theoretical and
applied fracture

mechanics

ELSEVIER

Theoretical and Applied Fracture Mechanics 29 (1998) 141-150

Multiple cracks in thermoelectroelastic bimaterials
Q.H. Qin *, Y.W. Mai

Department of Mechanical Engineering, University of Sydney, Sydney, NSW 2006, Australia

Abstract

The formulation for thermal stress and electric displacement in an infinite thermopiezoelectric plate with an interface
and multiple cracks is presented. Using Green’s function approach and the principle of superposition, a system of sin-
gular integral equations for the unknown temperature discontinuity defined on each crack face is developed and solved
numerically. The formulation can then be used to calculate some fracture parameters such as the stress—electric dis-
placement and strain energy density factor. The direction of crack growth for many cracks in thermopiezoelectric bima-
terials is predicted by way of the strain energy density theory. Numerical results for stress—electric displacement factors
and crack growth direction at a particular crack tip in two crack system of bimaterials are presented to illustrate the

application of the proposed formulation. © 1998 Elsevier Science Ltd. All rights reserved.

1. Introduction

The analysis of multiple cracks in an infinite
thermopiezoelectric solid is of considerable impor-
tance in the field of fracture mechanics. Stress
analysis of the multiple crack problems in isotropic
materials has been done by many researchers, such
as those in [1-3]. A historical review of this topic
was given in [4].

For anisotropic materials, a solution for collin-
ear cracks in an infinite plate was obtained [5].
Treated in [6] is the elastic interaction between a
main crack and a parallel micro-crack in an ortho-
tropic plate. Based on the strain energy density cri-
terion, the direction of initial crack growth of two
interacting cracks in an anisotropic solid was also
studied [7]. Unlike the case of anisotropic elastici-
ty, relatively little work has been done for the anal-
ysis of multiple crack problems in piezoelectric
materials. This work is a continuation of our pre-
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vious studies [8,9]. In this paper, Green’s function
for bimaterials and the principle of superposition
are used to study thermoelectroelastic behaviour
of multiple crack in an infinite bimaterial solid.
The geometry of the problem is shown in Fig. 1.
After introducing the extended Stroh formalism
and the thermoelectroelastic Green’s function for
bimaterials, a system of singular integral equations
for the unknown thermal analog of dislocation
density defined on crack faces is derived by using
the principle of superposition. The integral equa-
tions are solved numerically and used to calculate
SED intensity factors and strain energy density
factor. The direction of crack growth for many
cracks in thermopiezoelectric bimaterials is then
predicted by way of the strain energy density the-
ory. One numerical example is considered to illus-
trate application of the proposed formulation.

2. Basic formulation

Summarized briefly are the governing equations
of 2D piezoelectricity and some descriptions on the
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Fig. 1. Geometry of multiple cracks in bimaterial.

multiple crack problem. Throughout this paper the
shorthand notation introduced in [10] and fixed
Cartesian coordinate system (x;,xp,x3) will be
adopted. Lower case Latin subscripts will always
range from 1 to 3, upper case Latin subscripts will
range from 1 to 4 and the summation convention
will be used for repeating subscripts unless it is
otherwise indicated. In the stationary case when
no free electric charge, body force and heat source
are assumed to exist, the complete set of governing
equations for uncoupled thermo-electroelastic
problems are [11]

hi,i = 07 HiJ,i =0 (1)

together with

h; = _kijoi‘jv I1;; = Ejjgmiig m — %0, (2)
in which
ijs '7J: 172737
m, =47 (3)
D, J=4, i=12,3
Up, J = 1a2a3a
Uuy; =
9, J=—4,
¥ {sz i,J =123,
Yol J=4 =123,
Cijkma i,J,K,m= 172737
€mijs =7 iaJvm:172737
EiJKm: ! (4)

