
BEM of postbuckling analysis of thin plates 

Qinghua Qin and Yuying Huang 

Department of Mechanics, Huazhong University of Science & Technology, Wuhan, 
People’s Republic of China 

A new fundamental solution of deflection for plate buckling problems is first derived through the 
separation of in-plane stresses into an essential part and a disturbed part and by use of the resolution 
theorem of differential operator. A set of new boundary element formulas for the analysis of post- 
buckling problems of elastic plates are presented. On the basis of these formulas, in-plane and out- 
of-plane displacements can be decoupled. The solution procedure for the boundary value problems of 
the in-plane displacement becomes very simple. Some examples of a circular plate are considered, 
and their results are in good agreement with the known ones. It appears that the proposed method is 
very effective for solving the postbuckling problem of plates with arbitrary geometry. 
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Introduction 

Recently, several researchers have studied finite de- 
formation behavior of plates by using the boundary 
element method (BEM). Kamiya et al.’ first presented 
an integral equation approach to the finite deflection 
of plates with the aid of Berger’s equation. The equa- 
tion is a quasi-linear one without introduction of the 
coupling between bending and in-plane deformation. 
The equation was originally derived by the variational 
calculus with unconditional disregard of the second 
invariant of membrane strains included in the strain 
energy expression. For this reason the applications are 
limited. Later on, Tanaka2 derived a coupled set of 
boundary and inner domain integral equations in terms 
of the stress and deflection functions based on von 
Karman’s equation. The integral equations have gen- 
erality in theory. However, his formulas could not han- 
dle such a category of problems in which the in-plane 
displacements rather than the in-plane stresses on the 
boundary are prescribed because there were no explicit 
expressions describing the relationship between the in- 
plane displacements and the stress function. 

is removed. Moreover, a new fundamental solution is 
also derived. With the aid of the boundary element 
formulas in incremental form obtained here, the BEM 
solution procedure can be greatly simplified. Finally, 
as an application of the proposed method, a number 
of numerical examples are illustrated. The results are 
in good agreement with already existing solutions. It 
appears that the proposed method is effective for solv- 
ing the problems mentioned above. 

Basic equations and their fundamental solution 

Basic equations 

In this paper, emphasis will put on a BEM solution 
of the postbuckling behavior of plates in which a set 
of three nonlinear integral equations in three displace- 
ment functions (U,, Ua, W) is obtained. Accordingly, 
the limitation of solution to the case in which the in- 
plane stresses on the boundary of a plate are prescribed 

Consider a thin isotropic plate of uniform thickness 
h and of arbitrary shape subjected to an external radial 
uniform compressive load, pO, per unit length at the 
boundary (Figure I). The material constants of the 
plate are represented by E (Young’s modulus) and v 
(Poisson’s ratio). We use a Cartesian coordinate system 
in which the x- and y-axes lie in the plate middle plane 

‘_ The field equations governing the postbuckling behav 
ior can be written as follows: 

N,,, + Nxy,y = 0 

N,,y + Nxv,x = 0 
DV4W + pOV2W 

(1 1 

= N,W,, + 2N,, W., + NV W,y? + 4 
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where N,, NY, and NX, represent the disturbed mem- 
brane force components, W is the deflection of the 
plate, D = (Eh3/12(1 - v2)) is the flexural rigidity, a 
comma followed by a subscript indicates partial dif- 
ferentiation with respect to that subscript, and V2 = 
( I., + ( ),yy. 
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relations into equations (l), we may obtain the follow- 
ing differential equations in three displacement func- 
tions (U,, U,, W): 

L,U, t L,U2 = P, 

L*U, + L3U2 = P2 
L4W= Pj 

(2) 

with 

Ll( ) = ( ),XX + d,( ),YY L?( ) = &( ).XY 

L,( ) = ( ),Y.Y + d,( ),, L4( ) = D(V4 + AV)( ) 

A2 = polD d, = (1 - vy2 d2 = (1 + 42 

in which U, and U2 represent the disturbed in-plane displacement components and P,, P2, and P3 are the pseudo- 
distributed load components defined by 

