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Abstract The Green's function and the boundary element
method for analysing fracture behaviour of cracks in pi-
ezoelectric half-plane are presented in this paper. By
combining Stroh formalism and the concept of perturba-
tion, a general thermoelectroelastic solution for half-plane
solid subjected to point heat source and/or temperature
discontinuity has been derived. Using the proposed solu-
tion and the potential variational principle, a boundary
element model (BEM) for 2-D half-plane solid with mul-
tiple cracks has been developed and used to calculate the
stress intensity factors of the multiple crack problem. The
method is available for multiple crack problems in both
®nite and in®nite solids. Numerical results for a two-crack
system are presented and compared with those from ®nite
element method (FEM).

1
Introduction
The thermoelectroelastic analysis of multiple cracks inside
a piezoelectric solid is of considerable importance in the
®eld of fracture mechanics, as the piezoelectric materials
often contains many internal microcracks before in use.
Stress analysis of multiple crack problems in isotropic
materials has been reported by many researchers such as
Chen (1984), Horri and Nemat-Nasser (1985, 1987), Wang
and Atluri (1995, 1996). For anisotropic materials, Hwu
(1991) obtained a solution for collinear cracks in an in®-
nite plate. Chen and Hasebe (1994) treated the elastic in-
teraction between a main-crack and a parallel micro-crack
in an orthotropic plate. Atluri and his colleagues (Chow,
Beom and Atluri, 1995; Chow and Atluri, 1995) analysed
the mixed-mode stress intensity factors of an interface
crack using the mutual integral techniques. They found
that the virtual crack closure integral method could lead to
very accurate results with a relatively coarse ®nite element
mesh. Later, Beom and Atluri (1996) extended their results
to the case of anisotropic piezoelectric materials. Using the
strain energy density criterion, Ma et al. (1996) studied the
direction of initial crack growth of two interacting cracks

in an anisotropic solid. Most of the developments in the
®eld can also be found in (Aliabadi and Brebbia, 1993;
Kachanov, 1993; Atluri, 1997). Relatively little work has
been, however, found in the literature for the thermal
analysis of multiple crack problems in piezoelectric solid.
In this paper, a general thermoelectroelastic solution for a
half-plane solid subjected to point heat source and/or
temperature discontinuity is ®rst derived by using Stroh
formalism and the concept of perturbation. The solution
is, then, implemented with BEM to study fracture behav-
iour of multiple cracks in a half-plane solid. Based on the
thermoelectroelastic solution for half-plane solid, a
boundary element model for temperature discontinuity as
well as dislocation of elastic displacement and electric
potential (EDEP) is developed and used to calculate stress
and electric displacement (SED) intensity factors. Nu-
merical results of SED intensity factors for a two-crack
system are presented to illustrate applications of the pro-
posed formulation, and comparison is made with those
obtained from ®nite element method.

2
Basic formulations

2.1
General solution for linear thermopiezoelectricity
Consider a linear piezoelectric solid in which all ®elds are
assumed to depend only on in-plane coordinates x1 and x2.
Boldfaced symbols stand for either column vectors or
matrices, depending on whether lower case or upper case
is used. The SED vector Pi, The EDEP vector u, temper-
ature T and heat ¯ux hi in the solid subjected to loading
can be expressed in terms of complex analytic functions as
follows (Qin, 1998):

T � g0�zt� � g0�zt�;
# � ÿikg0�zt� � ikg0�zt�;
h1 � ÿ#;2; h2 � #;1;
u � AF�z�q� cg�zt� � AF�z�q� cg�zt�;
/ � BF�z�q� dg�zt� � BF�z�q� dg�zt�;
P1 � ÿ/;2; P2 � /;1

