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Abstract

Using Stroh's formalism and conformal mapping, Green's functions are obtained in closed-form for an in®nite the-

rmopiezoelectric plate with an elliptic hole induced by temperature discontinuity. The Green's function satis®es free-

traction-charge as well as thermal-insulated conditions along the hole boundary. Based on the Green's function, a sys-

tem of singular integral equations for the unknown temperature discontinuity de®ned on crack faces is developed to

study the interaction between crack and elliptic hole. Numerical results are presented to elucidate the e�ects of crack

orientation on stress and electric displacement (SED) intensity factors and to illustrate the application of the proposed

Green's function. Ó 1998 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The problem of determining thermal stress con-
centration induced by holes has attracted consider-
able interest. Of various holes the elliptic shape has
evoked most interest among researchers for iso-
thermal problems because of its ¯exibility to in-
clude the other special shapes such as circles or
cracks. A number of studies dealing with thermal
stress concentration induced by holes have been
performed by Florence and Goodier (1960), Chen
(1967), Atkinson and Clements (1977), Tsai
(1983), Hwu (1990) and others. The above authors
used complex variable methods, or Fourier trans-
forms to represent the stress and displacement
®elds, but an alternative method, which has been

extensively used in hole problems, is to represent
the thermoelastic ®elds in terms of Green's func-
tions (see, Dunders and Comninou, 1979, for ex-
ample). It is well-known that the Green's
functions method has some important advantages
over the above-mentioned methods, such as trans-
form methods. First, we note that the solution is
expressed in terms of physical variables so that it
is easier to determine at intermediate stages wheth-
er the solution is physically reasonable (Sturla and
Barber, 1988). In particular, it is usually possible
to express the solution in terms of distributions
of Green's functions over a ®nite range, with
bounded or integrable singular behavior at the
end points. This enables us to represent a practical
problem with the integral equations easily. Sec-
ondly, the Green's function can be employed to
construct solutions for many problems by using
various analytical and numerical methods such
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as eigenstrain, dislocation methods, singular inte-
gral equation, boundary element methods (Mura,
1982; Lin and Keer, 1989; Hwu and Yen, 1991;
Qin and Mai, 1997, in press). For plane anisotro-
pic material without thermal e�ect, Hwu and
Yen (1991) obtained a simple Green's function
for an elliptic hole in an in®nite anisotropic medi-
um. Later, Yen et al. (1995) obtained three Green's
function for a dislocation located outside, inside,
and on the interface of an elliptic inclusion of gen-
eral anisotropic material. The solutions contain an
in®nite series. More recently, Ni and Nemat-Nas-
ser (1996) presented a general treatment of crack
problems in anisotropic materials. Ting (1996) de-
veloped Green's functions for an in®nite anisotro-
pic elastic medium with an elliptic inclusion of
dissimilar material subjected to a line force and a
line dislocation. Only a few papers are concerned
with the thermoelastic Green's function. Sturla
and Barber (1988) obtained the simplest solution
of thermoelastic Green's functions for the two-di-
mensional problem of an in®nite elastic plate sub-
jected to a temperature discontinuity along the
axis x2� 0. Qin and Mai (1997, in press) investi-
gated thermoelectroelastic Green's functions for
half-plane or bimaterial problems.

In view of the above analysis, the purpose of
this paper is to present some thermoelectroelastic
Green's functions for an in®nite thermopiezoelec-
tric plate with an elliptic hole induced by the ther-
mal analog of a line dislocation with temperature
discontinuity. The Green's functions developed
are used to derive the thermoelectroelastic solution
for the interaction between a crack and an elliptic
hole embedded in an in®nite thermopiezoelectric
plate. Numerical results for SED intensity factors
are presented to elucidate the e�ects of crack ori-
entation and to illustrate the application of the
proposed formulation.

