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Abstract
This paper considers the problem of establishing ro-
bust routes for user connection requests in an WDM
network dynamically. The problem is to �nd two edge-
disjoint routes with satisfying certain given properties.
One route will serve as the primary path, and another
will serve as the backup path which will replace the
primary path if there is any link failure in the primary
path. Two versions of the problem are studied: one
is to �nd two edge-disjoint paths such that the total
cost of the two paths is minimized, in terms of the net-
work resources consumption; the other is to �nd two
edge-disjoint paths to minimize both the network load
(link congestion) and the total cost of the two paths.
The exact and approximate algorithms for the prob-
lem are proposed, and the solutions delivered consist
of selecting routes, assigning wavelengths to the links,
and setting switches of wavelength conversion at inter-
mediate nodes on the routes. The performance ratio
between the approximate solution and the exact solu-
tion is also analyzed. The key technique used in the
design of the approximate algorithms, is to transform
the corresponding version into a well solved optimiza-
tion problem on an auxiliary graph. To the best of our
knowledge, this is the �rst time that in the design of
routing protocols for WDM networks, the network load
and the route �nding and wavelength assignment are
taken into account simultaneously. As results, it not
only �nds cheap routes but also reduces the number of
network re-con�gurations, thereby improving the per-
formance of the network through utilizing its resources
e�ectively.

1 Introduction
All-optical networks employing wavelength division
multiplexing and wavelength routing are a promising
candidate for future WANs. These networks o�er the
advantages of wavelength reuse and scalability. Wave-
length division multiplexing (WDM) divides the band-
width of an optical �ber into multiple wavelength chan-
nels, so that multiple users can transmit their data
at distinct wavelengths through the same �ber con-
currently [6, 9, 14]. The large bandwidth of optic
�bers have made them attractive for high-speed net-
works. The major applications of the network are video
conferencing, scienti�c visualization, real-time medi-

cal imaging, supercomputing, and distributed comput-
ing [2, 20, 22]. But the existence of many independent
data channels over a single �ber could lead to problems
in case of failures, as the amount of bandwidth lost by
a component or a link failure is now much larger than
what would have been lost in a traditionally electronic
network. Therefore, the study of robust routing is a
fundamental topic in the WDM optical networks be-
cause the performance of a semilightpath/lightpath in
WDM networks is determined by the quality of the op-
tical components along the path, the failures such as
�ber cuts and wavelength failures will a�ect the per-
formance of the entire network in the end. This is
why an extra e�ort is being spent in analyzing opti-
cal WDM networks and �nding ways to protect them
against failures [8, 23, 4, 11]. Generally, there are two
approaches to deal with the failure issue. One is based
on hardware protection, which aims to ensure a bicon-
nectional communications channel between two nodes
will remain operational in the event of a component or
an optical link failure. This protection is performed at
the physical level and through the hardware duplica-
tion. The cost of hardware protection and the guar-
antee of connectivity between network nodes may be
prohibitively high for its implementation, and thus in
the real world, it is only found in the mission-critical
business routes. The other is based on software protec-
tion which aims to �nd backup paths for each primary
path such as the backup paths and the primary path
are either edge-disjoint (protecting a single link fail-
ure) or node-disjoint (protecting single node and single
link failures). In this paper we shall focus on the soft-
ware protection by considering the single-link failure.
In particular we shall concentrate on establishing the
connection with speci�ed failure restoration guarantees
in an WDM network with dynamic traÆc demands.

In a network with dynamic traÆc demand, user con-
nection requests arrive to and depart from the network
in a random manner. In response to new requests,
semilightpaths are established dynamically. The ro-
bust routing for dynamic traÆc has been addressed for
non-WDM networks such as ATM networks [10, 11, 15].
When a link or a node fails, how to re-establish a new
route to backup the failed primary route is very impor-
tant. The methods of recovering from such failure can
be classi�ed into activate and passive approaches. The
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passive approach is the simplest way of recovering from
failures in which a new connection that does not used
the failed component is selected and established if avail-
able. The advantage of this method is low overhead in
the absence of failures. However, this does not guaran-
tee the successful recovery, as the attempt to establish
a new connection may fail due to resource shortage at
the time of failure recovery. To overcome the draw-
backs of the passive approach, the activate approach is
to establish a backup path dynamically during estab-
lishing the primary path for a given connection request.
Since the backup connection is established and reserved
before any failure actually occurs. It can be used im-
mediately upon occurrence of a failure in the primary
path without invoking the time-consuming connection
re-establishment process. Hence, the failure recovery
delay of the activate method is much smaller, leading
to fast recovery. Some variants of the activate method
have also been suggested which can been seen in [11].

Some recent e�ort for the robust routing in optical
networks has also been taken [11, 17, 16, 15]. In [17] the
mechanisms to detect and isolate faults such as �ber
cuts and router failures have been established. The
problem of fault-tolerant design for the static traÆc
demand has also been addressed in [17, 3]. These algo-
rithms can a�ord to be computationally expensive as
they run o�-line. On the other hand, the dynamic rout-
ing schemes must be simpler and faster algorithms be-
cause short-lived connections are setup and torn down
frequently. Several dynamic routing algorithms have
also been proposed [16, 15, 11]. In [16] heuristics are
given to establish routes for several concurrent connec-
tion requests with the goal to reduce the blocking prob-
abilities of the entire network. In [11] an algorithm for
�nding the primary and backup paths for the Multi-
Protocol-Level-Switching (MPLS) is proposed which is
claimed to be applicable to �nd routing wavelength
paths for optical networks. The all above algorithms,
however, are assumed that the optical network con-
cerned is an undirected graph, and do not take the
costs of switching setting and of traversing links us-
ing wavelengths into consideration, which we will focus
on in this paper. Therefore, their algorithms are not
suitable for our case which is more complicated than
theirs.