�1�

with

F�z� � diag f �z1�f �z2�f �z3�f �z4�� �
zt � x1 � sx2; zi � x1 � pix2

�2�
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where overbar denotes the complex conjugate, a prime
represents the differentiation, q is a constant vector to be
determined by the boundary conditions,
u � fu1 u2 u3 ugT, Pj � fr1j r2j r3j DjgT;

j � 1; 2; i � ������ÿ1
p

, k �
������������������������
k11k22 ÿ k2

12

p
; kij are the coef®-

cients of heat conduction, ui and u are the elastic dis-
placement and electric potential, T; hi; rij and Di are
temperature, heat ¯ux, stress and electric displacement, s
and pi are the heat and electroelastic eigenvalues of the
materials whose imaginary parts are positive, f �zi� and
g�zt� are arbitrary functions with complex arguments zi

and zt, respectively, A , B, c and d are well-de®ned in the
literature (see Qin, 1998, for example).

3
General thermoelectroelastic solutions
for half-plane problem

3.1
General solution for thermal field
Based on the concept of perturbation given by Stagni
(1982), the general solution for a half-plane solid can be
assumed in the form

T � f0�zt� � f0�zt� � f1�zt� � f1�zt�
# � ÿikf0�zt� � ikf0�zt� ÿ ikf1�zt� � ikf1�zt�

Im�zt� > 0

�3�
Here, f0 can be chosen to represent the solutions associ-
ated with the unperturbed thermal ®elds and f1 is the
function corresponding to the perturbed ®eld of the half-
plane solid.

For an in®nite space subjected to a line heat source h�
and a line temperature discontinuity T̂ both located at
zt0 �� x10 � sx20�, the function f0 can be chosen in the
form (Qin and Mai, 1998)

f0�zt� � q0 ln�zt ÿ zt0� �4�
where q0 is a complex constant which can be determined
from the conditionsZ

C
dT � T̂ for any closed curve C

enclosing the point zt0 �5�Z
C

d# � ÿh� for any closed curve C

enclosing the point zt0 �6�
The substitution of Eq. (4) into Eq. �1�1;2, and later into
Eqs. (5) and (6) yields

q0 � T̂=4piÿ h�=4pk �7�
The thermal insulated condition on the surface x2 � 0, i.e.
# � 0, provides

f1�zt� � �q0 ln�zt ÿ �zt0� �8�
Further, if T � 0 on the surface x2 � 0, we have

f1�zt� � ÿ�q0 ln�zt ÿ �zt0� �9�

Having obtained the solution of f0 and f1, the function
g0�zt� can now be given as

g0�zt� � q0 ln�zt ÿ zt0� � �q0 ln�zt ÿ �zt0� �10�
where the symbol ``+'' before �q0 stands for the condition
# � 0 on the x1-axis, and ``ÿ'' for the condition T � 0 on
x2 � 0. For the sake of clearness, we always use the symbol
``+'' in the following derivation. It should be understood
that the symbol ``+'' is replaced by ``ÿ'' if the boundary
condition T � 0 on x2 � 0 is involved.

3.2
General solution for electroelastic field
Using Eq. �1�4;5 and the expression (10), the particular
solution for electroelastic ®eld can be written as

up � 2Re�cg�zt��; /p � 2Re�dg�zt�� �11�
where subscript ``p'' refers to particular solution. The
function g�zt� in Eq. (11) can be obtained by integrating
Eq. (10) with respect to zt, which yields

g�zt� � q0�zt ÿ zt0��ln�zt ÿ zt0� ÿ 1�
� �q0�zt ÿ �zt0��ln�zt ÿ �zt0� ÿ 1� �12�

The particular solutions (11) do not, generally, satisfy the
SED-free condition along the axis x2 � 0. We, therefore,
need to ®nd a corrective isothermal solution for a given
problem when superposed on the particular electroelastic
solution the SED-free condition along the axis x2 � 0 will
be satis®ed. Owing to the fact that f �zk� and g�zt� have the
same order to affect the SED in Eq. �1�5, possible function
forms come from the partition of g�zt�. It is

f �zk� � q0�zk ÿ zt0��ln�zk ÿ zt0� ÿ 1�
� �q0�zk ÿ �zt0�ln�zk ÿ �zt0� ÿ 1� �13�

The substitution of Eq. (13) into Eq. �1�5, the SED-free
condition along axis x2 � 0 provides

q � ÿBÿ1d �14�
Likewise, if u � 0 on x2 � 0, one sees

q � ÿAÿ1c �15�
It should be pointed out that we only use Eq. (14), other
than Eq. (15) in the following derivation to avoid unnec-
essary confusion. If the boundary condition u � 0 on
x2 � 0 is used, it should be understood that q � ÿAÿ1c.
Thus, the resulting Green's function for the half-plane
problem can be written as

