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Abstract

The problem of crack path selection in piezoelectric bimaterials is considered in this paper. Based on the Stroh formulation for

anisotropic material and GreenÕs functions for piezoelectric bimaterials, the crack problem is expressed in terms of coupled singular

integral equations at ®rst, and then the equations are used to solve for stress and electric displacement ®elds numerically. A crack

impinging an interface joining two dissimilar materials may arrest or may advance by either penetrating the interface or de¯ecting

into it. The competition between de¯ection and penetration is investigated using the maximum energy release rate criterion. Nu-

merical results are presented to study the role of remote electroelastic loads on the path selection of crack extension. Ó 2000

Elsevier Science Ltd. All rights reserved.
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1. Introduction

The crack problems with interfaces in dissimilar ma-
terials are of paramount importance for many microm-
echanics and numerical fracture mechanics. As such the
interfacial failure mechanism has caused researchers to
devote a great deal of attention to study the selection of
crack growth path. Generally, fracture along and adja-
cent to bimaterial interfaces has several morphological
manifestations. In some cases the fracture de¯ect into the
interface, while in others fracture penetrate the interface
into another material [1]. A number of studies dealing
with crack kinking problem has been conducted for
isotropic materials [2±4]. As to anisotropic materials, the
problem of branched interface cracks between dissimilar
anisotropic materials has been considered by Miller and
Stock [5] in which the stress intensity factors are com-
puted numerically for mismatch materials. The problem
of two aligned orthotropic materials with a semi-in®nite
crack perpendicular to the interface was studied by
Gupta et al. [6]. Wnag et al. [7] investigated the crack
extension and singular ®elds at the tip of an interface
crack in anisotropic solids, in which the emphasis was
placed on establishing a framework to quantify fracture
resistance under mixed mode conditions. Sung et al. [8]
revealed some interesting phenomena for dependence of
the stress intensity factor on elastic constants in their
study on cracks perpendicular to an interface between
dissimilar orthotropic materials. Recently, Chen [9] gave

a further address on cracks normal to an interface be-
tween two orthotropic materials. In his study he showed
that all elastic constants involved could be expressed by
three independent parameters.

The present paper deals with the problem of crack
path selection in two-dimentional piezoelectric bimate-
rials. The geometrical con®guration analysed is depicted
in Fig. 1. An inclined ®nite crack of length 2c in material
2 is shown impinging an interface between two dissimilar
piezoelectric materials, with a branch of length a and
angle h1 between the branch and the interface. The length
a is assumed to be small compared to the length 2c of the
inclined ®nite crack. Based on the GreenÕs functions
presented in [10], the branch crack problem is modeled
by applying distributed dislocation along the cracks and
placing a concentrated dislocation at the joint of the ®-
nite crack and the branch. Then, a set of singular integral
equations is developed and solved numerically. Compe-
tition between de¯ection and penetration is investigated
using the integral equations developed and the maximum
energy release rate criterion. Numerical results are pre-
sented to study the role of remote electroelastic loads on
the path of crack extension.

2. Problem formulations

2.1. Stroh's formalism

Based upon StrohÕs formalism [11] in anisotropic
elasticity, the general solutions for steady-state
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piezoelectricity have been presented by Barnett and
Lothe [12] as

u � 2Re�Af�z��; / � 2Re�Bf�z��;
P1 � ÿ/;2; P2 � /;1; �1�
where

f�z� � ff1�z1� f2�z2� f3�z3� f4�z4�gT

zi � x1 � pix2:
�2�

(x1, x2) is a ®xed rectangular coordinate system, a
comma (or a prime later) followed by an argument
represents the di�erentiation with respect the argu-
ment, `Re' stands for the real part of a complex
number, u � fu1u2u3/gT; Pj � fr1jr2jr3jDjgT; j � 1; 2;
i � �������ÿ1
p

, ui and u are the elastic displacement and
electric potential (EDEP), rij and Di are stress and
electric displacement (SED), pi the electroelastic ei-
genvalues of the material whose imaginary parts are
positive, A and B are well-de®ned in the literature (see
[10,13], for example) and fi(zi) are arbitrary functions
with complex arguments zi.