K=4
€ikm s J:47 i>K7m:1>2737
J

—Kim,

where 6 and h; are temperature change and heat
flux, u;, 9, 6;; and D; are elastic displacement, elec-
tric potential, stress and electric displacement,
Cijkm, e and k;; are elastic moduli, piezoelectric
and dielectric constants, and k;;,7;; and y; are the
coefficients of heat conduction, thermal-stress
constants and pyroelectric constants, respectively.
A general solution to Eq. (1) can be expressed as
[12]

T = Imlg/ (=),
w = Im[AF(z)q + eg (=) )
with

A =[A 1A A; Ay,
f(z) = diag[f (z1)/ (22) (z3)f (24)],

T
9={q91 9293 qs} ",
Zp = X1 + X2,
Z; = X| + pixa,
in which “Im” stands for the imaginary part of a
complex, the prime (') denotes differentiation with
the argument, g and f are arbitrary functions to be
determined, p;, 7, A and ¢ are constants determined
by
kT + (kip + ka1 )T + ki = 0,
[Q+ (R+R")p: + Tpj]A; = 0, (6)
[Q+ (R +RY)7+Telle =y, + 105,
in which superscript “T”’ denotes the transpose, y;

are 4 x 1 vectors, and Q, R and T are 4 x 4 matri-
ces defined by
%= v n}
(Q)IK = Eiki1, (R)IK = Exa, (T)IK = Eyko.

(7)
The heat flux, h, and the stress—electric dis-
placement I, obtained from Eq. (2) can be written
as

hi = —Im[(k;y + thp)g" (z.)], (8a)
Iy =~y Iy =¢,, (8b)

where ¢ is the SED function given as

¢ = Im[Bf(z) + dg(z,)] )
with
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B =R"'A + TAP = —(QA + RAP)P ',
P = diag[p: p» p3 p4],

d=R"+1T)c -y, = —(Q+tR)e/t+x /7.

(10)
Green’s function used in this paper is described
as follows. For a bimaterial plate, the basic solu-

tions due to a discrete temperature discontinuity

o(f) magnitude 6, at a point in material 1,
(1
Z

= %1 + 1(Vx,, are given by [8]
0V = OyIm(Iny!" + by In yi") /27, (11)
0
n_ Yo (1)
WY = =32 tm] () + <Ok (154" = 515" ) .
(12)
U0 = 2 m{AVT)g, + e [ (In " 1)
+b1y2”(1n o 1)} } (13)
¢! = Im{B £(z")q, +dVpi" (Inyf” 1)

+b1yz [(Inyy” = 1]} (14)
for Im(z") > 0, and

0@ — by0y Im(ln y§2)>/2n7 (1)
o by k7 + 1Pk 1
hi = _FI o | (16)

N

U = Im[AP(z?)q,]
200

20 P(no? —D) (1)

¢ = Im[Bf(z%)q,]
b0
+ = Im{d @y (In y” — 1)} (18)
for Im(z*)) < 0, where

£(z) = diag[f ("), £ 05"), £ ), £ 5]
(i=1,2) (19)

q = [B(l) _ B(Z)A(Z)*IA(I)]*I{[bzd@) + b]a(l) _ d(l)]
—_B@A®-! [bzc(z) +be? — c(l)]}, (20)

0o

_ DAM-14@ _ g@-!
q; 27'5[ ]
x {[:d® + byd" —a"]
— B“)A“H[bzc(z) + [blé“) — c(l)]} (21)
together with
2 1
. ;D
Y
, 2k
2=, 00 22
KD 4 i) (22)
40 = T G, =2
W=z -2 f()=y(lny-—1),
WO =050 gy 0%,

(k=1,2,3,4,i=1,2), (23)

where the superscripts (1) and (2) label the quanti-
ties relating to the materials 1 and 2. Similarly,
Green’s function due to a discrete temperature dis-
continuity applied at a point located in material 2
may be obtained.

In what follows, formulation will be derived for
an infinite thermopiezoelectric plate of bimaterials
with N arbitrary located cracks 2¢;(i = 1,2,...,N)
in the plane (x;,x;) and subjected to remote heat
flow hg. The configuration of the crack system is
shown in Fig. 1.