T � 2Refq0 ln yt � �q0 ln y�t g �16�
u � 2RefÿAF�z�Bÿ1d

� c�q0yt�ln yt ÿ 1� � �q0y�t ln�y�t ÿ 1��g �17�
/ � 2RefÿBF�z�Bÿ1d

� d�q0yt�ln yt ÿ 1� � �q0y�t ln�y�t ÿ 1��g �18�
where

yt � zt ÿ zt0; y�t � zt ÿ �zt0 �19�
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4
BEM for thermoelectroelastic problems
Consider a two-dimensional thermopiezoelectric solid in-
side of which there is a number of cracks with arbitrary
orientations and sizes. The numerical approach to such a
problem usually involves two steps: (1) solve a heat
transfer problem ®rst to obtain the steady-state T ®eld; (2)
calculate the electroelastic ®eld caused by the T ®eld, then
plus an isothermal solution to satisfy the corresponding
mechanical boundary conditions, and ®nally, solve the
modi®ed problem for electroelastic ®elds. In this section,
we ®rst derive the variation principle for temperature
discontinuity and then extended it to the case of thermo-
electroelasticity.

4.1
BEM for temperature discontinuity problem
Let us consider a ®nite region X1 bounded by
C �� Ch � CT�, as shown in Fig. 1(a). The heat transfer
problem to be considered is stated as

kijT;ij � 0 in X1 �20�
hn � hjni � h0 on Ch �21�
T � T0 on CT �22�
hini � 0; T̂ � TjL� ÿ TjLÿ on L �23�
where ni is the normal to the boundary C; h0 and T0 are
the prescribed values of heat ¯ux and temperature, which
act on the boundaries, say Ch and CT , respectively, T̂ is the
temperature discontinuity, L �� L� � Lÿ� is the union of
all cracks, while L� and Lÿ are the union of the positive
side and negative side of the cracks, as shown in Fig. 1.

Further, if we let X2 be the complementary region of X1

(i.e., the union of X1 and X2 forms the in®nite region X)
and T̂ � TjC� ÿ TjCÿ � T0, the problem shown in Fig. 1(a)
can be extended to the in®nite one (see Fig. 1(b)). In this
case C � C� � Cÿ, where C� and Cÿ stands for the
boundaries of X1 and X2 respectively [see Fig. 1(b)]. In a
way similar to that of Yin and Ehrlacher (1993), the total
generalised potential energy for the thermal problem de-
®ned above can be given as

P�T; T̂� � 1

2

Z
X

kijT;iT;j dX�
Z

C
hnT̂ dL �24�

By transforming the area integral in Eq. (24) into boun-
dary one, we have

P�T; T̂� � ÿ 1

2

Z
L

#�T�T̂;s ds�
Z

C
hnT̂ ds �25�

in which the relation

hi � ÿkijT;j and

Z
L

hnT̂ ds �
Z

L
��#T̂�;s ÿ #T̂;s� ds

�26�
and the temperature discontinuity being assumed to be
continuous over L and being zero at the ends of L have
been used. Moreover, temperature T in Eq. (25) can be
expressed in terms of T̂ through use of Eqs. �1�1 and (10).
Therefore, the potential energy can be further written as

P�T̂� � ÿ 1

2

Z
L

#�T̂�T̂;s ds�
Z

C
hnT̂ ds �27�

The analytical results for the minimum of potential (27) is
not, in general, possible, and therefore a numerical pro-
cedure must be used to solve the problem. As in the
conventional BEM, the boundaries C and L are divided
into MC and ML linear elements, for which the temperature
discontinuity may be approximated by the sum of ele-
mental temperature discontinuities