2.2. Green's function for an edge dislocation in a
piezoelectric bimaterial

Consider a piezoelectric bimaterial subjected to a line
dislocation at z0(x10, x20). For convenience, we assume
that z0 be in material 1. The treatment for z0 located in
material 2 requires only a slight modi®cation. The
electroelastic GreenÕs function due to the dislocation,
say b, can be assumed in the form [14]
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for material 2 in x2 < 0, where the symbol h� �ai �
diag�� �1 � �2 � �3 � �4� represents a diagonal matrix,
overhead bar denotes the complex conjugate, q

�i�
b are

unknown vectors to be determined, the superscripts (1)
and (2) [or subscripts 1 and 2] label the quantities re-
lating to the material 1 and 2, respectively. If the two
materials are rigidly bonded we have

u1 � u2; /1 � /2 at x2 � 0: �7�
The substitution of Eqs. (3)±(6) into Eq. (7), leads to

q
�1�
b � B�bb; q

�2�
b � B��b b; �8�

where Ib � diag�d1b d2b d3b d4b�; dij � 1 for i � j; dij � 0
for i 6� j, and

B�b � Bÿ1
1 I
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ÿ 2�Mÿ1
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�B1Ib
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Mj � ÿiBjA
ÿ1
j �j � 1; 2�:

�9�

3. Singular integral equations

3.1. Boundary conditions

Consider a ®nite crack with length 2c and a branch
with length a�a� c� embedded in a bimaterial plane
subjected to the remote load P0 (see Fig. 1). The cracks
are initially assumed to remain open and hence be free
of tractions and charges. The corresponding boundaries
are, then, as follows.

On the faces of each crack i:

t�i�n � ÿP
�i�
1 sinhi �P

�i�
2 coshi � 0 �i � 1; 2�: �10�

At in®nity

P12 � P0; P11 � 0; �11�
where n stands for the normal direction to the lower face
of a crack and t�i�n the surface traction and charge vector
acting on the faces of the ith crack.

To study the e�ect of cracks on the fracture behav-
iour, it is convenient to represent the solution as the sum

Fig. 1. Geometry of the branch crack.
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of a uniform SED in an un¯awed solid and a corrective
solution in which the boundary conditions are:

On the faces of each crack i:

t�i�n � ÿP
�i�
1 sinhi �P

�i�
2 coshi � ÿP0 coshi

�i � 1; 2�: �12�
At in®nity

P12 � P11 � 0: �13�

3.2. Singular integral equations

The singular integral equations for the problem de-
scribed above can be formulated by considering the
stress and electric displacement ®elds on the prospective
site of the branch crack con®guration due to the dis-
tributed dislocation caused by all cracks. The assumed
distribution of dislocation consists of two parts: (i) a
concentrated dislocation with the intensity, B̂, applied at
the joint of the ®nite crack and the branch (the origin in
Fig. 1); (ii) distributed dislocation densities bi�� bxi; byi;
bzi; bDi; i � 1; 2� applied along the ith crack.

Using the principle of superposition [15], the problem
shown in Fig. 1 is decomposed into two sub-problems,
each of which contains only one single crack. The
boundary conditions in Eq. (12) can be satis®ed by re-
de®ning the discrete GreenÕs function bi given in Section
2 in terms of distributing GreenÕs function bi�n� de®ned
along each crack line, z�i�k � gz��i�k ; z�i�0k � nzk

��i�; z��i�k �
coshi � p�i�k sinhi (i� 1, 2). Enforcing the satisfaction of
the applied stress conditions on each crack face, a sys-
tem of singular integral equations for GreenÕs function is
obtained asZ a

0

L1

2�gÿ n�
�

� K11�g; n�
�

b1�n� dn

�
Z 2c

0
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where Kij are 4� 4 known kernel matrices and are
regular within the related interval, which can be derived
from Eqs. (1), (3)±(6). They are
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Lÿ1
2 B2IbBT

2 :
�21�

The single-valued displacements around the closed
contour surrounding the branch crack con®guration
requires thatZ a

0

b1�n� dn�
Z 2c

0

b2�n� dn � B̂: �22�

The singular integral equations (14), (15) and (22) are
too complicated to be evaluated exactly and conse-
quently a numerical evaluation is necessary. To this end,
let

bi�ni� �
ni

di ÿ ni

� �1=2

b�i �ni�; �23�

where b�i �ni� are regular functions de®ned on the related
interval 06 ni6 di, and d1 � a; d2 � 2c.