To design an eÆcient routing protocol, at least two
factors must be considered. One is to �nd economi-
cal routes for user connection requests in terms of the
cost; another is to alleviate the number of network re-
con�gurations while the network recon�guration aims
to minimize the maximum link load [18, 1] by resetting
the routes to alleviate the traÆc congestion on some
heavily loaded links. In all previously known routing al-
gorithms, the recon�guration and the route �nding and
wavelength assignment (RWA) are treated as separate
tasks. Researchers only either consider �nding eÆcient
algorithms to minimize the number of wavelengths used

and/or routing delay time or focus on �nding an op-
timal time point to perform the recon�guration. Note
that during the recon�guration period, the network is
in the frozen mode and does not respond to any user
connection request and perform the routing.

Our major contributions in this paper are as follows.
The robust routing problem on an WDM network is de-
�ned. Exact and approximate algorithms for the prob-
lem are presented. The performance ratios between the
approximate and the exact solutions are also analyzed.
The key technique used is to reduce the problem to
a well known optimization problem on a correspond-
ing auxiliary graph. To the best of our knowledge,
this is the �rst time that in designing routing protocols
for WDM networks, the network load and the route
�nding and wavelength assignment are considered si-
multaneously. As results, the chosen routes not only
are cost-e�ective but also can alleviate the number of
network re-con�gurations, thereby improving the per-
formance of the network through utilizing its resources
e�ectively.

2 Preliminaries
The optical network is modeled by a directed graph G =
(V;E;�), where V is a set of nodes and E is a set of
directed links (edges) in the network, n = jV j and m =
jEj. Let � = f�1; �2; : : : ; �W g be the wavelength set in
G. Associated with each node v 2 V , there is a switch
converter which can convert an incoming wavelength
to an outgoing wavelength if necessary. The switching
operation at a node uses a wavelength conversion table,
which is given in advance. Associated with each link
e 2 E, there is a set �(e) (� �) of wavelengths in which
one of the wavelengths will be used when traversing e.

Following Chlamtac et al [5], the cost of using the
resources in G(V;E;�) is de�ned as follows. For each
link e 2 E and a wavelength �i 2 �(e) a nonnegative
weight w(e; �i) is associated, representing the \cost" of
using �i on e. The \cost" of wavelength conversion is
modeled via cost factors of the form cv(�p; �q), which
is the cost of wavelength conversion at node v from �p
to �q . If �p = �q , then cv(�p; �p) = 0. The de�ned
wavelength conversion cost accommodates the general
case where the conversion cost depends on nodes and
the wavelengths involved.

A semilightpath P in G is a sequence e1; e2; : : : ; el of
links such that the tail of ei+1 coincides with the head
of ei and a speci�c wavelength �ji 2 �(ei) is associated
with ei, i = 1; : : : ; l. Denote by head(e) and tail(e) the
head and the tail of a directed link e. The cost C(P)
of P is thus as follows.

C(P) =
lX

i=1

w(ei; �ji) +

l�1X

i=1

chead(ei)(�ji ; �ji+1): (1)

The optimal semilightpath from a source s to a desti-
nation t is such a semilightpath that its cost de�ned in
Eq. (1) is minimized. Finding an optimal semilightpath
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is di�erent from �nding a single source shortest path
because, not only do we need to �nd such an optimal
semilightpath, but we also need to assign every link e
on the path a speci�c wavelength �(e) 2 �(e) and set
the switch of wavelength conversion at every interme-
diate node if necessary. Given two semilightpaths from
s to t in G, the two paths are edge-disjoint if they do
not share any physical optic links.

In addition to the number of wavelengths and the
time delay on a route are the important network re-
sources, the network load is another important network
resource, which is de�ned as follows. Let U(e) be the
number of wavelengths on link e 2 E which are be-
ing used by other routes and N(e) the total number of
wavelengths on link e, i.e., N(e) = j�(e)j. Let �avail(e)
be the set of wavelengths having not being used. The
load of link e is de�ned as

�(e) =
U(e)

N(e)
=

j�(e)j � j�avail(e)j

j�(e)j
: (2)

The network load � is then de�ned as � = maxf�(e) :
e 2 Eg. In the design of routing protocols, to reduce
the traÆc congestion of routes on some heavily loaded
links, an important optimization objective is to mini-
mize the network load �.