Assume that all cracks are located in material 1
and material 2 has no crack. The assumption is
only for simplifying the ensuing writing and the ex-
tension to the case of cracks in the whole plane is
straightforward. The central point of ith crack is
denoted as (x);,x,;) and the orientation angle is de-
noted as o; (see Fig. 1). The cracks are initially as-
sumed to remain open and hence be free of
tractions and charges, and to prevent the transfer
of heat between their faces. The corresponding
boundaries are, then, as follows

On the faces of each crack i

tm = —H sin o; + Hém cos o; =0,
hm. = —hl sin o; + hgl) coso; =0 (24)
(i=1,2,...,N).

At infinity
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hyY =hy, N =IIY =h=0, (25)
where n stands for the normal direction to the low-
er face of a crack, t, is the surface traction and
charge vector acting on the ith crack,
Il; = {01 6 03 Di}T-

It is convenient to represent the solution as the
sum of a uniform heat flux in an unflawed solid
(which involves no thermal stress) and a corrective
solution in which the boundary conditions are

On the faces of each crack i:

) = —1151) sin o; + l'[g1> cos o; =0, (26a)

ALY = —n\Y sin o + 1) cos o; = —hy cos o
(i=1,2,...,N). (26b)
At infinity

O =Y =h=hr=0 (27)

3. Singular integral equations for many cracks in
bimaterials

Using the principle of superposition [2], the
present problem shown in Fig. 1 is decomposed
into N subproblems, each of which contains one
single crack. The boundary conditions given by
Eq. (26b), can be satisfied by redefining the dis-
crete Green’s functions 0y in Eq. (12) in terms of
distributing Green’s functions 0,(¢) defined alon%
a given crack line, such as crack i,z = zf,o
iz, 2V =24z, where 2 = xp; 4 1Vxy;,
zi =cos o; + 1V sin o;, and o; are shown in
Fig. 1. Enforcing the satisfaction of the applied
heat flux conditions on each crack face, a system
of singular integral equations for Green’s function
is obtained as

¢i

1 0u(e) ] X
;Re /ﬂ?iéé)idfﬁ-/eoi(ij){ Z Koij(n;, &)

i J=1j#i

—c;

(i=1,2,...,N) (28)

N
2hy cos o;
+ E Goij(n; fj)}déj = 4/{(1)
=

in which the kernel function Ky; and Gy; are two
regular known functions and given by

*

Z,.
Koii(n,, &) = 1 ,
03 (11 ) zp +nzi — 20 — &z (29)
Go(n:, ;) = Lt
ij\'li» 5 Z(t)l_’_,/llz;*l—zg—éjz;?

where “Re” stands for the real part of a complex
number.

In addition to Eq. (28), the single valuedness of
the temperature around a closed contour sur-
rounding the whole crack requires that
/00,-(s) ds=0 (i=1,2,...,N). (30)

For convenience, normalize the interval (—c;,¢;)
by the change of variables;
(i=1,2,...,N). (31)

n; = CiSoi, & =cs;

If we retain the same symbols for the new func-
tions caused by the change of the variables,
Egs. (28) and (30) can be rewritten as

1
1 9()[(.9,’) N
;Re /So,- _S>ds,<+/{ Z Koij(s0i» 57)

. ~ U=ly#

+ZG0ij(S0i7 Sj) }OOj(Sj) dsj
=1

_ 2hy cos o;
K"

/eol-(sl-) ds; =0 (i=1,2,...,N). (33)

The coupled singular integral equations for the
temperature dislocation density in Eq. (32) com-
bined with Eq. (33) can be solved numerically
[13]. Since the solution for the functions, 6y;(&),
have a square root singular at each crack tip, it
is more efficient for the numerical calculations by
letting

o (e) = 2O _ 2o By Ti(0)
0i 02_52 ¢ ,—l—tz )