2. Basic formulations

Summarised brie¯y are the governing equations
of 2D piezoelectricity. Throughout this paper the
shorthand notation introduced by Barnett and
Lothe (1975) and a ®xed Cartesian coordinate sys-
tem (x1, x2, x3) are adopted. Lower case Latin

subscripts will always range from 1 to 3, upper
case Latin subscripts will range from 1 to 4, and
the summation convention will be used for repeat-
ing subscripts unless it is otherwise indicated. In
the stationary case when no free electric charge,
body force and heat source are assumed to exist,
the complete set of governing equations for uncou-
pled thermoelectroelastic problems are (Mindlin,
1974):

hi;i � 0; PiJ ;i � 0; �1�
together with

hi � ÿkijT;j; PiJ � EiJKmuK;m ÿ viJ T ; �2�
in which

PiJ �
rij; i; J � 1; 2; 3;

Di; J � 4; i � 1; 2; 3;

�
uJ �

uk; J � 1; 2; 3;

#; J � 4;

� �3�

viJ �
cij; i; J � 1; 2; 3;

vi; J � 4; i � 1; 2; 3;

�

EiJKm �

Cijkm; i; J ;K;m � 1; 2; 3;

emij; K � 4; i; J ;m � 1; 2; 3;

eikm; J � 4; i;K;m � 1; 2; 3;

ÿjim; J � K � 4; i;m � 1; 2; 3;

8>>><>>>:
�4�

where T and hi are temperature change and heat
¯ux, ui, #, rij and Di are elastic displacement, elec-
tric potential, stress and electric displacement,
Cijkm, eijk and jij are elastic moduli, piezoelectric
and dielectric constants, and kij, cij and vi are the
coe�cients of heat conduction, thermal-stress con-
stants and pyroelectric constants, respectively. A
general solution to Eq. (1) can be expressed as
(Yu and Qin, 1996):

T � 2 Re�g0�zt��;
u � 2 Re�Af�z�q� cg�zt��; �5�
with A � A1 A2 A3 A4� �; f�z� � diag f �z1� f �z2��
f �z3� f �z4��; q � fq1 q2 q3 q4gT; zt � x1 � sx2; zi

� x1 � pix2; in which ``Re'' stands for the real part
of a complex number, the prime (0) denotes di�er-
entiation with the argument, g and f are arbitrary
functions to be determined, pi, s, A and c are con-
stants determined by
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k22s
2 � k12 � k21� �s� k11 � 0;

Q� R� RT
ÿ �

pi � Tp2
i

� �
Ai � 0;

Q� R� RT
ÿ �

s� Ts2
� �

c � v1 � sv2;

�6�

in which superscript ``T'' denotes the transpose, vi

are 4 ´ 1 vectors, and Q, R and T are 4 ´ 4 matri-
ces de®ned by

vi � ci1 ci2 ci3 vif gT; �Q�IK � E1IK1;

�R�IK � E1IK2; �T�IK � E2IK2: �7�
The heat ¯ux, h, and the stress-electric displace-
ment (SED), P, obtained from Eq. (2) can be writ-
ten as

hi � ÿ2 Re ki1 � ski2� �g00 zt� �
� �

;

P1J � ÿ/J ;2; P2J � /J;1 ;
�8�

where / is the SED function given as

/ � 2 Re�Bf�z� � dg�zt�� �9�
with

B � RTA� TAP � ÿ�QA� RAP�Pÿ1;

P � diag p1 p2 p3 p4� �;
d � RT � sT

ÿ �
cÿ v2 � ÿ�Q� sR�c=s� v1=s:

�10�

3. Green's function for traction-charge-free hole

problem

3.1. Conformal mapping

The contour of an ellipse described by

x1 � a cos w; x2 � b sin w �11�
is shown in Fig. 1, in which a and b are the length
of the semi-axes of the ellipse, w is a real parame-
ter. Since the conformal mapping is a fundamental
tool used to ®nd the solution of hole problem, the
transformation

zk � a1kfk � a2kf
ÿ1
k ;

a1k � �aÿ ipkb�=2; a2k � �a� ipkb�=2 �12�
will be used to map the region, X, occupied by pi-
ezoelectric material onto the outside of a unit circle
in the f-plane.

