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Abstract A modified solid isotropic material with penaliza-
tion (SIMP) method is proposed for solving layout optimiza-
tion problems of multiple bi-modulus materials in a continu-
um. In the present algorithm, each bi-modulus material is
replaced by two distinct isotropic materials to avoid structural
reanalysis for each update of the design domains. To reduce
the error in local stiffness due to the material replacement, the
modification factor of each finite element is calculated accord-
ing to the local stress state and the moduli used in the previous
structural analysis. Three numerical examples are considered
to demonstrate the validity and applicability of the present
approach. Numerical results show that the final layout of ma-
terials is determined by factors that include the moduli differ-
ence of each bi-modulus material and the difference among
material moduli.

Keywords Topology optimization .Multi-material
structures . Bi-modulus material . SIMP .Material
replacement . Isotropic material

1 Introduction

Topology optimization has become popular in the field of
design and manufacturing of complex structures attributed to

the associated well-developed theory of optimization (Bendsoe
and Sigmund 2003; Cai et al. 2014a, b, c; Eschenauer and
Olhoff 2001; Guo et al. 2014a; Rodriguez-Velazquez and
Seireg 1985; Rozvany et al. 1995; Sigmund 1994; Wang
et al. 2003; Xie and Steven 1993) and the rapid development
of high-performance computing (HPC). Topological optimiza-
tion is an especially powerful tool in the concept design phase.
It has been used in the design of micro-electro-mechanical
systems (MEMS) (Luo et al. 2009; Maute and Frangopol
2003), acoustic devices (Dühring et al. 2008), fluidics devices
(Andreasen et al. 2009), functional materials (Diaz and
Sigmund 2010), structures associated with heat conduction
problems (Zhuang et al. 2007, 2010), optimal bone structures
(Shi et al. 2014), and lightweight structures (Cai and Qin
2012). It is worth mentioning that several typical methods for
continuum topology optimization play an important role in the
application of topology optimization to practical engineering
design. For instance, the ground structure method (Dorn 1964)
offered a feasible way to find an optimal load path in a contin-
uum that is replaced by a truss structure. As a milestone work
in continuum topology optimization, the homogenization-
based design method (Bendsoe and Sigmund 2003) for topol-
ogy optimization was proposed at the end of the 1980s. It is
now a powerful approach for the design of composite mate-
rials. In early 1990s, themethod of solid isotropic material with
penalization (SIMP) (Zhou and Rozvany 1991) and the meth-
od of evolutionary structural optimization (ESO) (Alfieri et al.
2007; Guan et al. 1999; Xie and Steven 1993, 1997) were
developed. These methods featured widely across applications
in engineering design and analysis due to their simplicity and
high efficiency. The level set method (LSM), adopted in topol-
ogy optimization after 2000 (Allaire et al. 2004; Norato et al.
2015; Osher and Santosa 2001; Wang et al. 2003, 2015) has
attracted much attention, especially in the optimization of
multiple-material layouts.
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In most practical engineering a structure/device/compos-
ite consists of more than one material. Thus, development
of the theory of topology optimization for the design of
multiple-material layouts is of significance and, over the
last two decades, many techniques have been developed
for solving this problem, such as solution methods based
on the SIMP method (Gibiansky and Sigmund 2000;
Sigmund and Torquato 1999), LSM based work (Allaire
et al. 2014; Mei and Wang 2004; Wang and Wang 2004),
ESO method based approach (Han and Lee 2005; Huang
and Xie 2010), the discrete material optimization (DMO)
approach (Blasques and Stolpe 2012; Hvejsel and Lund
2011; Stegmann and Lund 2005), and phase field method
(Wang and Zhou 2004; Zhou and Wang 2007). The meth-
od presented by Ramani, termed the ‘pseudo-sensitivities’
approach, can also be used to find the optimal layouts of
materials in a large structure (Ramani 2010). Different
from the approaches mentioned above, Guo et al.
(2014b) suggested a structural optimization method based
on moving morphable components. Using the method, one
can provide not only the layouts of components, but the
detailed sizes and shapes of components in the final de-
sign. When the components are specified with different
materials, the final design is a typical layout of multiple
materials.

The works cited above focus mainly on finding the op-
timal distribution of multiple isotropic material layouts.
However, if the behavior of materials is bi-modulus, i.e.,
the tensile modulus is different from the compressive mod-
ulus along the same direction (Du and Guo 2014), the
multiple bi-modulus materials layout optimization problem
becomes complex when using structural reanalysis for find-
ing the accurate deformation field for each update of design
variables. Actually, bi-modulus is very common in engi-
neering, and is found in rubber, concrete, cast iron, graphite
(Seldin 1966), foam materials (Xiao and Qin 2013; Zenkert
and Burman 2009), masonry (Kanno 2011; Stimpson and
Chen 1993), bone (Qin and Ye 2004; Qin et al. 2005; Zhu
et al. 2006), alloys (Liu et al. 1998), membranes (Mosler/
membranes (Mosler and Cirak 2009; Roddeman et al. 1987),
and so on. Due to the stress-dependency of the constitutive
properties of a bi-modulus material, the deformation analysis
theory for bi-modulus structures has attracted considerable at-
tention since 1960s (Ambartsumyan 1965; Du and Guo 2014;
Jones 1977; Kanno 2011). During that period, topology opti-
mization of bi-modulus material structures was also performed.
For example, Achtziger (1996) adopted a ground structure ap-
proach to find the optimal topology of a truss with different
properties of tension and compression. Comparisons of the
numerical results showed that the final structure under tension
was obviously different from the structure under compression.
Chang et al. (2007) proposed an approximation approach for
optimization of structures containing tension-only or