1

(34)
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where 0,(¢) is a regular function defined in the in-
terval |¢| < 1, B;; are the real unknown coefficients,
and T;(¢) the Chebyshev polynomials of first kind.
Thus the discretized form of Egs. (32) and (33)
may be written as [13]

S/k
Re E E KOz] SOzraSjk
I’l Ci SOH _Slk

J=1J#

O(s;
+ZG0ij(S0ir7sjk)} '/('/k)

=1 Cj

_ 2hgcosa
K

k=1
where
[ 2k —1)n }
Sik = Sjk = COS ey m),

Soir = cos (rm/m) (r L,2,...,m—1).
(36)

Eq. (35) provides a system of N x m linear alge-
braic equations to determine the coefficients B;;.
Once the function ©;(¢) has been found, the corre-
sponding stress—electric displacements can be giv-

en from Eqgs. (8b) and (14) as

(1)<ln z;)q,;

+w%munﬁy+mAnﬂﬂau@dg
71 = Zlm/

+d (ln yl,- +b;; In J/2i )} 00:(&;) d&;,

Hg = ln Z)qy;

(37)
where
(In z;) = dlag{ln yh ' In J’2z ) In J’s; ) In )’41 ]
(38)

Thus the traction-charge vector on the ith crack
faces is of the form

t(n,) = —EJJQM#HQ%M%%

S [0
_h;m/[

—¢;

(I cosa + P sing;)(In z;)q,

+dM(coso, + Vsine)(In yi) + bljyéjl.))}
x 00;(&;) d¢&;. (39)

Generally t°(7;) #0 on the ith crack faces
|n;] < ¢;. To satisty the traction-charge free condi-
tion (26a), superpose a solution of the corre-
sponding isothermal problem with a traction-
charge vector equal and opposite to that of
Eq. (39) in the range |n;| < ¢;. The elastic solution
for a singular dislocation of strength by obtained
in [14] is adopted. This solution can be straight-
forwardly extended to the case of electroelastic

problem as
O =z )BT by

1 BN M
EEEEANN [B
w2

1 N 4 R B B
—=>">im [B<1>P<‘><(z§.” — %) 1>B*15B<1)Tb0,-,

=1 p=1
(40)
) = %XN:Im [B<‘><(z§” - éj,.)*‘>B<l>T} by,
i=1
i XN:iIm [B(l)<(zﬁ‘l> —Zp)”" >B*I/fB(I)Tbom
[y
(41)

where I; = diag[o1s dop 035 ap], 05, =1 for i=j;
0; =0 for i # j, and

Zg = Xy +ﬁ;;)x2,- + &(cos o +p};> sin o),
(()) =diag[( ); ( )y ()3 ()al;

B =BV I—-2M;" + M; ) 'L
with

M, = —iBYAV!
L = -2B"B"T

(j: 1’2)3

Therefore the boundary condition (26a) will be
satisfied if
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i A

/b()z 5%) dé, +/00, ){zN:Kozi(VInfj)

+ZG0ij(’7i7 é/)} déj = _tgi(ni)
=1
(i=1,2,...,N), (42)
where
K. N — lBU) * (0 0
0 (M, &;) = pu Z (2 + iz — Zyj

s\ —1
~&2) >B(1)T7
1 4
GO’] 171) i) = EZB <Zk1 Zki + nlzkt
=1

2+ &7, BB
with

0 (1)

* (1)
zy,; = COSO; + pp " SING;,  zy, = X1; + Py X

For single valued displacements and electric po-
tential around a closed contour surrounding the
whole ith crack, the following conditions have also
to be satisfied:

/ boi(&) dé = 0. (44)

As was done previously, let n; = ¢;s0;, & = i),
and

‘ > EuTi(t)
bOi(é) = G)Zl(é) ) kzl\/l_:? ) (45)

where Ey = {E1, Eu,Eus, Eqa}'. Thus, from
Eqgs. (42) and (44), we obtain

m 1 L@ Slk
Z m { Z KOIJ SO:;,SJ/(

k=1 j=1j#i

+iG0ij(SOira Sjk)} QjESjk)‘| = —tgi(SOir); (46)