P, = - W,,(W,, + d, W,yJ - dz W.y W,,y 

f’2 = - W,.,M,y, + d, WA - d2 W,, W,,, 

P3 = JNU,., + o.~vxw,xx + VW.,) + (U*..v + o.~w~,Jw,~, + ~W,xx>~ 

+ J(1 - l-au, ,y + u,,_y + w,x W,d w,, + 4 

where dot and omitting the infinitesimal resulted from the 

Eh 
product of incremental variables, one obtains 

J=- 
1 - v2 L,i/, + Lzi/* =F, 

Since an incremental formulation may have a wider L20, + L3i/z = P* (3) 

applicability to higher nonlinear problem, it is neces- 
. 

sary to express equations (2) in the incremental form. 
L4W= P3 

Denoting the incremental variable by the superimposed where 

i’, = - hwV,xx + d, W,,,) - W,,(%x + d, w,y,) - 4 ~,,W,x, - 4 W,$Cx, 
& = -ki’._JW,yy + d, WJ - W,,#‘,.vy + d,%J - dz~,.rW,,, - O’,.r~.., 
i’, = J{<i/,,,, + w,x~,x)w.xx + VW,,,) + (U,,x + o.wN?xx + vq>y) 

+ w2.y + w,Jq,w,y, + CLWJJ + (U2.y + O.~W,)(~.v, + v~.x.Jl 

+ J(1 - 4 {O&v + 02.x + %W,, + Yx&)Yx, + (U,,, + U2,x + WY,)%,) + 4 

(4) 

It follows that equations (3) are linear with respect Fundamental solutions 
to the incremental variables. It is worthwhile to note 
that the total values at the current deformation state 

According to the BEM in 2-D elasticity the funda- 

under consideration are assumed to be known in the 
mental solution corresponding to the first two equa- 

incremental approach. 
tions of (3) is obviously Kelvin’s solution (for the plane 
stress case) as 

U$(r) = E[(3 - v)ln f 
0 

6, + (1 + v)r;r$ 

y’Q +i 
SL 

r 

L 

0 ix 

N;(r) = -$r,,[(l - v)Sij + 2(1 + v)rirj] (5) 

- (1 - V)(ritZj - rjni)] 

where the senses of all the notations are given in Ref. 
3. 

In the following, attention will be focused on seeking 
the fundamental solution W*, corresponding to the third 
equation of (3), which is defined by 

D(V4 + h2V2)W* 

= DV2(V2 + h*)W* = S(P,Q) (6) 

where 8(P, Q) is the Dirac a-function, and for the sake Figure 1. Geometry and loading 
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of brevity we set 

Q2W* = A (7) 

It follows from equation (6) that 

D(V* + A*)A = 8(P, Q) (8) 

The solution of (8) can be easily obtained as 

. A = N,(hr)/4D (9) 

in which r is the distance from the source point P to 
the field point Q under consideration and NO( ) is the 
Bessel function of zeroth order of the second kind. In 
a similar manner, set 

(02 + P)W* = B (10) 

Then we have 

DV2B = @P, Q) (11) 

By analogy with equation (9) the solution of equation 
(11) is 

B = In rl2rrD (12) 

Therefore subtracting equation (7) from equation (10) 
and according to equations (9) and (12), one yields the 
fundamental solution W*: 

W* = [2lnr/rr - No(Ar)]/4DA2 

Integral equation formulation 

(13) 

By virtue of Betti’s reciprocal theorem the integral 
equations corresponding to the postbuckling problems 
of elastic plates can be obtained in the following form: 

Cog - J [(lrJ(Q)u$<Py Q) - oj(Q)N,$(P, Q)l fl(Q) = pjCQ)Uz(P, Q> WQ> 
l- (1 

TV’)* + I [VW, Q@(Q) - WV, Q)&(Q) - k(Q>W*(P, Q> + n;l,(Q)WP, Q>l dr(Q) 
I- 

+ i lIAM,*,(P, Qi>Jv(Qj> - Atint W* (f’, Q,>l = J P, (Q>W* (P, Q> dQQ> (14) 
j=l n 

