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FRACTURE AND DAMAGE ANALYSIS OF A CRACKED
BODY BY A NEW BOUNDARY ELEMENT MODEL

Q. H. QIN* AND S. W. YU
Dept. of Eng. Mechanics, Tsinghua University, Beijing, 100084, P. R. China

SUMMARY

Based on the concept of discontinuity displacement, an analytical solution for cracked thin plates has been
derived in which displacements and stresses in a solid can be expressed by the linear distributed discontinuity
displacements on the whole boundary. By way of the potential variational principle and the analytical
solution newly developed, a boundary element model for 2D multiple crack problems has been presented
and applied to fracture and damage analysis of thin plates with many cracks. Two numerical examples are
considered to illustrate applications of the proposed element model. © 1997 by John Wiley & Sons, Ltd.
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1. INTRODUCTION

The numerical models of brittle materials with many cracks are of considerable interest to
engineers and have consequently received a great deal of attention.! Current research into the
development of efficient methods for crack problems to evaluate the fracture behaviour has
mostly concentrated on the self-consistent method,? differential scheme,® Mori—Tanaka method,*
generalized self-consistent method,® dislocation method,® displacement discontinuity method,”®
finite element method (FEM)!? and boundary element method.!® Of all the methods, FEM and
the boundary element methods are the most versatile, but the main disadvantage of FEM is that a
domain discretization is required to perform the analysis. Moreover, in some cases, it results in
both an inaccurate and expensive technique, especially in solving crack problems. On the other
hand, the boundary element method involves only discretization of the boundary of the structure
due to the governing differential equation being satisfied exactly inside the domain leading to a
relatively smaller system size with sufficient accuracy. This is an important advantage over
‘domain’ type solutions, such as FEM or the finite difference method.

This study presents a new formulation about the displacement discontinuity method, which is
the extension of Crouch’s solution from a constant element to a linear element.” The formulation
is based on the analytical solution to the problem of a linearly varying discontinuity in
displacement over a finite line segment in the x, y plane of an infinite elastics solid developed in
Section 2. Using the solution, the stress intensity factor (SIF) and effective material properties of
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a cracked solid are obtained. It forms the basis of understanding of the statistics of microcracks in
composite materials.

2. STATEMENT OF THE PROBLEM
2.1. Basic relations

Consider a two-dimensional elastic body inside of which there exist a number of microcracks with
arbitrary orientations and sizes. Throughout this paper, indices i and j have values in the range
{1,2} and the summation convention is used over repeated indices. The problem may then be
stated as:

cij; =0 in Q (1)
Di = Ojh = T; on I, (2)

U = il onT, 3)
Pilrr = —pilr; on I'] 4)
Ui = ui|p+ —uilr- only (5)

where o;; denotes the stress tensor, #; is the unit normal to the boundary dQ(Q = I'; UT, UT,),
I, and I, are the boundaries on which the stresses and displacements are prescribed, respect-
ively, I't = I'] UTY designates the crack surface, u; is the displacement vector, the over bar
denotes the prescribed variable, and I',” and ', are shown in Figure 1.

Q +
I-‘.
C——_——
-

Figure 1. The configuration of the solid

2.2. Boundary element formulation

For the boundary value problem (1)—(5), the standard boundary integral equations can be
obtained by using the principle of potential energy,®

1 -
5H(ﬁ,) = E/Q(éR[&i's + R,'élj{,'“g) ds — /I: T,‘(Sﬁ,‘ ds =0 (6)
8 o

in which ¢ denotes a variational symbol, a comma followed by an argument stands for
differentiation with respect to the argument, s is the arc variable on the boundary, and

Ri = /O-ifn/ ds (7)

The analytical solution of (6) is not, in general, possible, and therefore a numerical procedure
must be used to solve the equation. As in the conventional boundary element method, the
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Figure 2. The definitions for /", /;” and F(s)

boundary integral equation (6) is approximated by using the BE technique with N boundary
elements, and the unknown variable, #;, in each element is interpolated by some shape
functions. As an illustration, consider a particular crack line, say the jth crack, in the region Q,
and then divide the line into M; straight segments, joined end to end. The displacement
discontinuity (a4 = {i;, i»}) may then be approximated by the sum of elemental displacement
discontinuities

M;

i(s) = > a0 F(s) ®)

k=1

where 4% is the vector of discontinuity displacements at node k, and Fy(s) is a global shape
function associated with the kth node. Fy is zero-valued over the whole mesh except within two
elements connected to the kth node (see Figure 2). Over these two elements Fy(s) is assumed to
be linear, i.e.