=1 J

> 0(sk) =0
k=1

Eq. (46) provide a system of 4N x m linear alge-
braic equations to determine @(ct;) and then E;.
Once the function @;(s;) has been found from
E(} (46), the stresses and electric displacements,

IT, ' (1;), in a coordinate local to the crack line
can be expressed in the form

L [ by(E
) - 0| 5= [ 22 g
Cj’
/bO/ { Z KOU 177»
J=lj#

=<

N
+ZGoz/('7n 5,‘)} dé; + tgi(’/’i)
=1

(i=1,2,...,N), (47)

where the 4 x 4 matrix Q(a;) whose components
are the cosine of the angle between the local coor-
dinates and the global coordinates is in the form

coso; sinoy, O O
—sina; cose; O O
0 0 1 0

0 0 0 1

The formulae for the stress and electric displa-
cement intensity factors, K* = (KH,KI,KIH,KD}T,
at a given crack tip, e.g., at the right tip of ith
crack (n; = ¢;) can be evaluated by first consider-
ing the traction and surface charge on the crack
line and very near the crack tip (5, — ¢;) which is
given, from Eq. (47)

Q(z) = (48)

@,‘(C,‘)
8ci(n; — i) .
(49)
Using Eq. (49), the stress—displacement intensi-
ty factors may be evaluated by the following defi-
nition
K(c;) = {KuKiKmKpn} " (c;)
= lim \/2n(n; — c,»)l‘[f,:.)(n,.). (50)

ni—=¢i

Combined with the results of Eq. (49), one then
leads to
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K(¢;) ~ \/%Q(oci)LOi(ci). (51)

Thus the solution of the singular integral equation
enables the direct determination of the stress inten-
sity factors.

4. Direction of crack initiation

The strain energy density criterion [15] will be
used to predict the direction of crack initiation in
the thermopiezoelectric bimaterials. To make the
derivation tractable, the crack tip fields are first
studied. In doing this, a polar coordinate system
(r,w) centered at a given crack tip, say the right
tip of ith crack (xi,x) = (x;; + ¢; cos o, xy+
¢; sin ;) and w = 0 along the crack line is used
and then the variable z; becomes

2 =20 + ¢zl + r[cos (o + @) + pl) sin (o + ).
(52)
With this coordinate system, stress—electric dis-
placement helds near the crack tip can be evaluat-

ed by taking the asymptotic limit of Eq. (47) and
using expressions (40) and (41) as r — 0

Iy (r, o)

1 p(l)
5 im B —* BYT|0,(c;)
i 2 ()2 (04 + )

Q

where z;(x) = cos x +p,(€” sin x.

For a thermopiezoelectric material, the strain
energy density factor S(w) can be calculated by
considering the related thermoelectroelastic poten-
tial energy W. The relationship between the two
functions is as follows:

S(w) = rW = r{I1,11,} "F{I1,11,} )2, (55)

where the matrix F is the inverse of stiffness matrix
E. The substitution of Egs. (53) and (54) into
Eq. (55), leads to

Si(@) = {V1; Vo } ' F{V;Va;} /4. (56)

Referring to the works in [16] the strain energy
density criterion states that the direction of crack
initiation coincides with the direction of the strain
energy density factor Sy, i.€., a necessary and suf-
ficient condition of crack growth in the angle w, is
that

g—i - =0, (57a)

and

a’S

2, > 0. (57b)
Substituting Eq. (56) into Eq. (57a), yields

{(ViiV2} FO{V, V5 } /0o = 0. (58)

Solving Eq. (58), several roots of w may be ob-
tained. The angle wy, will be the one satisfying
Eq. (57b).