T̂�s� �
XM

m�1

T̂mFm�s� �28�

where T̂m is the temperature discontinuity at node m,
M � ML �MC � N;N is the number of cracks, s is a
length coordinate, s > 0 in the element located at the right
of the node m; s < 0 in the element located at the left of the
node. Fm�s� is a global shape function associated with the
m-node. Fm�s� is zero-valued over the whole mesh except
within two elements connected to the m-node (see Fig. 2).
Since Fm�s� is assumed to be linear within each element, it
has below three possible forms:

Fm�s� � �jc�mj ÿ s�=jc�mj �29�
for a node located at the left end of a line (see Fig. 2(a)), or

Fm�s� � �jcÿmj � s�=jcÿmj �30�
for a node located at the right end of a line (see Fig. 2(b)),
or

Fm�s� � �jcÿmj � s�=jcÿmj if s 2 cÿm
�jc�mj ÿ s�=jc�mj if s 2 c�m

�
�31�

where c�m and cÿm are the two elements connected to the
mth node, c�m being to the right and cÿm being to the left,
while jc�mj and jcÿmj denote their length, and

Fig. 1a, b. Con®guration of the problem for BEM analysis Fig. 2a±c. The de®nitions for Fm�s�; jc�mj and jcÿmj
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s �
0 at node m
jc�mj at node m� 1
ÿjcÿmj at node mÿ 1

8<: �32�

On the use of Eqs. �1�1;2, (10), (16) and (28), the temper-
ature and heat-¯ux function at point zt are

T�zt� �
XM

m�1

Im�am�zt��T̂m �33�

#�zt� � ÿk
XM

m�1

Re�am�zt��T̂m �34�

where

am�zt� � 1

2p

Z
cÿm

fln�zt ÿ dm0 ÿ zÿtms�

� ln�zt ÿ �dm0 ÿ �zÿtms�g jc
ÿ
mj � s

jcÿmj
ds

� 1

2p

Z
c�m
fln�zt ÿ dm0 ÿ z�tms�

� ln�zt ÿ �dm0 ÿ �z�tms�g jc
�
mj ÿ s

jc�mj
ds �35�

and where dm0 � x1m � sx2m; zÿtm � cos aÿm � s sin aÿm;�x1m; x2m� are the coordinates at node m, aÿm is the angle
between the element located at the left of node m and x1-
axis, z�tm and a�m are de®ned similarly.

In particular the temperature at node j can be written as

Tj�dj0� �
XM

m�1

Im�am�dj0��T̂m �36�

The substitution of Eqs. (28), (33) and (34) into Eq. (27),
one sees

P�T̂� �
XM

j�1

XM

m�1

ÿ 1

2
KmjT̂mT̂j

� �
� GjT̂j

" #
�37�

where Kmj is the so-called stiffness matrix and Gj the
equivalent nodal heat ¯ux vector, which have the form

Kmj � ÿ k

jcÿj j
Z

cÿ
j

Re�am�dj0 � zÿtj s�� ds

� k

jc�j j
Z

c�
j

Re�am�dj0 � z�tj s�� ds �38�

Gj �
Z

cÿ
j
�c�

j

h0Fj�s� ds �39�

The minimization of P yieldsXM

j�1

KmjT̂j � Gm �40�

The ®nal form of linear equations to be solved is obtained
by selecting the appropriate ones, from among Eqs. (36)
and (40). Equation (36) will be chosen for those nodes at
which the temperature is prescribed, and Eq. (40) will be
chosen for the remaining nodes. After the nodal temper-

ature discontinuities have been calculated, the EDEP and
SED at any point in the region can be evaluated through
use of Eqs. �1�6, (17) and (18). They are

u �
XM

j�1

pjT̂j; P1 �
XM

j�1

qjT̂j; P2 �
XM

j�1

rjT̂j �41�

where

pj�
1

2p
Im

Z
cÿ

j

�A f��zk�h i�ÿBÿ1d�� cf��zt��
jcÿj j� s

jcÿj j
ds

( )