Iklj_s if §<0
_ k
O VR ©)
Ir -

As was done in Reference 7, the resultant force R;(x,y), displacement u;(x,y) and
stress g;(x, y) can be deduced from a particular function, say ¢,,(x, y). The function is deter-
mined by

i
dn(t =2 - D [T @i — o +)7) de (10)

Yy W Ji-

Substituting (8) into (10) and noting that
fgln[(x—5)2+y2] dé = [(%lnzdz—i—xlnzdé)
%/hﬂx—@2+ﬁhﬁzyum—(;%z)—ax—ﬁmv—ff+yﬁ—f (11)
with

z=(x—&*+)?
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we have

(17 + X))y, af 1y _
= L Tyt e N _
Onx ) = iy | e () Ty e <x) /i

l

+ (x4 ) /(x + L) 432 — xIn /X2 42

G =X [ e
Py P o) e (}) -4

—(x =D J(x = [ + 32 + xIn /x2 4 2

A

uim 2 2 2 2 _ _0
T T6a(l = i (O TIIICE 457 4 2407 + ()

— [ + 1)+ [ + 1) + 7]
l:\ll‘ﬂ

~16n(1 — vt

+ 17 = 7 + Y In[(x* — 7)) + 7))

(=% + D) + %) 4 2315 — (7)?

(12)

Note that the formulation developed above is based on the analytical solution to the problem
of a linear displacement discontinuity over an arbitrarily oriented, finite line segment in an
infinite solid. In applications, it proves useful to express this solution in the global co-ordinate
system, which can be done with the aid of a simple co-ordinate transformation. Denoting the
local and global Cartesian co-ordinate systems by (x, y) and (X, Y) illustrated in Figure 3, the

local co-ordinates (x, y) are related to the global co-ordinates (X, Y) by

x = (X —cyecos 0+ (Y —c)sin 0
y= —(X —c¢ysin 0 4+ (Y — ¢,)cos 0

where cy, ¢, and 0 are defined in Figure 3.

Y
A y

Cy

> X

Figure 3. The local and global co-ordinate systems

(13)
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Correspondingly, the displacements and stresses in two co-ordinate systems are related by

uy = uyx cos 0 — u, sin 0

uy = uy sin 0 4 u, cos 0
Oxy = Oxy COS% 0 — 20,y cos 0 sin 0 + oy, sin® 6

oxy = (0xx — 0yy)cos 0 sin 0 + axy(cos2 0 — sin® 0)

Gyy = Oy Sin° 0 + 26,y cos 0 sin 0 + gy, cos® 0 (14)

Substituting (8) into (6) and noting (14), one obtains
KD’ = F! (15)

where D/ = {ﬁf(z}{,}T is the nodal displacement discontinuity vector in the global co-ordinate
system, E; and E} are two elements connected to the Jth node: E; is to the left and E} to the
right, /;” and l,-+ stand for their length, and

K7 = HTK,;H

cos 0 sin 6
H = )
[ —sin 6 cos 9]

1% I / [Cix Ci}}d | / [Cix Ciy}d
U= 3= S =¥ S
l./ E; C{w Cj y l/Jr Ef CI CI )

Fl = HT/ T(s)F(s)ds
E;UE}

Clo= —26(¢'. +y¢',), CL = -2Gy¢’,
cl.=cl,. cl = 2G(y¢{xy —¢") (16)

with
¢! (x,y) = @ ¢'(x,y) (I not summed)

Solving (15), the displacement discontinuities of the whole structure are obtained and then other
field variables can be evaluated from u;.

3. OVERALL MODULI AND STRESS INTENSITY FACTORS
3.1. Overall moduli

The effective mechanical properties due to the presence of microcracks are discussed in this sub-
section. Consider a rectangular element with area 4, bounded by the exterior I" and weakened by
many cracks with lengths /; (k = 1,..., N; see Figure 4). The strain—stress relation for the
cracked element can be written as

- - 1 al / 7 / I —~
gj = sg.klak; + ﬂZ[(bki”j + byn;) d/ = (sg-k/ + s;;k,)akg 17
k=17l
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Figure 4. Load configuration of the cracked body

0
where s,

is the compliance tensor of the undamaged solid, and b}c,- and n/, are, respectively, the

displacement discontinuity and the normal to the kth crack faces, &; and ;; the average strain and
stress tensors over the area A, and the prime refers to the co-ordinate system local to the crack in
which the x;-axis coincides with the crack line. Consider further, following three loading cases
(see Figure 4), the related components of the inelastic compliance, given by

S11 S1111 1| oen

So1 ¢ =4 011 ¢ = P €22
) 1

Se1 S1211 212

for the load case in Figure 5(a),
Sn| _ son] _ 1] e
AY5) S1222 oy | 2612 §,_,,
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0g=0]

(18)