In this paper we assume that the network accepts
user connection requests periodically. At a given time
interval, suppose a set of requests is given. The al-
gorithm processes these requests one by one. Once
a request is processed and there is a solution for it,
the algorithm establishes the routes for it immediately.
Otherwise, the request is dropped and a subsequent re-
quest is picked up and processed. Formally speaking,
given a connection request from s to t, the robust rout-
ing problem is to establish two edge-disjoint semilight-
paths from s to t dynamically such that they satisfy the
given property. Two versions of the problem are stud-
ied. The �rst version called the optimal edge-disjoint
semilightpath problem, is to �nd two edge-disjoint semi-
lightpaths such that the cost sum of the two paths is
minimized. The second version is to �nd two edge-
disjoint semilightpaths such that both the network load
and the cost sum of the two paths are minimized simul-
taneously.

3 The Optimal Edge-Disjoint

Semilightpath Problem

In this section we deal with the problem by giving an
exact solution for it �rst, followed by presenting an
approximate solution.

3.1 Integer programming solution

We formulate the problem as an integer program. The
objective is to determine the primary and backup paths
for the connection request considered so as to optimize
the use of network resources in terms of the cost. Let

the vector X (Y) of mk coordinates represent the ow
on the primary path (the backup path), where the co-

ordinate x
(l)
ij (y

(l)
ij ) is set to 1 if link hvi; vji 2 E is used

in the primary path (backup path) and wavelength �l
is assigned to it, 1 � i; j � n, 1 � l �W .

The optimal edge-disjoint semilightpath problem is
subject to minimize

nX

i=1

nX

j=1

WX

l=1

x
(l)
ij w(hvi; vji; �l) +

nX

i=1

nX

j=1

nX

k=1

zijk

+
nX

i=1

nX

j=1

WX

l=1

y
(l)
ij w(hvi; vji; �l) +

nX

i=1

nX

j=1

nX

k=1

tijk: (3)

In Ex. (3),
Pn

i=1

Pn

j=1

PW

l=1 x
(l)
ij w(vi; vj ; �l)

(
Pn

i=1

Pn

j=1

PW

l=1 y
(l)
ij w(vi; vj ; �l)) is the cost sum of

traversing links on the primary path (backup path);Pn

i=1

Pn

j=1

Pn

k=1 zijk (
Pn

i=1

Pn

j=1

Pn

k=1 tijk) is the cost
sum of wavelength switching at the intermediate nodes on
the primary path (backup path). The above 0/1 integer
programming must satisfy the following constraints.

WX

l=1

x
(l)
ij � 1; 8 hvi; vji 2 E (4)

nX

j=1

WX

l=1

x
(l)
ij � 1; 8 vi 2 V and vi 6= t (5)

nX

j=1

WX

l=1

x
(l)
ji � 1; 8 vi 2 V and vi 6= s (6)

nX

j=1

WX

l=1

x
(l)
ij �

nX

j=1

WX

l=1

x
(l)
ji = 0;

8 vi 2 V and vi 6= s and vi 6= t (7)

nX

j=1

WX

l=1

x
(l)
sj = 1 (8)

nX

j=1

WX

l=1

x
(l)
jt = 1 (9)

WX

l=1

y
(l)
ij � 1; 8 hvi; vji 2 E (10)

nX

j=1

WX

l=1

y
(l)
ij � 1; 8 vi 2 V and vi 6= t (11)

nX

j=1

WX

l=1

y
(l)
ji � 1; 8 vi 2 V and vi 6= s (12)

nX

j=1

WX

l=1

y
(l)
ij �

nX

j=1

WX

l=1

y
(l)
ji = 0;

8 vi 2 V and vi 6= s and vi 6= t (13)

nX

j=1

WX

l=1

y
(l)
sj = 1 (14)

nX

j=1

WX

l=1

y
(l)
jt = 1 (15)

WX

l=1

(x
(l)
ij + y

(l)
ij ) � 1; 8 hvi; vji 2 E (16)
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zijk =

WX

l1=1

WX

l2=1

(x
(l1)
ij + x

(l2)
jk � 1)cvj (�l1 ; �l2);

8 hvi; vji and hvj ; vki 2 E (17)

tijk =
WX

l1=1

WX

l2=1

(y
(l1)
ij + y

(l2)
jk � 1)cvj (�l1 ; �l2);

8 hvi; vji and hvj ; vki 2 E (18)

x
(l)
ij ; y

(l)
ij 2 f0; 1g; 8 �l 2 � and hvi; vji 2 E (19)

zijk � 0; 8 vi; vj ; vk 2 V (20)

tijk � 0; 8 vi; vj ; vk 2 V (21)

Ineq. (4) guarantees that only a wavelength is assigned
for each physical link on the primary path. Ineqs (5)
and (6) indicate that for each node at most one phys-
ical link is chosen as incoming to and outgoing from
the node. Eq. (7) guarantees that each node on the
primary path does not keep any fraction of the ow
except the source node s (Eq. (8)) and the destina-
tion node t (Eq. (9)). Ineqs (10) to (15) are similar
to Ineqs (4) to (9) which are the constraints for the
backup path. Ineq. (16) says that for a physical link,
if it will be used, then it is either on the primary or on
the backup paths but not on both of them. Ineqs (17)
and (20) (Ineqs (18) and (21)) are the costs of wave-
length conversion at intermediate nodes on the primary
path (backup path).

If there is a solution for the above integer program-

ming, then x
(l)
ij = 1 means that link hvi; vji has been

chosen as a link on the primary path and assigned

wavelength �l. If both x
(l1)
ij = 1 and x

(l2)
jk = 1, this

means that the wavelength conversion switch at vj on
the primary path is set from wavelength �l1 to �l2 .
Similarly, the backup path can be found and assigned
wavelengths on its links as well setting the switches of
wavelength conversion at intermediate nodes on it.

