INTERNATIONAL JOURNAL OF

SOLIDS and
STRUCTURES

www.elsevier.com/locate/ijsolstr

PERGAMON International Journal of Solids and Structures 40 (2003) 5511-5519

Theoretical model of piezoelectric fibre pull-out
Hong-Yuan Liu **, Qing-Hua Qin ?, Yiu-Wing Mai *°

& Centre for Advanced Materials Technology (CAMT), School of Aerospace, Mechanical and Mechatronic Engineering J07,
The University of Sydney, Sydney, NSW 2006, Australia
® MEEM, City University of Hong Kong, 83 Tat Chee Avenue, Kowloon, Hong Kong

Received 30 October 2001; received in revised form 2 April 2003

Abstract

A theoretical model of a single piezoelectric fibre pull-out is developed to study the interaction between fibre de-
formation, pull-out stress and corresponding electrical field. Computer simulation of the stress—displacement curve of
the fibre pull-out process is presented. Numerical examples show that the piezoelectric fibre pull-out behaviour can be
both described and affected by its electrical field. Therefore, the interactions between the mechanical and electric fields
of the fibre/matrix system can be employed to monitor and control the fracture behaviour of active fibre composites.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Fracture in composites, whether crack growth transverse to fibres or interlaminar delamination, is a
major concern in many applications, especially in aerospace where high structural reliability is required.
Among various mechanisms contributing to the fracture resistance of composite materials, bridging by
reinforcing fibres is considered to be one of highest interest because it provides direct closure traction to the
bridged crack. In the past decade, several models have been proposed to investigate the relationship be-
tween crack growth and fibre bridging stress and efforts have been focused to enhance the fracture resis-
tance of composites by providing sufficient bridging stresses on the crack faces (Xia et al., 1993; Cox, 1993;
Cox and Marshall, 1994; Xia et al., 1994; Zok et al., 1997; Buchanan et al., 1997). In mode I crack growth,
the bridging fibre experiences elastic deformation, debonding from the surround matrix and, finally, fric-
tional pull-out. This process is collectively called “fibre pull-out”, which can be described by a curve of
bridging stress versus crack-opening displacement. Since the pull-out process is highly dependent on the
bonding strength of the fibre and matrix (Kim and Mai, 1998), the traditional ways to enhance the bridging
stress are to modify the interface adhesion between the fibre and matrix (Kim and Mai, 1998; Zhang et al.,
submitted for publication; Evans and Dalgleish, 1993; Budiansky et al., 1995; Bennett and Young, 1998;
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Larson and Miles, 1998; Kim and Mai, 1991). However, there are still some uncertainties with this tech-
nique. Firstly, the interface parameters are difficult to monitor during the manufacturing process. Cur-
rently, fibre surface treatment and sizing are used to enhance the interface bond strength. But the extent of
the enhancement is rather hard to quantify. Secondly, with the rapid expansion of fibre composite appli-
cations, both high strength and high toughness are required in complex working conditions in which ex-
treme temperature change, dynamic loads and impacts are experienced. Hence, traditional fibre composites,
even with proper interface bonding, may not be able to provide stable performance under these environ-
ments. A “smart” fibre composite material, which has a high reliability against failure, is needed to meet
these demanding challenges.

In recent years, a new “smart” fibre composite: active fibre composite that is made up of reinforcing
fibres, piezoelectric fibres and resin matrix has been developed. It is an innovative combination of active
fibres, passive fibres and matrix to create a new hybrid material for increasing high demands of current and
upcoming applications (Bent, 1997). A piezoelectric fibre produces an electric field when it deforms. Vice
versa, it undergoes deformation when subjected to an electric field. This function leads to a new conception
that the mechanical behaviour can be both detected and controlled by the electric fields in the piezoelectric
fibres.

This paper presents a theoretical model of the fibre pull-out for the simulation of the relationship be-
tween crack-opening and bridging stress. A solution of the interaction between the stress and electric field
has been obtained. Numerical examples from this work show that, during the active fibre pull-out, an
increment of the fibre deformation produces an increment of the pull-out stress which, in turn, causes a
change of the electric field in the piezoelectric fibre. Therefore, the amount of fibre displacement can be
detected by measuring the electric output. Conversely, changing the electric field also changes the pull-out
stress which, consequently, affects the fibre displacement. This study is expected to provide a theoretical
base towards an active control on the bridging stress of active fibre composites.