compression-only material. In their approach, the original
piece-wise linear stress-strain curve of bi-modulus mate-
rial was approximated with a derivable nonlinear curve.
Similarly, Liu and Qiao (2011) proposed a modified
Heaviside function to approximate the piece-wise linear
curve in optimization of bi-modulus structures. Cai et al.
(2014d) proposed a bionics method as well as a reference
interval method based on bone remodeling methodology
for topology optimization with tension/compression -only
materials. In strength design, Bruggi and Duysinx (2013)
presented a stress-based approach to address the truss-
like elastic structures with unilateral material. In the
work, Drucker–Prager criterion was adopted to provide
a smooth approximation. Bruggi (2014) proposed an al-
ternative numerical approach of energy–based method for
analysing no–tension masonry–like solids. Yang et al.
(2015) used a hybrid truss-continuummodel to capture tensile
forces in steel and the compressive forces in concrete. Guo
et al. (2014a) discussed the layout optimization of multiple
materials with stress-constraint. Recently, Baratta et al.
(2015) proposed an analytical formulation of generalized in-
cremental theorems of no-tension bodies. Cai (2011) sug-
gested a material replacement scheme in the modified SIMP
method for topological design with tension-only or
compression-only materials. Querin et al. (2010) used
orthotropic materials to replace original bi-modulus material
according to the local stress state in topology optimization of
truss-like structures. In the work reviewed above, the consti-
tutive of bi-modulus is usually approximated in some way in
structural analysis. Making use of the variational principles,
Du and Guo (2014) proposed a more efficient and accurate
deformation model of a bi-modulus structure for stress analy-
sis. Recently, Cai et al. (2013) suggested a simpler scheme for
finding the optimal topology of a bi-modulus structure. In
their work, the original bi-modulus material was replaced by
two isotropic materials. The moduli of the two isotropic ma-
terials were identical to those of the bi-modulus material. In
deformation analysis, the appropriate modulus was chosen for
an element according to the local stress state. To reduce the
variation of local stiffness due to material replacement, a mod-
ification factor of local stiffness was calculated. The validity
of the method was well demonstrated in the numerical results.
It should be mentioned that only one bi-modulus material was
considered in structural optimization in those studies.

In this paper, we present an approach for dealing with
layout optimization associated with multiple bi-modulus
materials. In the optimization model, the objective is to
minimize the mean structural compliance of structures
with multiple bi-modulus materials. This article is orga-
nized as follows. In Section 2, a bi-modulus material is
defined. In Section 3, the present algorithm method is
detailed. In Section 4, three representative numerical ex-
amples are presented to demonstrate the validity and
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applicability of this method. Finally, some conclusions are
presented.

2 Model for bi-modulus material

From the stress-strain curve of a bi-modulusmaterial shown in
Fig. 1, where the tensile modulus (ET= tan α, α∈ 0; 90∘½ Þ )
and compressive modulus (EC= tan β, β∈ 0; 90∘½ Þ ) are
displayed in blue and red respectively, we find that (a) α=β
for isotropic materials; (b) α≠β for bi-modulus materials; (c)
β=0 for tensile-only materials; and (d) α=0 for compressive-
only materials. σT and σC are the allowable stresses under
tension and under compression of the material, respectively.

When the material is under three-dimensional stress state,
the constitutive relation between the stress and strain tensors is
classified, separately. For instance, (a) if all the principal
stresses are positive, the isotropic elastic tensor with tensile
modulus and tensile Poisson’s ratio should adopted. The two
material constants can be obtained by one-dimensional tensile
experiment; (b) if all the principal stresses are negative, the
isotropic elastic tensor with compressive modulus and com-
pressive Poisson’s ratio should be adopted; (c) if the second
principal stress is positive and the third one is negative, a
transversally isotropic elastic tensor should be used and the
material principal direction normal to the isotropic plane is
align with that of the third principal stress; (d) if the second
principal stress is negative and the first one is positive, the
transversally isotropic elastic tensor should be used and the
material principal direction is align with that of the first prin-
cipal stress.