%w,,,” (P) + J [ K,, V’v Q)w(Q) - Wi,,,,, V’, Q>k (Q) - ~,,(QW+& V’, Q) 
I- 

+ ti, (Q>0&,(P, Q)l d- (Q) + i [AM* nr.no (P, Qj)*(Qj) - Ahnt <Qj>WI'& (f’, Qj)l 

= / & (Q,W%, V’, Q> dfi (Q> 
n 

where the repeated index j implies the Einstein sum- 
mation convention with j E { 1, 2}, II is the outward 
normal at the boundary I, no is the outward normal at 
the source point on I, A( )o, = ( )Q; - ( )e; is the 
discontinuity jump at the corner point Qj, ( )o; and 
( )a; stand for the quantities before and after the 
corner Qj, respectively, and k is the number of all the 
corners. According to the thin plate theory, the bend- 
ing moment M,* and the equivalent shear force V,* 
corresponding to the fundamental solution W* can be 
evaluated through the high-order derivatives of W*. 
The details can be found in Ref. 4. 

To obtain a weak solution of equations (14), as in 
the usual boundary element method the boundary I 
and the domain 0 of the plate are divided into a series 
of boundary elements and internal cells, respectively. 
After performing the discretization by use of various 
kinds of boundary elements (e.g., constant element, 
linear element, or high-order element), the boundary 
integral equations (14) become a set of linear algebraic 
equations including the incremental boundary vari- 
ables i/i, 02, &Ji, fi2, l@, &,, u,,, and ‘;I, for each 

loading step: 

[N V.8 - [Ql C&J = I&> W4 

[HI {A) + [ Gl IT} = O&I (15b) 

It can be seen from equations (4) that PI and &‘, depend 
only upon W. So as long as the value of iy in the domain 
LR is known .u priori, we can compute the pseudo-load- 
ing vector {R,}. After applying the boundary conditions 
and reordering equations (15a) and (15b) we obtain 

[El 03 = m (164 

[Fl {ti = vu (16b) 

where {A} contains the unknown in-plane displace- 
ments and tractions and {?} contains the unknown 
bending deflections and internal forces. For this case, 
all the coefficient matrices in equations (Isa) and (15b) 
can be determined in terms of the boundary integra- 
tions of the fundamental solutions (U$ and W*) and 
their higher-order derivatives with respect to the unit 
tangential vector and outward normal vector to the 
plate boundary. 
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Iterative solution 

By virtue of the property of equations (15a) and (15b) 
mentioned above, a reasonable iterative solution scheme 
is developed. In the process of iteration, only an initial 
value of lateral deflection of the plate is required be- 
cause {R,} in equation (Isa) and {R3} i.n equation (16a) 
are functions independent of U, and UZ. Suppose that 
U’rk), Uhk’, and Wk) express the kth approximations that 
can be obtained from the preceding cycle of iteration. 
For the purpose of the (k + 1)th solution the iterative 
procedure is illustrated as follows: 

5. 

6. 

Assume the initial value ri/, in R. 
Calculate {ri,} on the right-hand side of equation 
(15a) by means of equations (4) and (5). 
Calculate {RX} on the right-hand side of equation 
(16a) in view of the given boundary conditions. 
Solve equation (16a) for the boundary unknown 
vector {X} and then determine the values of U, and 
0, in R. 
Calculate {ii,} on the right-hand side of equation 
(16b) by means of equations (4), (14), and (15b) and 
the given boundary conditions. 
Solve equation (16b) for the boundary unknown 
vector {?} and then determine the values of W in 
1R. 
If ([W(i) - r;V,(i)]lW(i)~,,, I E (E is a convergence 
tolerance), proceed to the next loading step and 
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Wl(k+‘) = Wk’ + W. Otherwise, modify the initial 
value W0 and then continue the iteration. 

It is important to note that once the matrices [El 
and [F] in equations (16a) and (16b) have been formed, 
they can be stored in the core and used in each cycle 
of iteration without any change. That is because these 
matrices depend only upon the geometric and material 
parameters of plates. Obviously, it can save a large 
amount of computing time. 