Employing the semi-open quadrature rule [16],
Eqs. (14), (15) and (22) can be rewritten as

XM

m�1

L1

g1k ÿ n1m

��
� K11�g1k; n1m�

�
A1mb�1�n1m�

� K12�g1k; n2m�A2mb�2�n2m�
�
� V

g1k
B̂ � tn1�g1k�; �24�

XM

m�1

L2

g2k ÿ n2m

��
� K22�g2k; n2m�

�
A2mb�2�n2m�

� K21�g2k; n1m�A1mb�1�n1m�
�
ÿ V

g2k
B̂ � tn2�g2k�; �25�

XM

m�1

A1mb�1�n1m�
� � A2mb�2�n2m�

� � B̂; �26�

where

Aim � pdi

M
sin2 mp

2M
�i � 1; 2; m � 1; 2; . . . ;M ÿ 1�;

A1M � pd1

2M
; A2M � pd2

2M
;
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nim � di sin2 mp
2M

; gik � di sin2 �k ÿ 0:5�p
2M

�i � 1; 2; m; k � 1; 2; . . . ;M�:
Eqs. (24) and (26) provide a system of 4�2M � 1� alge-
braic equations to determine B̂; b�1�n1m� and b�2�n2m�.
Once these unknowns have been found from Eqs. (24)±
(26), the SED, P�1�n �g�, in a coordinate local to the crack
branch line can be expressed in the form

P�1�n �g� �
1

p
X�h1�

Z a

0

L1

2�gÿ n�
��

� K11�g; n�
�

b1�n� dn

�
Z 2c

0

K12�g; n�b2�n� dn� V

g
B̂� pP0 cosh1

�
;

�27�
where the 4� 4 matrix X�h1� whose components are the
cosine of the angle between the local coordinates and the
global coordinates is in the form

X�h� �
cosh1 sinh1 0 0
ÿ sinh1 cosh1 0 0

0 0 1 0
0 0 0 1

2664
3775: �28�

4. SED intensity factors and energy release rate

The SED intensity factors at the right tip of the
branch crack are of interest and can be derived by ®rst
considering the traction and surface charge (TSC) on the
direction of the branch line and considering the TSC
very near the tip(g! a) which is given, from Eq. (27), as

P�1�n �r� � X�h1�
���
a
p

L1b�1�a�
2
����������������gÿ a�p � 1

2

���
a
r

r
X�h1�L1b�1�a�; �29�

where r is a distance ahead of the branch tip.
Using Eq. (29) we can calculate the SED intensity

factors at the right tip of the branch by the following
usual de®nition

K � fKIIKIKIIIKDgT � lim
r!0

�������
2pr
p

P�1�n �r�: �30�

Combining with the results of Eq. (29), leads to

K �
������
ap
2

r
X�h1�L1b�1�a�: �31�

Thus the solution of the singular integral equation en-
ables the direct determination of the stress intensity
factors.

The energy release rate G can be computed by the
closure integral [17]

G � lim
x!0

1

2x

Z x

0

P�1�Tn �r�Dun�xÿ r�dr; �32�

where x is the assumed crack extension and Du is a
vector of elastic displacement and electric potential
jump across the branch crack. Noting that

Du�r� �
Z r

0

b1�aÿ n�dn; �33�

we have

G � lim
x!0

1

2x

Z x

0

U�1�Tn �r� oDun�xÿ r�
ox

dr; �34�

where

U�1�n �r� �
Z r

0

P�1�n �x� dx: �35�

During the derivation of Eq. (34), the following condi-
tions have been employed

U�1�n �0� � 0; Du�xÿ r� r�xj � 0: �36�
Substituting Eqs. (23) and (33), and Eqs. (29) and (35),
later into Eq. (34), one obtains

G � ap
4

b�T1 �a�L1�XT�h1��2b�1�a�: �37�

5. Criterion for crack propagation

A crack impinging an interface joining two dissimilar
materials may advance by either penetrating the inter-
face or de¯ecting into the interface. This competition
can be assessed by comparing the ratio of the energy
release rate for penetrating the interface and for de-
¯ecting into the interface, Gp/Gd, to the ratio of the
mode I toughness of material 1 to the interface tough-
ness, Cc=Cic. Concretely, if