3.2. Green's function of temperature for insulated
hole problem

Consider an in®nite piezoelectric plate contain
an elliptic hole subjected to a temperature discon-
tinuity T0 applied at a point p� � �x�1; x�2�, as shown
in Fig. 1. If the hole is thermal-insulated, the
boundary conditions can be written as

hn � ÿh1 sin h� h2 cos h

� 2k Imf�cos h� s sin h�g00�zt�g � 0; �13�Z
C

dT � T0 for any closed curve C enclosing the

point p�; �14�

hi ! 0 at infinity; �15�
where angle h is shown in Fig. 1, and
k � �����������������������

k11k22 ÿ k2
12

p
.

A suitable function satisfying the boundary
conditions (14) and (15) can be given in the form:

g0�zt� � 1

4pi
�T0 ln�ft ÿ f�t � � T1 ln�fÿ1

t ÿ f
�
t ��; �16�

noting that the function ln(fÿ1
t ÿ f

�
t ) is single val-

ued since fÿ1
t is always located inside the circle

and f
�
t is a point outside the unit circle. Using

the relation

dft

dzt
� ÿ ieiw

q�cos h� s sin h� �17�

Fig. 1. Geometry of an ellipse and dislocation T0.
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one can calculate hn from Eq. (13). The result
shows that

T0 � ÿT1: �18�

3.3. Green's functions for electroelastic ®elds in the
hole problem

Noting Eqs. (5)2 and (9), the particular solution
of electroelastic ®eld induced by temperature dis-
continuity can be written as

up � 2 Re�cg�zt��; /p � 2 Re�dg�zt��; �19�
where subscript ``p'' refers to particular solution.
The function g(zt) in Eq. (19) can be obtained
by integrating Eq. (16) with respect to zt, which
yields

g�zt� � T0

4pi
fa1s ft ÿ f�t

ÿ �
ln ft ÿ f�t
ÿ �ÿ 1

� �
ÿ a2s ln ft ÿ f�t

ÿ �ÿ ln ft

� �
=f�t

� a2sf
ÿ1
t ln ft ÿ f�t

ÿ �ÿ a1sft ln�fÿ1
t ÿ �f�t �

� a1s�ln�fÿ1
t ÿ �f�t � ÿ ln ft�=�f�t

ÿ a2s�fÿ1
t ÿ �f�t ��ln�fÿ1

t ÿ �f�t � ÿ 1�g; �20�
where

a1s � �aÿ isb�=2; a2s � �a� isb�=2: �21�
For a free-traction-charge hole, the electroelastic
will be satis®ed if (Qin et al., to appear)

/ � 0: �22�
The particular solutions (19) do not, generally,

satisfy the boundary condition (22) along the hole
boundary. We, therefore, need to seek a corrective
isothermal solution for a given problem when su-
perposed on the particular thermoelectroelastic so-
lution the surface conditions (22) will be satis®ed.
Owing to the fact that f(zk) and g(zt) have the same
order to a�ect the SED in Eq. (9), possible func-
tion forms come from the partition of g(zt). They
are

f1�zk� � a F1�fk� � F2�fk� ÿ F3�fk� ÿ F4�fk�� �=2;

f2�zk� � ipkb ÿ F1�fk� � F2�fk� ÿ F3�fk��
�F4�fk��=2 �23�

where the subscripts 1 and 2 are the indices for the
di�erent possible functions, and

F1�fk� � �fk ÿ f�t � ln�fk ÿ f�t � ÿ 1
� �

;

F2�fk� � �fÿ1
k ÿ f�ÿ1

t � ln�fk ÿ f�t � � f�ÿ1
t ln fk;

F3�fk� � �fÿ1
k ÿ f

�
t ��ln�fÿ1

k ÿ f
�
t � ÿ 1�;

F4�fk� � �fk ÿ f
�ÿ1

t � ln�fÿ1
k ÿ f

�
t � ÿ f

�ÿ1

t ln fk:

�24�
The Green's functions for the electroelastic

®elds can thus be chosen as

u � 2 Re
X2

k�1

Afk�z�qk � cg�zt�� �; �25�

/ � 2 Re
X2

k�1

Bfk�z�qk � dg�zt�� �: �26�

Recalling that

F1�eiw� � F3�eiw�; F2�eiw� � F4�eiw�; �27�
we have

q1 � ÿ
T0

4pi
Bÿ1d; q2 � ÿ

T0

4pi
Pÿ1Bÿ1ds: �28�

Substituting Eq. (28) into Eqs. (25) and (26), the
Green's functions can be rewritten as

u � ÿ T0

2p
ImfA�f1�z� � f2�z�Pÿ1s�Bÿ1dg

� 2 Refcg�zt�g; �29�

/ � ÿ T0

2p
ImfB�f1�z� � f2�z�Pÿ1s�Bÿ1dg

� 2 Refdg�zt�g: �30�

4. Interaction between a crack and an elliptic hole

To illustrate the application of the proposed
Green's functions, consider an in®nite piezoelectric
plate with a crack of length of 2c and an elliptic
hole subjected to heat ¯ux h0 on the crack faces.
The central point of the crack is denoted by
(x10; x20) and its orientation angle is denoted by a.
The geometry of the con®guration of the crack-
hole system is shown in Fig. 2. The orientation
of the crack may be arbitrary. The mathematical
statement of this problem can be stated more pre-
cisely as follows:
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hn � h0 on crack faces; �31�

hn � tn � 0 on the hole boundary; �32�

hi � Pi � 0 i � 1; 2; at infinity; �33�
where Pi � fri1ri2ri3DigT

.
The boundary conditions given by Eq. (31) can

be satis®ed by rede®ning the discrete Green's func-
tions T0 in Eq. (16) in terms of distributing
Green's functions T0(n) de®ned along the crack
line, zt � z0

t � gz�t ; ẑt � z0
t � nz�t , where z0

t � x10

�sx20; z�t � cos a� s sin a. Enforcing the satis-
faction of the applied heat ¯ux conditions on each
crack faces, a system of singular integral equations
for the Green's function is obtained as

1

p
Re

Zc
ÿc

1

gÿ n
� K0�g; n�

� �
T0�n� dn

24 35 � ÿ 2h0

k
;

�34�
where K0 is Holder-continuous along )c6 n6 c
and given by

K0�g; n� � ÿz�t
a2s

ft a1sftf
�
t ÿ a2s

ÿ �"

ÿ 1

ft�1ÿ ft
�f�t �

#
1

a1s ÿ a2sf
ÿ2
t

;

ft �
zt �

����������������������������
z2

t ÿ a2 ÿ s2b2
p

aÿ isb
;

f�t �
ẑt �

����������������������������
ẑ2

t ÿ a2 ÿ s2b2
p

aÿ isb
:

�35�

In the derivation of Eq. (34), the following relation
has been employed:

ln ft ÿ f�t
ÿ � � ln�zt ÿ ẑt� ÿ ln a1s ÿ a2s

ftf
�
t

� �
: �36�

For single temperature around a closed contour
surrounding the whole crack, the following auxil-
iary condition has to be satis®ed:Zc
ÿc

T0�n� dn � 0: �37�

The singular integral equation (34) for the tem-
perature dislocation density combined with
Eq. (37) can be solved numerically (Erdogan and
Gupta, 1972; Qin and Mai, 1997). Since the solu-
tion for the functions, T0�n�, has a square root sin-
gular at both crack tips, it is more e�cient for the
numerical calculations by letting

T0�n� � H�n�=
��������������
c2 ÿ n2

q
; �38�

where H(n) is a regular function de®ned in a closed
interval nj j6 c. Once the function H(n) has been
found, the corresponding SED can be given from
Eqs. (8)2 and (30) in the form

P1 � ÿ/;2 �
1

2p

Zc
ÿc

ImfBP�f 01�z� � f 02�z�Pÿ1s�Bÿ1d

ÿ sdg0�zt�gT0�n� dn; �39�

P2 � /;1 � ÿ
1

2p

Zc
ÿc

ImfB�f 01�z� � f 02�z�Pÿ1s�Bÿ1d

ÿ dg0�zt�gT0�n� dn; �40�
where

g0�zt� � ln
G�g� ÿ G�n�

aÿ isb

� �
ÿ ln

z0
t � gz0

t ÿ G1�g�
a� isb

ÿ G�n�
a� isb

" #
; �41�

where

G�x� � z0
t � xz�t � G1�x�;