5. Numerical example
As numerical illustration of the proposed for-

mulation, we consider a thermopiezoelectric bima-
terial plate with two cracks of the same length 2¢

/ an
Crack 1 VIIBJ,T

Cr.
Al 2c
! e
Interface *

77 7 'J

Fig. 2. Geometry of bimaterial with two cracks for d/c¢ = 2 and
e —=_c.
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and its interface coinsided with x;-axis shown in
Fig. 2. The configuration of the crack system is
given in Fig. 2. The upper and lower materials
are assumed to be BaTiO; [17] and cadmium sel-
enide [18], respectively. The material constants
for the two mateials are as follows:(1) Material
properties for BaTiO; [17]

¢ = 150 GPa, ¢, = 66 GPa,
¢33 = 146 GPa, ¢y = 44 GPa,
a; =853 x 10 K™, 053 =1.99x 10K,
J3 = 0.133 x 10° N/CK,

ey = —4.35C/m?, ey =17.5C/m?,

e;s = 11.4C/m*  x; = 1115k,

K3y = 1260y, Ko = 8.85 x 1072 C*/Nm*.  (59)

Ci3 = 66 GPa,

(2) Material properties for Cadmium Selenide [18]

Cl1 = 74.1 GPa7 Clp = 45.2 GPa,
C13 = 39.3 GPa, C33 = 83.6 GPa,
Cyqq4 = 13.2 GPa,

711 = 0.621 x 10° N/Km?,

73 = 0.551 x 10° N/Km®, 3 = —0.294 C/Km’,

1,2,D)

€3] = —0.160 C/I’Ilz, €33 = 0.347 C/l’I127
es = 0.138 C/m?, k;; = 82.6 x 10712C*/Nm?,
K33 = 90.3 x 1072 C2/Nm”. (60)

Since the values of the coefficient of heat con-
duction both for BaTiO; and Cadmium Selenide
could not be found in the literature, the value
K kD) =15 63 kD =2 and &) = &2 =0 are
assumed.

In our analysis, the plane strain deformation is
considered and the crack line is assumed to be in
the x;—x3; plane, i.e., D, = u, = 0. Therefore the
stress intensity factor vector K* has now only three
components (Ki, Ky, Kp). Fig. 3 shows the numer-
ical results for the coefficients of stress—electric in-
tensity factors f; versus the crack orientation o,
where f3; are defined by

Ki(B) = hoey/me)\) By () /KL,
K (B) = hocﬁyg?m(“)/k;])’
Kp(B) = hoey/mery) B (o) /K", (61)

It can be seen from Fig. 3 that the coefficient f3,
will decrease slowly along with the increase of the
crack orientation o, while i, will increase weakly

"o 20 40
Crack angle ¢ (deg.)

Stress-electric displ. coefficient Bi (i

60 80 100

Fig. 3. Stress—electric displacement intensity factors versus crack angle.
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35

Fracture angle W, (deg.)

1 s 1 _J
80 100

-65 1 1 '
0 20 40 60
Crack angle (¢ (deg.)

Fig. 4. Fracture angle versus crack angle.

along with the increase of the crack orientation .
Unlike the previous two parameters, 3, reaches its
peak value at about o« = 43° and is insensitive to
changes of the orientation «. Fig. 4 shows the vari-
ation of fracture angle w, with the crack orienta-
tion o. It is found from the figure that the
fracture angle w, varies between —59° and —38°
and reach its peak value at about o = 38°.

6. Conclusion

This investigation presented a formulation for
the problem of a thermopiezoelectric bimaterial
plate with multiple cracks. A system of singular in-
tegral equations is developed with the aid of
Green’s function approach and the principle of su-
perposition. Solutions for the thermal, electric and
elastic fields are then obtained for multiple cracks
in an infinite themopiezoelectric bimaterial plate
subjected to far heat flux disturbances. For an in-
finite plate with two cracks (one is in horizontal di-
rection and another is in arbitrary orientation) in a
bimaterial plate, the numerical results show that
the crack orientation o has a weak effect on the
values of f3,. While both f, and f, varies quasi-lin-
early with the crack orientation «. The numerical
results also show that the fracture angle w, varies
between —59° and —38° and reaches its peak value
at about o = 38°.
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