2. Stress field

A mechanics model of a single fibre pull-out test is shown in Fig. 1. A piezoelectric fibre with a radius a
is embedded in a coaxial cylindrical matrix with an outer radius R. An initial debonded region of length /
is present at the loaded fibre end. The length of the fibre is L. The matrix is considered as transversely
isotropic (Timoshenko and Goodier, 1970), i.e.
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Fig. 1. Mechanics model of a fibre pull-out specimen with a partially debonded interface.
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where, ¢’ and ¢ are axial and radial residual strains risen from curing process. s;; are components of elastic
compliance, ¢, 7 and o', 77 (i = r, 0,z) are strain and stress components, respectively.
The fibre is transversely isotropic and piezoelectric, i.e. (Qin, 2001),
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in which, D; and E; are components of the electric displacement (NV~'m™!) and electric field (Vm™);
gi; and e; are piezoelectric coefficient (VmN™") and dielectric constant (N V=2) (Qin, 2001).
The equilibria between the matrix axial stress, fibre axial stress and interfacial shear stress are given by

doz 2y
—m_Z 4
dz aT “)
dof 2
b RPN 5
e P (5)

where, subscripts ", ‘m” and ‘a’ denote fibre, matrix and interface and y = a?/(R? — a*). The outer boundary
conditions of the matrix are given by
—0 (6)
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At the interface, the radial stresses and displacements of the fibre and matrix satisfy

r _r _ r .
0m|r:a = 0y r=a 9, um|r:a - uf|r:a (7)

where, ¢; is the interfacial radial stress including thermal residual stress and Poisson contraction.
At the debonded interface, 0 <z </, the interfacial shear stress is determined by the Coulomb’s friction
law, that is

Ta = — 14 (8)

in which, u is the friction coefficient.
At the bonded interface, / <z < L, the continuity of axial deformations require that

Unn |,y = Ui, )
By Gauss’ law, the electric displacements satisfy (Qin, 2001)
oD D' ODF
g |\ 10
or r Oz (10)
The relationship between the electric field, £, and the electric potential, @, is given by
Rl oo
o _9 e 11
or’ 0z (11)

Based on the results of our previous study (Zhang et al., 1999), all normal strains in the fibre are
approximately independent of the radial coordinate, ». To simplify the calculations, here we assume that
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the electric potential, which is caused by the deformation of the fibre is also independent of the radial
coordinate, i.e.,

b = o(2) (12)

Using Egs. (3) and (10)—(12), the relationship between the electric displacement and fibre axial stress for the
piezoelectric fibre without an electric input is obtained as

D, = dyso} (13)

where, d;s is a piezoelectric coefficient and given by d;; = g;; x es.

Combining Egs. (1)-(13) with the basic equations of elasticity (Timoshenko and Goodier, 1970) and
following the same procedure and assumptions as in our early work (Zhang et al., 1999; Liu et al., 1999),
the differential equations of the fibre axial stress, o7, are obtained as

@‘EE‘(Q + Csgaidis)o; = G044 Coo” - (0<2<1) (14)
d*e% ;
e (Cy + Csgadis)o; = Cr0, + Cs3q; + Cao
2 (I<z<L) (15)
do}

R (Fi + Fsgydis)o; = Fra, + Fyq; + Fyo”

All parameters C; and F; in Egs. (14) and (15) are given in Appendix A.
Solving Eqs. (14) and (15) with boundary conditions at the ends of two intervals:

6i(0) =0, Gi(L)=0, oi(1)" = Gi(I) =0 (16)
the solutions of the axial stress in the piezoelectric fibre are given by

0i(z) = kleh* + ke — ki, —kio” (0<z<) (17)
and

0i(z) = kP sinh Jz + k5 cosh Jz — ko, — kyo!  (I1<z<L) (18)

where the parameters kP and k¢ are also given in Appendix A.
With debonding and friction criteria (Zhang et al., 1999)

()" =1, (00" =0 (19)

the applied stress, o,, and the debond tip stress, g4, can be obtained for a given debonding length.