3.2 The hardness of the problem

We now consider a special case of the optimal edge-
disjoint semilightpath problem where no wavelength
conversion is allowed either on the primary path or
on the backup path. Even for this special case, the
problem is NP-hard, which is proved below.
Lemma 1 Given an WDM network G(V;E;�), as-
sume that there are two wavelengths �1 and �2 on the
network. The problem is to �nd two edge-disjoint light-
paths from s to t such that one of them is assigned
wavelength �1, the other is assigned wavelength �2, and
the cost sum of the two paths is minimized. The deci-
sion version of the problem is NP-complete.

Proof Consider a directed graph G(V;E) with s; t 2
V , for each link e 2 E, a pair of weights is associ-
ated with it. In our case, each link is assigned one of
the pairs of weights: (0; 0), (0; 1), and (1; 0). The two

minimum-cost edge-disjoint problem is to ask whether
there are two edge-disjoint paths from s to t in G with
the cost of one of the paths using the weight in the �rst
component of the pair, and the cost of the other using
the weight in the second component of the pair such
that the cost sum of the two paths is zero, which has
been shown to be NP-compete [12].

The two minimum-cost edge-disjoint problem can
be reduced to the optimal edge-disjoint semilightpath
problem without wavelength conversion as follows. For
the given G(V;E), if the weights associated with a link
e 2 E is (0; 0), this means both wavelengths �1 and
�2 are available on e; if the weight is (1; 0), this means
wavelength �2 is available on e but �1 is not; otherwise,
the weight must be (0; 1), this indicates that wave-
length �1 is available on e but �2 is not. Therefore,
if there is a solution for the two minimum-cost edge-
disjoint problem, then there is a solution for the opti-
mal edge-disjoint semilightpath problem without wave-
length conversion and one of the paths is assigned �1
and the other is assigned �2. While the two minimum-
cost edge-disjoint problem is NP-complete, the opti-
mal edge-disjoint semilightpath problem without wave-
length conversion is NP hard too. 2

3.3 An approximate algorithm

Despite that there is an exact solution for the optimal
edge-disjoint semilightpath problem by solving the cor-
responding integer programming, such a solution, how-
ever, is time consuming and very expensive. Here we
focus on �nding a feasible rather than an exact solu-
tion for the problem quickly. The technique used is the
graph theoretic technique. We further assume that (i)
fully switching is allowed at each node which means any
incoming wavelength can be switched to any outgoing
wavelength and the switching cost at a node is identi-
cal; (ii) the cost of traversing a physical link using dif-
ferent wavelengths is identical, i.e., w(e; �1) = w(e; �2)
if any �i 2 �(e), i = 1; 2. The basic idea behind the
proposed algorithm is to reduce the problem to a well
solved optimization problem on an auxiliary, directed
weighted graph.

3.3.1 Construction of the auxiliary graph

Given an optical network G(V;E;�), a subgraph Gs =
(Vs; Es;�avail) of G is called the residual network of G,
where Vs = V , Es � E, �avail(e) 6= ; for all e 2 Es,
and �avail(e) (� �(e)) is the wavelength set on e in
which every wavelength has not being used by any
existent routing paths at this moment. Unless spec-
i�ed, from now on we assume the residual network of
G is G(V;E;�avail). For each v 2 V , let Ein(v) =
fhu; vi : u 2 V g be the set of incoming links at v and
�avail(hu; vi) 6= ;; let Eout(v) = fhv; ui : u 2 V g be
the set of outgoing links at v and �avail(hv; ui) 6= ; in
the residual network.
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Figure 1: G and G0 are the residual and auxiliary
graphs.

The auxiliary graph G0 = (V 0; E0; !) is constructed
as follows. For each node v 2 V , there are correspond-
ing jEin(v)j incoming edge-nodes and jEout(v)j outgo-
ing edge-nodes in V 0. There is a directed link hvein; v

e0

outi
in E0 if and only if there are at least a wavelength
� 2 �avail(e) and another wavelength �0 2 �avail(e

0),
and the wavelength conversation at v from � to �0 is al-
lowed, where e 2 Ein(v) and e0 2 Eout(v). The weight
associated with link hvein; v

e0

outi in G
0 is !(hvein; v

e0

outi) =P�b2�avail(e
0)

�a2�avail(e)
cv(�a; �b)=Kv, where Kv is the number

of di�erent wavelength conversions at v. Note that
the weight assigned to the link is the average cost of
the costs of all possible conversions. For each link
e 2 hu; vi 2 E in the residual network, there are two
corresponding edge-nodes ueout and vein in G0 and ueout
is derived from the link e 2 Eout(u) and vein is derived
from the link e 2 Ein(v). There is a directed link in G0

from ueout to vein and the weight associated with it is
!(hueout; v

e
ini) =

P
�2�avail(e)

w(e; �)=j�avail(e)j. Fur-

thermore, there are two special nodes s0 and t00 in V 0

which correspond to the source s and the destination
t, respectively. There are directed links hs0; se1outi and
hte2in; t

00i in G0 for all se1out; t
e2
in 2 V 0, where se1out is de-

rived from any link e1 = hs; ui 2 Eout(s) and te2in is
derived from any link e2 = hu; ti 2 Ein(t). Fig. 1 is
such an example, where G(V;E;�avail) in Fig. 1(a) is
the residual network of an WDM optical network, and
G0 = (V 0; E0; !) in Fig. 1(b) is the corresponding aux-
iliary graph of G.

