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Abstract-A nove1 element af a plate is presented. For the element model, the degrees of freedom of a 
corner node (not a midside node) can be different from that of the others. In this way it is very convenient 
for the interpolation function to be chosen, and many other new but simple elements can be proposed 
by way of the above idea. The nnmerical results show that the element model is simple and reliable. 

1. A GmXAL IDEA OS WE MODEL 

Taking a ttiangular plate element (TPE) as 
example, we describe the way of establishing 
element model in the subsections below. 

1.1. Eie~~~‘s~~~~ 

It is well known that each node of a TPE has 
three degrees of freedom (DQF) (w, 0,, 6,) for a 
traditional displacement model; so its DOF are nine. 
While it needs 10 parameters to define a full tbree- 
order polynomial. If the de&&ion w is expressed with 
a full three-order polynomial, we have 

w = [Nl{a) = Wlkl-‘{JI. (1) 

where {af’={(a,,~~,..., uiO) denotes a generalized 
displacement vector of the element 

is a full three-order interpolated function; and [c] is 
a trefoil matrix from {fz > to the nodal displace- 
ment vector (6) (fsf = [c](a)). 

Therefore we must drop a term from the three- 
order polynomial. One idea is by assuming that 
a8 = 6, which causes the matrix [c] to be singular 
when the X- and y-axes are respectively parallel to 

some side of an element. Of course there are still 
other schemes to solve the problem, such as the 
area-coordinate method. Here a novel element model, 
shown in Fig. l(b) is adopted. The model node r’ has 
only two IBOF @I,, By), while nodej and k are defined 
with three DOF (w, e,, @,) as the traditional model. 
Besides this, at the mid-side points of the element 
boundary 0 and ki, one degree, (I1 is introduced (see 
Fig. l(b)). In this way the requirement that an 
element has ten DOF is always satisfkd. On the other 
hand, if we choose normal rotation ft, shown in 
Fig. I(c), rather than @,, the matrix becomes singular 
when the X- and y-axes are respectively parallel to 
some side of the triangle. That is why we choose 6, 
rather than 0,. 

1.2. ~~~~~~ir~ of c&$t&iion w 

Pmperty I. The defkction function w is continu- 
ous on the interelement boundary for the element 
model (see Fig. lb). 

Proof: Without loss of generality, assume side ij, 
shown in Fig. l(b), not to be perpendicular to the 
x-axis. We see that 

y=kxfb 

in which k and b are known constants. 
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Substituting eqn (2) into (l), we know that 

w = j, + B*x + /&x2 +/34x3, (3) 

where /Ii (i = 1,2,3,4) are four constants, which may 
be determined by the following conditions: (1) three 
end-point values: (fI& (e,, w)~ and (2) a tangent 
rotation 8, at the mid-side point of the side ij (see 
Fig. lb). 

The same results as above can be obtained if the 
side ij is perpendicular to the x-axis. Therefore the 
polynomial (3) is completely determined, which 
indicates that the deflection function at the inter- 
element boundary between two neighboring elements 
is conformable. 

1.3. Continuity of the tangent rotation 0, 

The rotation 8, may be calculated by means of the 
chain-rule of a composite function 

aw awax away 
e,=dr=dXa7+dy~=e~sinY-e~C0sy (4) 

in which y is the angle between tangent axis and the 
x-axis. 

Through the same way as in Sec. 1.2, we see that 

t?,=d,+d,x+d3x2, (5) 

where 4, d2 and d3 are three undetermined constants, 
which may be determined by use of the parameters 

[cl = 

domain into elements and nodal numbering, because 
the DOF of a comer node are probably different 
from the others. The rules are described as follows: 
(1) the node i with two DOF is always taken as the 
first node of an element when the element is num- 
bered. (2) The division should be pefonned in such a 
way: firstly divide the domain v into several sub- 
domains vi, . . . , v, (see Fig. 2a); and then choose a 
central point ik in each subdomain vk. The point ik is 
used as a two DOF node of the element, which is 
shown in Fig. 2(b). Finally, choose the other two 
comer nodes of the element at the boundary of each 
subdomain vk and connect these nodes with central 
node ik. 

2. ELEMENT STIFFNEt 

2.1. Transformation matrix [c] 

According to eqn (3), we obtain 

0 0 1 0 xi 2Yi 

0 -1 0 - 2xi - yi 0 

1 x~ Yj 2 XJ xjYj Yf 

0 0 1 0 xj 2Yj 

0 -1 0 - 2xj - yj 0 

1 xk Yk Xi XkYk Y: 

0 0 1 0 Xk 2Yk 

0 -1 0 -2X, -yk 0 

8, = -e, cos 7 + e, sin y. (6) 

Substituting the nodal coordinates (see Fig. 3) into 
eqns (1) and (6), we have 

0 Cl SI c1 xj1 c95 sI Yjl 

0 c2 s2 c2xk, clO,5 s2Ykl 

0 

-3x: 

X3 

0 

- 3x; 

x: 

0 

3x: 

SC, x;, 

$2X:, 

Xf 

- 2xi yi 

2 
xj Yj 

4 

- 2x, yj 

x:y, 

x: 

- 2XkYk 
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((I,),, (et), and 8, at the mid-side point of side ij. In 
doing so the polynomial (5) is determinate. Therefore 
the rotation 0, is also continuous at the interelement 
boundary. But the normal rotation 6, is discontinu- 
ous at the interelement boundary. The element model 
is still a non-conformable element. 

“1 “2 

1.4. The results of domain division into elements 
@ 

“II 
In order to correctly apply the element model, it is 

worth noting the rules below about the division of the Fig. 

. 2xiYi 3yf 

-y’ 0 

5Yj 2 Y,’ 

2xjYj 3Yf 

-Yf 0 

xkY: Y: 

2xkYk 3Y: 

-y: 0 
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2. Division of domain. 
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Fig. 3. glement geometry. x 

‘%=-Y(k$ xkl - xf + xk; X/l -x/+xi; 

CIOJO = 3hYfl I4 

while y(@ or (y&) is the angle between the side ij (or 
side ki) and x-axis. 

2.2. zi%?wnf sass ?natf=ix Kp 
start with the cxpmsions matrix of strain and 

stmm cmpk vector 

r 1c1 01 

Table 1. Dell&ion coeiWent b = Dwo/qoa4 

Mesh B.C. Clamped simply supported 

2x2 _plt 0.001480 0.003446 
0.00153 0.00465 

4x4 Lt 0.001403 0.003939 
0.00138 0.00415 

8x8 &at 0.001304 0.004033 
0.00129 0,~ 

Thereby the strain energy U is given by 

U = C {6}*(M) dx dy. 
c ss 

V# 

By means of the virtual work principle, we can 
obtain the element stiEness matrix [kl@) as below 

In order to illustrate the elIiciency and feasibility of 
the present element model a square plate with simply 
supported and clamped boundary conditions sub- 
jected to a uniform transverse load q. is consi&red. 

Taking symmetry into account, one quadrant of 
~e~~pla~ism~el~bya2x2,4x4or8x8 
uniformly divided meshes. Table 1 shows the central 
deflection coefficients b calculated by both the present 
element type and other model (set a as the plate side 
length). 

The numerical example given in Table 1 indicates 
that the present element model is simple and reliable. 
The advantage of the model is that we may adopt a 
full cubic to interpolate the deflections. At the same 
time, it is shown that the DOF of a corner node in 
an element may be Werent from that of the others. 
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