� 1

2p
Im

Z
c�

j

�A f��zk�h i�ÿBÿ1d�� cf��zt��
jc�j jÿ s

jc�j j
ds

( )
�42�

qj�
1

2p
Im

Z
cÿ

j

�B pkf 0��zk�

 ��Bÿ1d�ÿdsf 0��zt��

jcÿj j�s

jcÿj j
ds

( )

� 1

2p
Im

Z
c�

j

�B pkf 0��zk�

 ��Bÿ1d�ÿdsf 0��zt��

jc�j jÿs

jc�j j
ds

( )
�43�

rj� 1

2p
Im

Z
cÿ

j

�B f 0��zk�

 ��ÿBÿ1d��df 0��zt��

jcÿj j� s

jcÿj j
ds

( )

� 1

2p
Im

Z
c�

j

�B f 0��zk�

 ��ÿBÿ1d��df 0��zt��

jc�j jÿ s

jc�j j
ds

( )
�44�

where

��k

 � � diag���1 ��2 ��3 ��4� �45�
f��zx� � �zx ÿ zt0��ln�zx ÿ zt0� ÿ 1�

ÿ�zx ÿ �zt0��ln�zx ÿ �zt0� ÿ 1� �46�
Thus, the surface traction-charge and EDEP induced by
the temperature discontinuity are of the form

t0
n�s� � Pini �

XM

j�1

�qjn1 � rjn2�T̂j; u0
��s� �

XM

j�1

pj�s�T̂j

�47�
In general, t0

n�s� 6� 0 over Ct (the boundary on which SED
is prescribed) and u0

��s� 6� 0 over Cu (the boundary on
which EDEP is prescribed). To satisfy the SED (or EDEP)
on the corresponding boundaries, we must superpose a
solution of the corresponding isothermal problem with a
SED (or a EDEP) equal and opposite to those of Eq. (47).
The details will be given in the following subsection.

4.2
BEM for EDEP discontinuity problem
Consider again the domain X1, the governing equation and
its boundary conditions are described as follows

Pij;j � 0 in X1 �48�
tni � Pijnj � t0

i ÿ �t0
n�i on Ct �49�
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ui � u0
i ÿ �u0

��i on Cu �50�
tnijL� � ÿtnijLÿ � ÿ�t0

n�i;
ûi � uijL� ÿ uijLÿ ÿ �u0

��ijL� � �u0
��ijLÿ on L

�51�

where Ct and Cu are the boundaries on which the pre-
scribed values of SED t0

i and EDEP u0
i are imposed. Sim-

ilarly, the total potential energy for the electroelastic
problem can be given as

P�û� � 1

2

Z
L

�/�û� � û;s � 2t0
n � û� dsÿ

Z
C
�t0 ÿ t0

n� � û ds

�52�

where the elastic solution of functions /�û� and u�û� ap-
peared later has been obtained by Ting (1992). This so-
lution can be straightforwardly extended to the case of
electroelastic problem as

u�û� � 1

p
Im�Ahln�zk ÿ zk0�iBTû

� 1

p

X4

b�1

Im�Ahln�zk ÿ �zb0�iBÿ1�BIb�B
T

û �53�

/�û� � 1

p
Im�Bhln�zk ÿ zk0�iBTû

� 1

p

X4

b�1

Im�Bhln�zk ÿ �zb0�iBÿ1�BIb�B
T

û �54�

and

I1 � diag�1; 0; 0; 0�; I2 � diag�0; 1; 0; 0�;
I3 � diag�0; 0; 1; 0�; I4 � diag�0; 0; 0; 1� �55�

As treated before the boundaries L and C are divided into
a series of boundary elements, for which the EDEP dis-
continuity may be approximated through linear interpol-
ation as