3.3.2 Approximate algorithm

Given the auxiliary graph G0(V 0; E0; !), apply Suur-
balle's algorithm [21] on G0 to �nd two edge-disjoint
paths P1 and P2 from s0 to t00 such that

Pi=1;2
e2Pi

!(e) is
minimized. The algorithm is described as follows.

Find Two Paths (G0; s0; t00; !)
begin

E2 = ;;
for i = 1 to 2 do

Ereserve = fhu; vi : hv; ui 2 E2g;
�nd a shortest path P 0

i from s0 to t00 in

G
0i = (V 0; E0 [ Ereserve � E2); /* G

01 = (V 0; E0; !) */
Eintersect = fhu; vi; hv; ui :

hu; vi 2 E2 & hv; ui 2 E(P 0
i )g;

E2 = E2 [ E(P 0
i )�Eintersect

endfor

G(V (E2); E2) is a subgraph of G0 containing two
edge-disjoint paths from s0 to t00 if they exist.

end.

With the subgraph G(V (E2); E2) of G
0, the two edge-

disjoint paths in G(V (E2); E2) from s0 to t00 can be
found easily, because each node except s0 and t00 has
incoming degree and outgoing degree 1. It has been
shown that the weighted sum of the links in the two
paths found by algorithm Find Two Paths is the min-
imum one [21]. It is easy to verify that if there are no
such edge-disjoint paths in G0 from s0 to t00, then there
are no two edge-disjoint paths in G from s to t too.
But, for every semilightpath in G from s to t, there is
a corresponding path in G0 from s0 to t00. Without loss
of generality, we assume that there is a solution in G0

consisting of the two paths P1 and P2. Then, there is
a corresponding approximate solution consisting of P11
and P22 in G. In the following a better approximate
solution than P11 and P22 in G consisting of P 0

1 and P
0
2

is described as follows.
Construct a subgraph Gi(Vi; Ei;�avail) of

G(V;E;�avail) using Pi, where Vi is the set of
endpoints of links e 2 E and the corresponding
edge-node of e is on Pi, and Ei is the set of links in the
residual network G corresponding to the edge-nodes in
Pi. Apply the algorithm due to Liang and Shen [13]
to �nd an optimal semilightpath P 0

i in Gi from s to
t, i = 1; 2. In the following we �rst show that the
cost sum C(P 0

1) + C(P 0
2) of P

0
1 and P 0

2 is better than
the cost sum C(P11) + C(P22) of P11 and P22 in G.
We then show that P 0

1 and P 0
2 form an approximate

solution for the problem.
Lemma 2 Let C(P 0

i ) be the cost of P 0
i in

G(V;E;�avail) and !(Pi) (=
P

e2Pi
!(e)) be the

weighted sum of the links of Pi in G0(V 0; E0; !),
i = 1; 2. Assume that Pii is the corresponding
semilightpath in G derived from Pi, i = 1; 2. Then,
C(P 0

1) + C(P 0
2) � C(P11) + C(P22). P 0

1 and P 0
2 in

G(V;E;�avail) are edge-disjoint.
Proof Since P11 and P22 are the corresponding
semilightpaths of Pi in G, then C(P11) + C(P22) =
!(P1) +!(P2) by the de�nition. Though Pii is a semi-
lightpath in Gi from s to t, P 0

i is an optimal semilight-
path in it from s to t. So, C(P 0

i ) � C(Pii), i = 1; 2.
Thus, C(P 0

1) + C(P 0
2) � C(P11) + C(P22).

Assume that P 0
1 and P 0

2 in G are not edge-disjoint.
Let e = hu; vi be the �rst link shared by the both paths.
By the de�nition of G0(V 0; E0; !), there are two edge-
nodes ueout and vein in G0 and there is a link e� in E0

from ueout to v
e
in, where u

e
out is derived from e 2 Eout(u)

and vein is derived from e 2 Ein(v). Since e
� 2 E0 and

e� is in both P1 and P2, then P1 and P2 in G0 are not
edge-disjoint. This contradicts the assumption that P1
and P2 in G0 are edge-disjoint. Therefore, P 0

1 and P 0
2

in G are edge-disjoint. 2
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Theorem 1 Given a residual optical network
G(V;E;�avail) and a connection request, there is
an approximate algorithm for the problem. The algo-
rithm takes O(nd + nW 2 +m log2 n + nW log2(nW ))
time, where d is the maximum degree of nodes in G
and W is the number of wavelengths in G.