G1�x� �
���������������������������������������������
�z0

t � xz�t �2 ÿ a2 ÿ s2b2

q
:

Fig. 2. Con®guration of the crack±hole system.
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Thus the traction-charge vector on the crack
faces is of the form

t0
n�g� � ÿP1�g� sin a�P2�g� cos a

� 1

2p

Zc
ÿc

Im�B�I cos a� P sin a��f 01�z�

� f 02�z�Pÿ1s�Bÿ1d� d�cos a

� s sin a�g0�zt��T0�n� dn: �42�
It is obvious that t0

n�g� 6� 0 on the crack faces
nj j6 c. To satisfy the traction-charge free condi-

tion (32)2 on the crack faces, we must superpose
a solution of the corresponding isothermal prob-
lem with a traction-charge vector equal and op-
posite to that of Eq. (42) in the range nj j6 c.
The elastic solution for a singular dislocation
of strength b0 has been obtained by Yen and
Hwu (1994). This solution can be straightfor-
wardly extended to the case of electroelastic
problem as

P1 � ÿ 1

p
Im B

pk

zk ÿ ẑk

� �
BT

� �
b0

� 1

p
Im B

pka2k

fk a1kfkf
�
k ÿ a2k

ÿ � @fk

@zk

* +
BT

" #
b0

� 1

p

X4

b�1

Im B
pk

fk�1ÿ fk
�f�k�

@fk

@zk

* +
Bÿ1 �BIb

�BT

" #
b0;

�43�

P1 � 1

p
Im B

1

zk ÿ ẑk

� �
BT

� �
b0

ÿ 1

p
Im B

a2k

fk a1kfkf
�
k ÿ a2k

ÿ � @fk

@zk

* +
BT

" #
b0

ÿ 1

p

X4

b�1

Im B
1

fk�1ÿ fk
�f�k�

@fk

@zk

* +
Bÿ1 �BIb

�BT

" #
b0;

�44�
where Ib � diag�d1b d2b d3b d4b�; dij � 1 for
i � j; dij � 0 for i 6� j, and

h� �ii � diag�� �1 � �2 � �3 � �4�;
@fk

@zk
� 1

a1k ÿ a2kf
ÿ2
k

:

Therefore the boundary condition (32)2 will be sat-
is®ed if

L

2p

Zc
ÿc

b0�n�dn
gÿ n

� 1

p

Zc
ÿc

K0�g; n�b0�n� dn � ÿtn
0�g�;

�45�

where

L � ÿ2iBBT; �46�

K0�g; n� � ÿIm B
z�ka2k

nk�a1kfkf
�
k ÿ a2k�

@fk

@zk

� �
BT

(

�
X4

b�1

B
z�k

fk�1ÿ nk
�f�k�

@fk

@zk

* +
Bÿ1 �BIb

�BT

)
;

�47�

fk �
zk �

����������������������������
z2

k ÿ a2 ÿ p2
k b2

p
aÿ ipkb

;

f�k �
ẑk �

����������������������������
ẑ2

k ÿ a2 ÿ p2
k b2

p
aÿ ipkb

;

z�j � cos a� pj sin a; zj � gz�j � z0
j ;

ẑb � nz�b � z0
b: �48�

L is a real matrix, and K0�g; n� is a kernel function
of the singular integral equations and is Holder-
continuous along ÿc6 n6 c.

For single valued displacements and electric po-
tential around a closed contour surrounding the
whole crack, the following conditions have also
to be satis®ed:Zc
ÿc

b0�n� dn � 0: �49�

As was done previously, let

b0�n� � H�n���������������
c2

i ÿ n2
q : �50�

Once the function H(n) has been found from
Eqs. (45) and (49), the stresses and electric dis-
placements, Pn�g�, in a coordinate local to the
crack line can be expressed in the form
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Pn�g� � X�a� L

2p

Zc
ÿc

b0�n� dn
gÿ n

8<:
� 1

p

Zc
ÿc

K0�g; n�b0�n� dn� t0
n�g�

9=;; �51�

where the 4 ´ 4 matrix X�a� whose components
are the cosine of the angle between the local coor-
dinates and the global coordinates is in the form

X�a� �

cos a sin a 0 0

ÿ sin a cos a 0 0

0 0 1 0

0 0 0 1

26664
37775: �52�

Using Eq. (51) we can evaluate the stress intensity
factors K� � (KII, KI, KIII, KD}T at the tips, e.g., at
the right tip (n� c) of the crack by following de®-
nition:

K� � lim
n!c�

���������������������
2P�nÿ c�

p
Pn�n�: �53�

Combined with the results of Eq. (51), one then
®nds

K� �
�����
p
4c

r
X�a�LH�c�: �54�

Thus the solution of the singular integral equation
enables the direct determination of the stress inten-
sity factors.

