization problem with a desired
shape shown in Fig. 1. According to the strategy in Sec√
tion III-A, we fix the position of agent 1 with (1, 3)
in the simulation. There are 5 layers in this formation
control strategy (see Section III-A). The desired shapes
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are arbitrary triangles with desired shapes. The trajectories
of all agents and their final converged positions are depicted
in Fig. 4, which shows that in all cases of different triangle
shapes, all agents can converge to desired equilibrium points
that realize a correct target formation.
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