Proof The construction of the auxiliary graph G0

takes O(m + nd) time because G0 contains 2m nodes
and at most O(m+nd) links, where d is the maximum
degree of nodes in the residual network G(V;E;�avail).
Finding two edge-disjoint paths in G0 from s0 to t00

with minimizing the cost sum of the two paths takes
O(nd + m log2 n) time using an eÆcient algorithm
for the single-source shortest path problem [7] and
m � nd. Constructing a subgraph Gi of G derived
from Pi takes O(n) time because Gi contains O(n)
nodes and links and �nding an optimal semilightpath
Gi takes O(nW

2+nW log2(nW )) time [?, 13], i = 1; 2.
Thus, the algorithm takes O(nd + nW 2 + m log2 n +
nW log2(nW )) time. 2

Finally we analyze the performance ratio between
the approximate solution obtained and the exact solu-
tion. We have the following theorem.

Theorem 2 Given a residual optical network
G(V;E;�avail) and a connection request, the so-
lution delivered by the approximate algorithm is twice
of the optimal, assuming that the cost of wavelength
conversion at a node is no greater than the cost of
traversing any its incident link.

Proof Let P 0 be a semilightpath in the residual net-
work G. The cost C(P 0) of P 0 is C(P 0) = Cw(P

0) +
Cc(P

0), where Cw(P
0) is the sum of the costs of travers-

ing the links, and Cc(P
0) is the sum of the costs of

wavelength conversions on P 0. Then,

Cc(P
0) � Cw(P

0) (22)

by the assumption that the cost of wavelength conver-
sion at a node is no greater than the cost of traversing
any its incident link.

Assume that A
0� consisting of two edge-disjoint

semilightpaths P
0�
1 , and P

0�
2 is an exact solution of the

problem and A0 consisting of two edge-disjoint semi-
lightpaths P 0

1 and P
0
2 is an approximate solution deliv-

ered by the approximate algorithm, where P 0
1 and P 0

2

are obtained from the subgraphs G1 and G2 of G de-
rived from the two edge-disjoint paths P1 and P2 in the
auxiliary graph G0(V 0; E0; !). Note that the cost sum
!(P1) + !(P2) of P1 and P2 in G0 is the minimum one
among all the two edge-disjoint paths from s0 to t00. By
Lemma 2, we have C(P 0

1) + C(P 0
2) � !(P1) + !(P2).

For the given P
0�
1 and P

0�
2 in G, let P �

1 and P �
2 be the

two corresponding edge-disjoint paths in G0. Then, by
the approximate algorithm we have !(P1) + !(P2) �
!(P �

1 ) + !(P �
2 ) because the cost sum of P1 and P2 in

G0 is the minimum one.

Let P be a directed path in G0 from s0 to t00. The
weighted sum !(P ) of the links on P can be rewritten
as follows.

!(P ) = We(P ) +Wv(P ); (23)

where We(P ) is the weighted sum of links on P corre-
sponding to traversing links inG using wavelengths and
Wv(P ) is the weighted sum of links of P 0 corresponding
to the wavelength conversions at intermediate nodes on
a semilightpath.

By the initial assumption (i) the cost of wave-
length conversion at a node is identical. Let Cu be
the cost of wavelength conversion at a node u. Be-
cause there is a corresponding semilightpath P 0 in G
for each directed path P in G0, and the weight asso-
ciated with every link in P corresponding to wave-
length conversion at an intermediate node on P 0 is
the average cost of all conversion costs at the node.
Thus, we have Cw(P

0) � Cv(P
0) by Eq. (22). While

!(P ) = We(P ) + Wv(P ) = Cw(P
0) + Wv(P ) and

Wv(P ) =
P

u2S cu(�a; �b)=Ku, where �a 2 �avail(e)
and e 2 Ein(u), �a 2 �avail(e

0) and e0 2 Eout(u), S is
the set of the intermediate nodes, and Ku is the num-
ber of possible wavelength conversions at u. Let nu be
the number of common wavelengths shared on links e
and e0, then nu = j�avail(e) \ �avail(e

0)j. Therefore,

we have Wv(P ) =
P

u2S(1�
j�avail(e)\�avail(e

0)j)�Cu
j�avail(e)j�j�avail(e0)j

)

�
P

u2S Cu = Cc(P
00), where P 00 is a semilightpath

which consists of the same optical links as P 0, the only
di�erence between P 0 and P 00 is the wavelength assign-
ment. We knew that Cw(P

00) � Cc(P
00) = Wv(P ),

and Cw(P
00) = Cw(P

0) according to the initial as-
sumption (ii) the cost of traversing a link with dif-
ferent wavelengths is identical. Therefore, We(P ) =
Cw(P

0) = Cw(P
00) � Cc(P

00) = Wv(P ). Then,
We(P )
Wv(P )

� 1. Thus, we have !(P �
1 )+!(P �

2 ) =We(P
�
1 )+

We(P
�
2 ) + Wv(P

�
1 ) + Wv(P

�
2 ) and C(P

0�
1 ) + C(P

0�
2 )

= Cw(P
0�
1 ) + Cw(P

0�
2 ) + Cc(P

0�
1 ) + Cc(P

0�
2 ). While

We(P
�
1 )+We(P

�
2 ) = Cw(P

0�1)+Cw(P
0�2) by assump-

tion (ii), we have We(P
�
1 ) + We(P

�
2 ) = Cw(P

0�
1 ) +

Cw(P
0�
2 ). Thus, the performance ratio between the ap-

proximate and the exact solution is as follows.