û�s� �
XM

m�1

ûmFm�s� �56�

With the approximation (56), the EDEP and SED function
given in Eqs. (53) and (54) can now be expressed in the
form

u�z� �
XM

m�1

Im�ADm�z��ûm;

/�z� �
XM

m�1

Im�BDm�z��ûm

�57�

where

Dm�z� � 1

p

Z
cÿm

�
hln�zk ÿ dkm0 ÿ zÿkm0s�iBT

�
X4

b�1

hln�zk ÿ �dbm0 ÿ �zÿbm0s�iBÿ1�BIb�B
T

�

� jc
ÿ
mj � s

jcÿmj
ds

� 1

p

Z
c�m

�
ln�zk ÿ dkm0 ÿ z�km0s�
 �

BT

�
X4

b�1

hln�zk ÿ �dbm0 ÿ �z�bm0s�iBÿ1�BIb�B
T

�
� jc

�
mj ÿ s

jc�mj
ds

�58�
and dkm0 � x1m � pkx2m; zÿkm0 � cos aÿm � pk sin a�m; z�km0
can be de®ned similarly. In particular the displacement at
node j is given by

u�dj0� �
XM

m�1

Im�ADm�dj0��ûm ; �59�

The substitution of Eq. (56) into Eq. (52), we have

P�û� �
XM

i�1

ûT
i �

XM

j�1

kijûj

 !
=2ÿ gi

" #
�60�

where

Kij � 1

jcÿj j
Z

cÿ
j

Im�DT
i �dj0 � zÿj0s�BT� ds

ÿ 1

jc�j j
Z

c�
j

Im�DT
i �dj0 � z�j0s�BT� ds �61�

gj �
Z

cÿ
j
�c�

j

GjFj�s� ds �62�

and Gj � ÿt0
n when node j located at the boundary

L; Gj � t0 ÿ t0
n for other nodes. The minimization of

Eq. (60) leads to a set of linear equationsXM

j�1

Kijûj � gi �63�

Similarly, the ®nal form of the linear equations to be
solved is obtained by selecting the appropriate ones, from
among Eqs. (59) and (63). Equation (59) will be chosen for
those nodes at which the EDEP is prescribed, and Eq. (63)
will be chosen for the remaining nodes. Once the EDEP
discontinuity û has been found, the SED at any point can
be expressed as

P1 � ÿ
XM

m�1

Im�BPD0m�z��ûm;

P2 �
XM

m�1

Im�BD0m�z��ûm

�64�

Therefore the SED, Pn, in a coordinate local to a particular
crack line, say ith crack, can be expressed in the form

Pn � U�ai�fÿP1 sin ai �P2 cos aigT �65�
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where

U�ai� �
cos ai sin ai 0 0
ÿ sin ai cos ai 0 0

0 0 1 0
0 0 0 1

2664
3775 �66�

Using Eq. (65) we can evaluate the SED intensity factors by
the following de®nition

K�ci� � fKII KI KIII KDgT � lim
r!0

�������
2pr
p

Pn�r� �67�
In practical calculation, one can evaluate the SED intensity
factors in several ways such as extrapolation formulae,
traction formulae and J-integral formulae (see Aliabadi
and Rooke, 1991, for example). In our analysis, the ®rst
method is used to calculate the SED intensity factors both
in BEM and FEM. In the method, Pn at points A and B
ahead of a crack-tip (see Fig. 3) is ®rst derived and then
the substitution of them into Eq. (67), we have

KA � rA
n

����������
2prA

p
; KB � rB

n

���������
2prB

p �68�
where rA (or rB) are the distance from crack-tip to point A
(or B). Finally, the SED intensity factors K can be obtained
by the linear extrapolation of KA and KB to the crack tip,
that is

K � KA ÿ KB ÿ KA

rB ÿ rA
rA �69�

5
Numerical results
In this section some sample calculations are presented to
illustrate the applications of the proposed formulation. For
simplicity, we only consider a square thermopiezoelectric
plate containing two cracks as shown in Fig. 4. The ma-
terial is chosen to be BaTiO3 whose constants are (Qin,
1998; Qin and Mai, 1998)