(19)
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Figure 5. One crack in horizontal and another in inclined position

for Figure 5(b), and

2¢
Se6 = S1212 = —2 (20)
a3

0=03

for Figure 5(c), in which

I

& = — / i dl—/ i dlj| 21
AlJr, r.
T

&€ = — / LAtz d/ — / 1:\[2 dl] (22)
A LJT Ty
T

2810 = — / i d[—f i d[-{-fﬁzd[—/ LAlzdli| (23)
ALJr, Ty r. r,

3.2. Stress intensity factors

There are several ways for evaluating the stress intensity factors from the boundary element
method, such as extrapolation of displacement discontinuities to the crack tip, the J-integral, the
energy approach and the virtual crack extension technique. The last method is used to calculate
the stress intensity factors in our study. In this method, the change of U due to a particular crack
extension, say the kth crack, is evaluated by displacing the nodal points within the crack tip
element by an incremental distance d/;. Then the stress intensity factor can be calculated from the
strain energy release rate G using the relation

ou

A(K T + Kirgo) (24)
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in which 4 = (1 — v?)/E for plane strain, 4 = 1/E for plane stress, and dU stands for the
strain energies before and after the kth crack extension. Therefore, we have

_ v (m) (m)
Gy = 5l<k) -3 5lk2 / iy ds ~ — ST Z(z In) (25)

where #; is the traction vector. If the load is due to forces outside the crack tip element, we
have

1 X
Gy = =5 D 00 1y + 170" 51,) /5l (26)
m

K; may then be evaluated by

K3y = Z JA (i=1,1I) 27)
where
1222: 00,0,
2627
2
Unp~

\S) \

ZZ (k) ~ _(k) (k)l (28)
k

Jj=

4. NUMERICAL EXAMPLES

As an illustration, the proposed element model is applied to two numerical examples. In all
the calculations, we take A//l = 10~* and v = 0-3, and each crack is divided into ten elements.

Example 1. Consider an infinite thin plate weakened by two cracks (one crack in the horizontal
position and another in inclined angle «; see Figure 5). The plate is subjected to a far field as
shown in Figure 5. In the calculation, we take d = 1 and @ = 0-45 and each crack is divided into
ten elements. For the problem, it suffices to consider the associated problem in which crack
surfaces are subjected to an equivalent load. For example, for a particular crack, say the kth
crack, the equivalent loads acting at the crack surfaces are

t, = o cos 0
ty=—o0sin 0 (29)

where 1, and ¢, are the tractions in the normal and tangential directions of the crack line, and 0 is
defined in Figure 3. In this case the displacements and stresses at infinity are zero and we need not
consider the boundary at infinity.

Table I gives the variation of §; = K;/a./(na), i = IA, IIA, IB, IIB, IC, IIC, with the angle «,
and compares with the results in Reference 11. It can be seen from the Tables that, for a relatively
small number of elements, the results obtained are in good agreement with those given in
Reference 11.
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Table 1. The coeflicients f8; versus angle o in example 1

o Bia Bua Bis Bus Pic Pnc

Present 0° 1-1195 0 1-4732 0 1-4732 0

Ref. [11] 0° 1-1195 0 1-4732 0 1-4732 0

Present 30° 1-0942 —0-0483 1-3023 —0-0479 1-0358 0-5538
Ref. [11] 30° 1-0939 —0-0544 12933 —0-0522 1-0260 0-5501
Present 60° 1-0258 —0-0123 1-0762 —0-0029 0-3210 0-5322
Ref. [11] 60° 1-0300 —0-0116 1-0753 —0-0035 0-3133 0-5149
Present 90° 1-0032 0 1-0059 0 0-0375 0-0142
Ref. [11] 90° 1-0040 0 1-0071 0 0-0305 0-0133

Table 11. Sy, and S,, versus angle o

o 0° 30° 60° 90°
$11(1073) 9:100 9:082 9061 9.045
S (10-%) 9:018 9:024 9:032 9.044

Example 2: Consider again the two-crack solid in example 1, but with the solution domain taken
to be a square with side length = 20. In the calculation, the boundary of the square is modelled
by 40 elements and each crack is divided into ten elements. Table II displays the variation of
predicted S’n and 522 with angle o. The results seem to be reasonable. However, there are no
reference values of the effective compliance for this example.

5. CONCLUSIONS

A new boundary element model and a computer program for analysing plane problem with many
cracks have been developed in the paper. In this method, the displacement discontinuity (i.e. the
jump displacement across crack faces for cracks, the displacement for external boundary) is taken
as the basic unknown variable. Using Crouch’s method,” we obtain an analytical solution for the
plane problem of a linearly varying displacement discontinuity over a finite line segment in an
infinite elastic solid. With the solution, the SIF and overall moduli of a cracked body are
obtained. The formulation can be applied to both the infinite domain (example 1) and the finite
domain (example 2). It should be noted that the formulation is only valid for equal length
elements within each crack. However, the element length in one crack may be different from that
in another crack.
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