C(P 0

1)+C(P
0

2)

C(P
0
�

1 )+C(P
0
�

2 )
� !(P1)+!(P2)

C(P
0
�

1 )+C(P
0
�

2 )
�

!(P�

1 )+!(P
�

2 )

C(P
0
�

1 )+C(P
0
�

2 )

=
We(P

�

1 )+We(P
�

2 )+Wv(P
�

1 )+Wv(P
�

2 )

C(P
0
�

1 )+C(P
0
�

2 )

=
We(P

�

1 )+We(P
�

2 )+Wv(P
�

1 )+Wv(P
�

2 )

Cw(P
0
�

1 )+Cw(P
0
�

2 )+Cc(P
0
�

1 )+Cc(P
0
�

2 )

=
Cw(P

0
�

1 )+Cw(P
0
�

2 )+Wv(P
�

1 )+Wv(P
�

2 )

Cw(P
0
�

1 )+Cw(P
0
�

2 )+Cc(P
0
�

1 )+Cc(P
0
�

2 )

= 1 +
Wv(P

�

1 )+Wv(P
�

2 )�(Cc(P
0
�

1 )+Cc(P
0
�

2 ))

Cw(P
0
�

1 )+Cw(P
0
�

2 )+Cc(P
0
�

1 )+Cc(P
0
�

2 )

� 1 +
Wv(P

�

1 )+Wv(P
�

2 )

Cw(P
0
�

1 )+Cw(P
0
�

2 )+Cc(P
0
�

1 )+Cc(P
0
�

2 )

� 1 +
Wv(P

�

1 )+Wv(P
�

2 )

Cw(P
0
�

1 )+Cw(P
0
�

2 )
� 1 +

Wv(P
�

1 )+Wv(P
�

2 )
We(P�

1 )+We(P�

2 )

� 1 +
We(P

�

1 )+We(P
�

2 )
We(P�

1 )+We(P�

2 )
= 2. 2
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4 Minimizing Both the Load and

the Routing Cost

In this section an approach is proposed to reduce the
number of recon�gurations if extra care is taken during
establishing routing paths for user connection requests.
That is, during �nding two edge-disjoint semilightpaths
for a connection request, the network load is also taken
into consideration. As results, the performance of the
entire network is improved dramatically through the
reduction of the number of recon�gurations. The prob-
lem therefore is to �nd two edge-disjoint semilightpaths
in G from s to t such that not only the cost sum of the
two paths is minimized but also the network load is
minimized. However, considering either one of the op-
timization objectives is NP-hard, not to mention the
both optimization objectives being considered simul-
taneously. Accordingly, a simpler version in which the
network load is considered only is studied �rst, followed
by extending the techniques for the simpler version to
solve the problem.

4.1 Minimizing the network load

For a given connection request from s to t, a sim-
pler version of the problem is to �nd two edge-disjoint
semilightpaths from s to t such that the network load
� is minimized. To do so, we �rst reduce the prob-
lem to an optimization problem on an auxiliary graph.
We then solve the optimization problem on the graph,
which gives an approximate solution for the problem.
In particular, we use an exponential function to assign
weights to the links in the auxiliary graph. The routes
are then chosen using the weights of links in the paths.

Given a network load # with 0 < # < 1, the auxiliary
graph Gc = (Vc; Ec; !c; #) from the residual network
G(V;E;�avail) is constructed as follows. For each node
v 2 V , if a link e 2 Ein(v) and 0 � U(e)=N(e) < #,
then, there is a corresponding edge-node vein in Vc for e.
Similarly, if a link e0 2 Eout(v) and 0 � U(e0)=N(e0) <
#, then, there is a corresponding edge-node ve

0

out in
Vc for e0. There is a directed link hvein; v

e0

outi in Ec

if and only if there are a wavelength on e and an-
other wavelength on e0 and the wavelength conversa-
tion at v is allowed. The weight associated with the link
!c(hvein; v

e0

outi) in Gc is 0. For every link e = hu; vi 2 E,
there are two edge-nodes ueout and v

e
in in Gc, where u

e
out

is generated due to e 2 Eout(u) and vein is generated
due to e 2 Ein(v). There is a directed link from ueout to

vein in Gc with weight !c(u
e
out; v

e
in) = a

U(e)+1
N(e) � a

U(e)
N(e) ,

where a > 1 is constant. Note that the weight assigned
to a link in the above expression is an exponential func-
tion of its load. This heuristic function helps to choose
the links with light loads rather than heavy loads as
the links for the routing path. Moreover, there are two
special vertices s0; t00 2 Vc. For every edge-node corre-
sponding to an outgoing link from s, there is a directed

link in Ec from s0 to the node with weight 0. Similarly,
for every edge-node corresponding to an incoming link
at t, there is a directed link in Ec from the node to
t00 with weight 0. Note that the construction of Gc is
similar to that of G0. The only di�erence is the weight
assignments of links, and some links in G0 are not ap-
peared in Gc due to that those links loads are beyond
the threshold #. Therefore, Gc is a subgraph of G0.