C1111 � 150 GPa; C1122 � 66 GPa; C1133 � 66 GPa;

C3333 � 146 GPa; C2323 � 44 GPa;

a11 � 8:53� 10ÿ6=K; a33 � 1:99� 10ÿ6=K;

k3 � 0:133� 105N/CK;

e311 � ÿ4:35 C/m2; e333 � 17:5 C/m2;

e113 � 11:4 C/m2; j11 � 1115j0;

j33 � 1260j0; j0 � 8:85� 10ÿ12 C2=Nm2

where Cijkm; aij; kj; ekij and jij are, respectively, elastic
moduli, coef®cients of thermal expansion, pyroelectric

constants, piezoelectric constants and dielectric coef®-
cients.

Since the values of the coef®cient of heat conduction for
BaTiO3 could not be found in the literature, the value
k33=k11 � 1:5, k13 � 0 and k11 � 1 W/mK are assumed.
Moreover, the plain strain deformation is assumed in our
analysis and the crack lines are assumed to be in the x1-x3

plane, i.e., D2 � u2 � 0. Therefore, the vector of SED in-
tensity factors K now has only three components
�KIII ;KI ;KD�. In all calculations, rA � l=7 and rB � l=5
have been used, where l is the side-length in the related
element.

Noting that the boundary conditions on side B-C (see
Fig. 4) are satis®ed by the Green's function, it is unnec-
essary to include the side in the boundary element equa-
tion. In the calculation, the remaining three sides of the
square are modelled by 3� 30 elements. To study the
convergence properties of the proposed approach, four
meshes (N � 10, 20, 30 and 40 elements) for each crack
have been used, in which N represents the element number
of each crack. In Fig. 5 the coef®cients of SED intensity
factors bi at point A (see Fig. 4) are presented as a function
of crack orientation angle a for N � 40, where bi are de-
®ned by (Qin, 1998)

KI�A� � h0cc33b1�a�
�����
pc
p

=k

KIII�A� � h0cc11b2�a�
�����
pc
p

=k �70�
KD�A� � h0cv3bD�a�

�����
pc
p

=k

with

c11

c33

v3

8<:
9=; � C1111 C1133 e311

C1133 C3333 e333

e311 e333 ÿj33

24 35 a11

a33

k3

8<:
9=; �71�

Table 1 shows the results of SED intensity factors at point
A versus mesh re®nement for a � 0. However, the nu-
merical results for such a problem have not been available
in the literature yet. For comparison, the well-known FEM
is used to obtaining the corresponding results. In the FEM
analysis, four meshes (M �M, M � 24, 48, 72 and 96) has
been used to show the convergence of the FE results. For
illustration, Fig. 6 shows the con®guration of a particularFig. 3. Geometry of near-tip points A and B

Fig. 4. Geometry of the crack system in the square plate
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element mesh (M � 24). Table 1 shows that the results of
SED intensity factors from both BEM and FEM can con-
verge to a particular value along with the mesh re®nement.
It is found from Fig. 5 that the SED intensity factors are
not very sensitive to the crack orientation in this example,
but vary slowly with it and reach their peak values at about
a � 35� for b1, a � 43� for b2 and a � 48� for bD, re-
spectively. It is also found from Fig. 5 that the maximum
discrepancy of the numerical results from the two models
is less than 5%.

6
Conclusion
A boundary element model for analysing fracture behav-
iour of cracks in thermopiezoelectric half plane is pre-
sented based on variational principle and the discontinuity
method. Another purpose of the paper is to present the
Green's function for half-plane thermoelectroelastic

problems. The proposed formulation is available for
multiple crack problems in both ®nite and in®nite solids.
Numerical results for a two-crack system are presented
and compared with those from ®nite element method. The
study shows that the maximum discrepancy of the nu-
merical results from the BEM and FEM is less than 5% for
the mesh with N � 40 and M � 96.
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