Gp

Gd

>
Cc

Cic

; �38�

the impinging crack is likely to penetrate the interface,
since the condition for penetrating across the interface
will be met at a lower load than that for propagation in
the interface. Conversely, if the inequality in Eq. (38) is
reversed, the crack will tend to be de¯ected into the
interface, where Cic and Cc are the interface toughness
and mode I toughness of material 1, respectively. For a
given load condition, say P12 , the fracture toughness, C,
is de®ned as the energy release rate G at the onset of the
crack growth and has discussed in detail elsewhere [18].
Gd and Gp are the energy release rates for de¯ecting into
the interface and for penetrating the interface, respec-
tively.
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6. Numerical results

Since the main purpose of this paper is to outline the
basic principles of the proposed method, the assessment
has been limited to a piezoelectric bimaterial plate with
an inclined crack of length 2c, a branch crack of length a
and its interface coincided with x1-axis shown in Fig. 1.
In all calculations, the ratio of a/c is taken to be 0.1. The
upper and lower materials are assumed to be PZT-5H
and PZT-5 [19], respectively. The material constants for
the two materials are as follows:

1. material properties for PZT-5H:

c11 � 117 GPa; c12 � c13 � 53 GPa;

c22 � c33 � 126 GPa; c44 � 35:5 GPa;

c23 � 55 GPa; c55 � c66 � 35:3 GPa;

e12 � e13 � ÿ6:5 C=m
2; e11 � 23:3 C=m

2;

e35 � e26 � 17 C=m
2
; j11 � 130� 10ÿ10 C=Vm;

j22 � j33 � 151� 10ÿ10 C=Vm;

2. material properties for PZT-5:

c11 � 111 GPa; c12 � c13 � 75:2 GPa;

c22 � c33 � 121 GPa; c44 � 22:8 GPa;

c23 � 75:4 GPa; c55 � c66 � 21:1 GPa;

e12 � e13 � ÿ5:4 C=m
2
; e11 � 15:8 C=m

2
;

e35 � e26 � 12:3 C=m
2
; j11 � 73:46� 10ÿ10 C=Vm;

j22 � j33 � 81:7� 10ÿ10 C=Vm:

The ratio Gp=Gd vs. kink angle h1, with h2 � ÿ90�

and r123 � D12 � 0, are shown in Fig. 2 for a number of
loading combinations measured by w � tanÿ1�KII=KI�,
where KI and KII are the conventional mode I and mode
II stress intensity factors. The curve clearly shows that
the maximum energy release rate occurs at di�erent kink
angle ĥ for di�erent loading phase w, where ĥ is the
critical knik angle for which the maximum energy re-
lease rate will occur under a given loading condition.
For example, ĥ � 43� for curves 1; ĥ � 34� for curve 2;

ĥ � 28� for curve 3; ĥ � 25� for curve 4 and ĥ � 22� for
curve 5. It is also found from Fig. 2 that the ratio Gp=Gd

will increase along with the increase of phase angle w,
which means that the possibility of the crack penetrating
the interface will increase.

To study the e�ect of remote loading D12 on the path
selection of crack propagation, the numerical results of
the ratio of Gp=Gd have been obtained and is plotted in
Fig. 3 as a function of kink angle h1 for several values of
remote loading D12 with h2 � 180�; r122 � 4� 106 N=m

2

and r112 � r123 � 0.
In the calculation we found that the energy release

rate may have negative value depending on the direction
and magnitude of the remote loading D12 . For this
particular problem, the energy release rate Gi will be
positive when ÿ1:8�10ÿ3C=m

2
<D12 <1:8�10ÿ3C=m

2

and be negative for other values of D12 .
Fig. 4 shows the variation of Gp=Gd as a function of

of kink angle h1 for several values of angle h2 with
D12 � 10ÿ3 C=m

2
; r122� 4�106 N=m

2
and r112� r123� 0.

It can be seen from the ®gure that the ratio of Gp=Gd will
decrease along with the increase of angle h2. It is
also found from Fig. 4 that the crack is likely to de¯ect
into the interface under this particular loading condi-
tion.

Fig. 2. Variation of Gp=Gd with knik angle h1 for several loading

combinations speci®ed by w � tanÿ1�KII=KI�.

Fig. 3. Variation of Gp=Gd with kink angle h1 for several loadings

D12 �h2 � 180�; r122 � 4� 106 N=m
2�.