Having a weighted directed graph Gc, apply Suur-
balle's algorithm to �nd two edge-disjoint paths from
s0 to t00 in Gc such that the weighted sum of the
two paths is minimized. If there is no feasible so-
lution for the graph Gc, this indicates that the cho-
sen network load # is too small, we need to increase
#, reconstruct Gc and run the algorithm again until
the two paths can be found from the current Gc or
# > maxe2Ef

U(e)+1
N(e) g. If # = maxe2Ef

U(e)+1
N(e) g and

there is still no solution for the connection request, the
request is dropped, which means that no such paths
exist. Without loss of generality, we assume there is
a solution and P1 and P2 are the two found paths in
Gc. For each Pi, a subgraph Gi of G then can be
induced, using the approach in the previous section.
Find an optimal semilightpath P 0

i from Gi, i = 1; 2.
Clearly, P 0

1 and P 0
2 are edge-disjoint in G too. How-

ever, in practice the network load # is not known in
advance, therefore, a suitable # is needed, but we know
#min � # � #max, where #min = mine2Ef

U(e)+1
N(e) g and

#max = maxe2Ef
U(e)+1
N(e) g. Thus, the following algo-

rithm is to �nd an approximate solution for the two
edge-disjoint semilightpaths in G from s to t with min-
imizing the network load #.
Find Two Paths Mincog (G; #)
begin

�nish=false; # = #min; � = #max � #min;
j0 = �dlog2(#max � #min)e; j = j0;
repeat

Construct Gc(Vc; Ec; !c; #);
Find P1 and P2 in Gc from s0 to t00,
by applying Suurballe's algorithm to Gc.
if no such two paths exist

then j = j � 1; # = #+�=2j ;
else �nish= true

until (�nish) or (j < 0);
return (#; P1; P2);

end.
Theorem 3 Given a residual optical network
G(V;E;�avail) and a connection request, there is
an approximate algorithm delivering an approx-
imate solution which is 3 times of the optimal.
The algorithm takes O(nd log2

1
� +m log2 n log

1
�

+nW 2 + nW log2(NW )) time, where d is the maxi-
mum degree of nodes in G, � = #max � #min, and W
is the number of wavelengths in G.

Proof Let #� be the exact solution and # an approx-
imate solution of the simpler version. For a given con-
nection request, assume that the solution exists. Then,
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there is a k (j0 � k) such that # = #min+
Pk

j=j0
�=2j .

By the approximate algorithm, we have #� > #min +Pk+1
j0=j0

�=2j
0

. Thus, the performance ratio between
the approximate and the exact solutions is
#
#�

=
#min+

Pk
j=j0

�=2j

#min+
Pk+1

j0=j0
�=2j0

= 1 + �=2k

#min+
Pk+1

j0=j0
�=2j0

� 1 + �=2k

�=2k+1 < 3.

We now analyze the algorithmic complexity. The
construction of Gc takes O(m + nd) time because Gc

contains 2m nodes and at most O(nd + m) links.
Finding an approximate solution # takes O((m +
nd+m log2 n) log2

1
� ). Then, �nding two edge-disjoint

semilightpaths from the induced subgraph of G takes
O(nW 2 + nW log2(NW )) time. Thus, the algo-
rithm takes O(nd log2

1
� + m log2 n log

1
� + nW 2 +

nW log2(NW )) time. 2

4.2 Optimizing network load and rout-

ing cost

We extend the techniques for the simpler version to
solve the problem by presenting an approximate algo-
rithm for it. This approximate solution consists of two
phases. In the �rst phase, we minimize the network
load by applying algorithm Find Two Paths MinCog

which will return a feasible network load, #. In the
second phase an auxiliary weighted, directed graph
Grc = (Vc; Ec; !; #) is constructed, which is exactly
the same as Gc except that the weight assignment of
the links in Grc is totally di�erent from that in Gc.
In this latter case the routing cost is also taken into
account. The weight assignment of the links in Grc is
described as follows.

Let ueout and vein be two edge-nodes in Grc derived
from link e = hu; vi 2 E, where ueout is generated due
to e 2 Eout(u), v

e
in is generated due to e 2 Ein(v),

and U(e)=N(e) < #. The weight associated with
the link from ueout to vein in Grc is !(hueout; v

e
ini) =P

�2�avail(e)
w(e; �)=N(e), which is the average of all

possible weights on link e using di�erent wavelengths.
Let e and e0 be the two links in E sharing a common

node v with both U(e)=N(e) < # and U(e0)=N(e0) < #.
Assume the head head(e) = v of e and tail(e0) = v
of e0. Then, there is a directed link in Grc from an
edge-node vein to another edge-node ve

0

out with weight

!(hvein; v
e0

outi) =
P�b2�avail(e

0)
�a2�avail(e)

cv(�a; �b)=Kv, where

Kv is the number of di�erent wavelength conversions
at node v (=head(e)). Note that the weight assigned to
the link corresponding the wavelength conversion at v
is an average of the all possible wavelength conversions
at v. Moreover, there are two special nodes s0 and t00

in Vc. There are directed links hs0; se1outi and ht
e2
in; t

00i in
Grc for all e1 2 Eout(s) with U(e1)=N(e1) < #; and all
e2 2 Ein(t) with U(e2)=N(e2) < #. All of those links
are assigned weight zeros.

Apply Suurballe's algorithm for �nding two edge-
disjoint paths in Grc from s0 to t00. Then, two edge-

disjoint semilightpaths in the subgraphs of G from s
to t, induced by the nodes and links derived from the
two found paths in Grc, can be found easily. Thus, an
approximate solution for the problem is obtained.
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