5. Numerical example

As an illustration, consider a piezoelectric ce-
ramic (BaTiO3) plate with a crack of length 2c
and an elliptic shape shown in Fig. 2, in which
x10� 0, x20� 2b and c/b� 0.5. The properties of
the plate are given by (Dunn, 1993):

C1111 � 150 GPa;

C1122 � 66 GPa;

C1133 � 66 GPa;

C3333 � 146 GPa;

C2323 � 44 GPa;

a11 � 8:53� 10ÿ6=K;

a33 � 1:99� 10ÿ6=K;

k3 � 0:133� 105N=C K;

e311 � ÿ4:35 C=m2;

e333 � 17:5 C=m2;

e113 � 11:4 C=m2;

j11 � 1115j0;

j33 � 1260j0;

j0 � 8:85� 10ÿ12 C2=N m2;

�55�

where a11 and a33 are thermal expansion constants,
k3 is a pyroelectric constant. a (� {a11 a33 k3}T)
have the relation with c (� {c11 c33 v3}T) as
a�Eÿ1c. The components of the E matrix can
be found in Eq. (4).

Since the values of the coe�cient of heat con-
duction for BaTiO3 could not be found in the liter-
ature, k33/k11� 1.5 and k13� 0 are assumed.

In our analysis, the plane strain deformation is
assumed and the crack lines are assumed to be in
the x1±x3 plane, i.e., D2� u2� 0. Therefore the
stress intensity factor vector K� now has only three
components (KI, KIII, KD). Fig. 3 shows the nu-
merical results for the coe�cients of stress intensi-
ty factors bi versus the crack orientation a, where
bi are de®ned by

KI�B� � h20c
�����
pc
p

c33b1�a�=k;

KIII�B� � h20c
�����
pc
p

c11b2�a�=k;

KD�B� � h20c
�����
pc
p

v3bD�a�=k:

�56�

It can be seen from Fig. 3 that all the coe�cients bi

decrease along with the increase of the crack orien-

Fig. 3. SED intensity factors versus crack angle.
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tation a and reach their minimum values at
a� 90°.

Further, to study the e�ects of coupling of the
piezoelectricity on fracture behavior, the results
of SED intensity factors versus the piezoelectric
constant, say, e113, has been provided. In the calcu-
lation, we still adopt the material properties given
in Eq. (55), but let e113 be variable. Fig. 4 shows
that SED intensity factors versus e113 when
a � 0�. It can be seen from Fig. 4 that the piezo-
electric constant e113 has an e�ect on KD in some
extent, but has very little e�ect on KI and KIII in
the loading case of remote heat ¯ow.

6. Conclusion

This work presented Green's functions in
closed-form for the problem of a thermo-piezo-
electric solid with an elliptic hole induced by tem-
perature discontinuity. The derivation is based on
Stroh's formalism and complex conformal map-
ping. The Green's function satisfy free-traction-
charge as well as thermal-insulated conditions
along the hole boundary. Using the Green's func-
tion, a system of singular integral equations for the
unknown temperature discontinuity de®ned on
crack faces is developed to study the interaction
between crack and elliptic hole. Numerical results
of SED intensity factors for an in®nite plate with
one crack and an elliptic hole are presented to il-
lustrate the application of the proposed formula-
tion. The numerical results show that all the
coe�cients bi decrease along with the increase of
the crack orientation a and reach their minimum

values at a� 90°. The results also indicate that
the piezoelectric constant e113 has an e�ect on KD

in some extent, but has very little e�ect on KI

and KIII for the loading case of remote heat ¯ow.
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