Fig. 4. Variation of Gp=Gd with kink angle h1 for several loadings

h2�D12 � 10ÿ3 C=m
2; r122 � 4� 106 N=m

2�.
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7. Conclusions

The problem of crack path selection has been studied
for piezoelectric bimaterial systems. In this investiga-
tion, the branched cracks are expressed in terms of
coupled singular integral equations by way of GreenÕs
function approach. The unknowns for the resulting in-
tegral equations include the dislocation density function
de®ned on each crack and a concentrated dislocation, B̂,
applied at the joint of the main crack and the branch
(the origin in Fig. 1). The energy release rate and SED
intensity factors can be calculated from the solutions of
the dislocation density functions. A particular example
of a piezoelectric bimaterial containing an inclined crack
and a branch was examined to see the application of the
proposed formulation. By way of the criterion of max-
imum energy release rate, the numerical solution ob-
tained can be used to assess whether an impinging crack
will de¯ect into the interface or whether it will penetrate
the interface. The analysis also shows that the energy
release rate can have either positive or negative values in
the presence of electric load, depending on the direction
and the magnitude of the applied electric displacement.
In other words, for a given mechanical load, presence of
the applied electric displacement can either promote or
retard crack extension. This conclusion may be useful in
designing piezoelectric components with interface.

Acknowledgements

The authors wish to thank the Australian Research
Council (ARC) for the continuing support of this work.
Q.-H. Qin is supported by a Queen Elizabeth II fel-
lowship from the ARC and the J.G. Russell Award from
the Australian Academy of Science.

References

[1] He MY, Hutchinson JW. Crack de¯ection at an interface between

dissimilar elastic materials. Int J Solids Struc 1989;25:1053±67.

[2] Erdogan F, Biricikoglu V. Two bonded half-planes with a crack

going through the interface. Int J Engrg Sci 1973;11:745±66.

[3] Evans AG, Dalgleish BJ, He MY, Hutchinson JW. On crack path

selection and the interface fracture energy in bimaterial systems.

Acta Metall 1989;37:3249±54.

[4] He MY, Hutchinson JW. Kinking of a crack out of an interface.

J Appl Mech 1989;56:270±8.

[5] Miller GR, Stock WL. Analysis of branched interface cracks

between dissimilar anisotropic media. J Appl Mech 1989;56:844±

9.

[6] Gupta V, Argon AS, Suo Z. Crack de¯ection at an interface

between two orthotropic materials. J Appl Mech 1992;59:s79±87.

[7] Wang TC, Shih CF, Suo Z. Crack extension and kinking in

laminates and bicrystals. Int J Solids Struc 1992;29:327±44.

[8] Sung JC, Liou JY, Lin YY. Some phenomena of cracks

perpendicular to an interface between dissimilar orthotropic

materials. J Appl Mech 1996;63:190±203.

[9] Chen DH. Stress intensity factor for a crack normal to an

interface between two orthotropic materials. Int J Fracture

1997;88:19±39.

[10] Qin QH, Mai YW. Thermoelectroelastic GreenÕs function and its

application for bimaterial of piezoelectric materials. Arch Appl

Mech 1998;68:433±44.

[11] Stroh AN. Dislocations and cracks in anisotropic elasticity. Philos

Mag 1958;7:625±46.

[12] Barnett DM, Lothe J. Dislocations and line charges in anisotropic

piezoelectric insulators. Phys Stat Sol (b) 1975;67:105±11.

[13] Chung MY, Ting TCT. Piezoelectric solid with an elliptic

inclusion or hole. Int J Solids Struc 1996;33:3343±61.

[14] Ting TCT. Image singularities of GreenÕs functions for anisotropic

elastic half-space and bimaterials. Q J Mech Appl Math

1992;45:119±39.

[15] Horri H, Nemat-Nasser S. Elastic ®elds of interacting in homo-

geneities. Int J Solids Struc 1985;21:731±45.

[16] Boiko AV, Karpenko LN. On some numerical methods for the

solution of the plane elasticity problem for bodies with cracks by

means of singular integral equations. Int J Frac 1981;17:381±8.

[17] Park SB, Sun CT. E�ect of electric ®eld on fracture of piezoelec-

tric ceramics. Int J Frac 1995;70:203±16.

[18] Hutchinson JW, Suo Z. Mixed mode cracking in layered

materials, In: Hutchinson JW, Wu TY, editors, Advances in

applied mechanics, 1992;29:63±191.

[19] Qin QH, Yu SW. An arbitrarily-oriented plane crack terminating

at interface between dissimilar piezoelectric materials. Int J Solids

Struc 1997;34:581±90.

524 Q.-H. Qin, Y.-W. Mai / Composite Structures 47 (1999) 519±524