Numerical examples 

To illustrate the efficiency and feasibility of the pro- 
posed method, some examples of circular plates with 
various boundary conditions subjected to an external 
radial, uniform, compressive load N,. at the boundary 
are considered. In all the computations, one quarter 
of the problems are analyzed. To study the conver- 
gence properties of the present approach, eight con- 
stant elements on the boundary and three meshes, as 
shown in Figure 2, are used. The geometric and ma- 
terial parameters are 

u = 0.3 Rlh = 48 

where R is radius of a plate. 
The load step p. is taken as 0.2N,,., (N,,., is the linear 

buckling load of the plate under consideration). The 

B 

l--X 

C 

Figure 2. Meshes for the analysis of the circular plate 

Table 1. Postbuckling path for circular plate with a simply supported boundary 

P 1.0 1.2 1.4 1.6 1.8 2.0 

I3 8 cells 0 0.952 1.324 1.608 2.037 2.326 
Wt7i E 12 0 0.891 1.243 1.542 1.803 2.095 
h M 16 0 0.882 1.235 1.533 1.792 2.086 

Ref. 5t 0 0.860 1.220 1.490 1.720 1.920 

t Values obtained from Figure 68 on p. 169. 

Table 2. Postbuckling path for circular plate with a clamped boundary 

a 1.0 1.2 1.4 1.6 1.8 2.0 

8 8 cells 0 0.805 1.622 2.035 2.735 3.326 
W, E 12 0 1.103 1.478 1.822 2.103 2.495 - 
h M 16 0 1.015 1.431 1.765 2.052 2.327 

Ref. 5t 0 0.990 1.400 1.710 1.980 2.210 

t Values obtained from Figure 68 on p. 169. 
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convergence tolerance is E = 0.0005. Compressive load 
coefficient y = N,R21D and -ycr = N,,,R21D. 

Example I: Simply supported circular plate 
In this case, yc, = 4.198, and the numerical results 

describing the relationship between the maximum de- 
flection W,,,lh occurring at the center and the com- 
pressive load coefficient p = -ylycr are shown in Table 
I. Comparison is made with the perturbation solution.5 

Example 2: Clamped circular plate 
In this case, yc, = 14.68 and the numerical results 

obtained and the perturbation solution are shown in 
Table 2 for comparison. 

It can be seen from Tables 1 and 2 that the results 
obtained by employing the present method agree ex- 
cellently with those of Ref. 5. In the course of com- 
putations, convergence was achieved with between live 
and nine iterations for each load increment. It is worth- 
while to note that the iterative method gives well re- 
sults up to /3 = 2.0 for both examples 1 and 2, and for 
higher values of /3 the iterative solution has been grad- 
ually shown to be unstable, a feature that points to a 
need for further explorations about the mathematical 
convergence aspects of the interative method. 

Concluding remarks 

The achievement of the fundamental solution W* pre- 
sented here allows the time of computing the pseudo- 
distributed normal load to be greatly reduced, and in 
our iterative calculations, only one initial value of lat- 
eral deflection is required. Two sample computations 
have shown that the postbuckling behavior of plates 
can be successfully investigated by the proposed method. 
Therefore this method may appear to be promising. 

References 

Kamiya, N., Sawaki, Y. and Nakamura, Y. Finiteand postbuck- 
ling deflections of heated plates and shallow shell. Boundury 
Elements. eds. C. A. Brebbia, T. Futagami, and M. Tanaka. 
Springer-Verlag, Berlin, Heidelberg, 1983, pp. 507-516 
Tanaka, M. Large deflection analysis of thin elastic plates. De- 
velopments in Boundary Element Methods, Vol. 3, eds. P. K. 
Banerjee and S. Mukherjee. Elsevier, Applied Science Publish- 
ers Ltd., London and New York, 1984, pp. 115-136 
Brebbia, C. A. Boundary Element Method for Engineers. Pen- 
tech Press, 1978, pp. 119-120. 
Ye, T. Q. and Liu, Y. Finite deflection analysis of elastic plate 
by the boundary element method. Appl. Math. Mode/@ 1985, 
9, 183-188 
Thompson, J. M. T. and Hunt, G. W. A General Theory of 
Elastic Stability. Wiley, London, 1973 

548 Appl. Math. Modelling, 1990, Vol. 14, October 