3. Fibre displacement

From Egs. (2) and (13), the fibre axial strain is given by (Liu et al., 1999)
& = 28134 + (s + g3dis)o; (20)
By integrating Eq. (20) with the boundary conditions
uy(L) =0,  wi(l)" =u())” = (21)
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The displacement at the fibre end, J, can be solved, i.c.,

5= —15(0)
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4. Electrical output
From Eq. (3), the electric field component E, is given as
1
E. =— o~ [(dsz — dis)o7 + 2d314i] (27)

Using the solution of the stress field obtained in Section 2, the electric field can be calculated for both
bonded and debonded regions. The difference of the electric potential at the two ends, z=0 and z =L,
can be obtained by integrating

L
AD = 7/ E.dz. (28)
0

5. Numerical examples

Numerical examples are given for a piezoceramic/epoxy system, of which, the material parameters are
(Liu et al., 1999; Piezo System, Inc., 1999): s;; = s33 = 0.33 (GPa)™!, 515 = 513 = —0.13 (GPa)™', 555 =
0.93 (GPa)™!, s}, = 0.019 (GPa)™', s}, = 0.015 (GPa)™!, 5}, = —0.0057 (GPa)™', s}, = —0.0045 (GPa)~',
sts = 0.039 (GPa)~'. The radii of the matrix and fibre are 3 and 0.065 mm, respectively. The piezoelectric
parameters of the fibre are given by (Piezo System, Inc., 1999; Pizzochero, 1998): d3; = 390 x 1072 m V!,
dy = —dis=—-190x 1072 mV™!, g53=24x 107 VmN!, g3 = —11.6 x 1073 Vm N, es; = 16.25 x
10~ N V2. The residual strains of the fibre and matrix are: & = & = —4 x 10~* (Piezo System, Inc., 1999)
and & =¢" = —65x 10~* (Liu and Mai, 2000). The interfacial properties are approximately evaluated
as 7, = 0.04 GPa and u = 0.8 (Pizzochero, 1998; Liu and Mai, 2000).
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Fig. 2. Stress and electric fields in the piezoelectric fibre.

Fig. 2 shows the stress and electric fields in the piezoelectric fibre, where the debonding length is 0.4 mm.
In the debonded region (0 <z < 0.4), both the fibre axial stress and electric field are nearly constant. In the
bonded area, their values reduce rapidly. In the boundary between the bonded and debonded regions,
E. has a significant increment. This discontinuous behaviour is very similar to the discontinuous increment
of the interfacial shear stress at that point (Zhang et al., 1999).

A computer simulation of a fibre pull-out stress—displacement curve is given in Fig. 3. With increasing
displacement, the fibre stress increases until unstable debonding occurs. The variation of the electric output,
A®, with displacement shows that the whole process can be detected electrically.

The interaction between the stress and electric fields is shown in Fig. 4. The stress—displacement curves
are obtained by three different electric displacements. In this example, the electric displacement is controlled
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Fig. 3. Computer simulation of the bridging stress—fibre end displacement curve with corresponding electric output.
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Fig. 4. Effect of electric displacement on stress—displacement curve, where (—) di5 = 0, (A) d;5 and (O) 2ds.
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by its piezoelectric strain coefficient, d,s. It is clear that different electric displacements can make significant
changes in the stress—displacement curves. Therefore, the relationship between the bridging stress and
the crack-opening can be affected by the electric displacement. In this example, the change of the elec-
tric displacement is caused by its piezoelectric strain coefficient, djs. In our further work, the stress—
displacement curve as changed by the electric input will be discussed. Since the fracture resistance of a fibre
composite is highly dependent on the stress—displacement curve of the fibre, it is expected that the fracture
behaviour can be controlled electrically.

6. Conclusion

A theoretical model of a single piezoelectric fibre pull-out has been presented. Using this model, the
relationship between the fibre bridging stress and crack-opening is obtained by computer simulation. The
stress and electric fields are illustrated for a piezoceramic/epoxy system. The numerical examples show that
the stress field and the electric field have a significant effect on each other. It can be concluded that
piezoelectric fibres can be used to monitor the fracture behaviour of fibre composites.
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Appendix A
Cl = C5(’))S13 +S’13) (Al)
Cy = —Csysiz (A.2)
Cy = Gs[(1 4+ y)s11 — s12 + 57, + 57 (A.3)
Cyo" = Cs(eff — ") (A.4)
2

Cs = — — A.S

’ LZS“C ( )
C=F(a)— (14+2y)F(a) +2(1 +y)F(R) (A.6)
By = Fs(pss; +533) (A7)
F = —Fssyy (A.8)

F3 = 2F5('))S]3 + S/13) (Ag)
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