To represent the difference between the tension and com-
pression performance for bi-modulus materials, we define the
ratio between the two moduli as

RTCE ¼ ET

EC
: ð1Þ

3 Methodology

3.1 Basic equations for linear elasticity problem

Figure 2 illustrates an initial design domain and its boundary
considered in the process of multi-material topology optimi-
zation. In our analysis, only linear elasticity is considered and
the control equations of the domain are written as

−∇⋅σ uð Þ ¼ f in Ω;

ε uð Þ ¼ 1

2
∇uþ ∇uð ÞT
h i

;

σ uð Þ ¼ D : ε uð Þ

8><
>: ð2Þ

with the boundary conditions defined as

u ¼ u0 on Γ 1;
σ uð Þ⋅n ¼ T on Γ 2

�
ð3Þ

where Γ1 and Γ2 are the Dirichlet and Neumann boundaries,
respectively, and Γ1∪Γ2=∂Ω, Γ1∩Γ2=∅. Ω⊆R2 or R3 is the
design domain, ε denotes the strain tensor, σ is the stress
tensor, f is the body force vector on a point, u is the displace-
ment vector, u0 denotes the prescribed displacement on the
boundary Γ1, T is the prescribed boundary force per area on
Γ2, and D is the elastic constant tensor.

3.2 Optimization model

In terms of multiple-material layout optimization, the model
can be mathematically expressed as

Find ρe ¼ ρ1; ρ2; …; ρm½ �e
��e∈Ω� �

min c ¼ FT ⋅U ;

s:t:
X
e

ψi; e⋅ve−V i ¼ 0; i ¼ 1; 2;⋯; mð Þ;
K ⋅U ¼ F;
0≤ρi≤1; i ¼ 1; 2;⋯; mð Þ
ψiþ1; e ¼

1−ρi
ρi 1−ρi−1ð Þ ψi; e

8>>>>>>>>>><
>>>>>>>>>>:

ð4Þ

Fig. 1 Stress-strain curve for a bi-modulus material
Fig. 2 Schematic of boundary conditions of a continuum with bi-
materials
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where ρe is the design vector of the eth finite element in the
design domain. The model contains m elements and is equiv-
alent to the objective that is to minimize the mean compliance
of the structure with volume constraints. In (4), ve is the vol-
ume of the eth finite element, ρi−1,e represents the volume
ratio of the first (i-1) materials in the first i materials of the
eth finite element. For the case of i=1, ρ0 is zero. ψi, e is the
volume ratio of the ith material in the eth element. F and U
denote the global nodal force and global displacement vector

respectively. V i is the critical value of the ith material used in
the final structure.K is the stiffness matrix, andK andF can be
calculated through the well-documented finite element formu-
lation (Bathe 2006; Qin 2000, 2005).

In (4), the density-like method is introduced to show the
equivalent elasticity of the composite with multiple materials.
For the simplest case, that is, two-material optimization, the
equivalent material modulus of the finite element can be
expressed as

E 2ð Þ ρ1ð Þ ¼ ρ1
pE1 þ 1−ρ1

pð ÞE2 ð5Þ
where ρ1∈[0,1] is the design variable of material 1. E1 and E2

are the material moduli of the two materials, and p is a con-
stant. Typically, the parameter p=3 is used.

For a three-phase material layout optimization, the power-
law interpolation can be expressed with two design variables
ρ1,ρ2, i.e.,

E 3ð Þ ρ1; ρ2ð Þ ¼ ρ2
p ρ1

pE1 þ 1−ρ1
pð ÞE2ð Þ þ 1−ρ2

pð ÞE3

¼ ρ2
pE 2ð Þ þ 1−ρ2

pð ÞE3

ð6Þ

where E3 is the modulus of the third material. The relative
density ρ1,ρ2∈[0,1]. If there are m materials in the design
domain, the equivalent elastic moduli of the composite can
be expressed as

E mð Þ ρ1; ρ2;…; ρm−1ð Þ ¼ ρpm−1 E m−1ð Þ
� �

þ 1−ρpm−1
� 	

Em: ð7Þ

3.3 Material replacement scheme

In Section 3.2, the optimization model and material interpola-
tion scheme are given for finding the optimal layout of multi-
ple isotropic materials. If the materials are bi-modular rather
than isotropic or orthotropic, both model and interpolation
scheme need to be modified. To extend the application of
the model given in (4) to the case of finding optimal bi-
modulus materials layout, a material replacement scheme
must be carried out before each update of the design variables.
Briefly, after the material replacement operation, the original
bi-modulus structure becomes a common structure with iso-
tropic materials at the same loading conditions. Hence two
major steps must be carried out during material replacement

operation. The first is the moduli selection of bi-modulus ma-
terials. The second is modification of the local stiffness of the
structure with the “new” isotropic materials to approximate
the real local stiffness of the structure with the original bi-
modulus materials.

3.3.1 Modulus selection

The purpose of the material replacement is to split the struc-
tural reanalysis and merge it into the iteration of updating
design variables in the process of optimization. Although each
bi-modulus material is replaced by two isotropic materials
(tension and compressive moduli), in each structural deforma-
tion analysis only onemodulus is used. Considering the stress-
dependency of a bi-modulus, the modulus selection should be
carried out according to the local stress state.

For example, considering that σs and εs (s=1,2,3) are the
principal stresses and strains of a finite element in the design
domain, the modulus of the rth bi-modulus should be obtained
by comparing the tension strain energy densities (SED) and
compression SED, i.e.,

Er
j ¼

Er
T; if SEDT > SEDC;

Er
C; if SEDT < SEDC;

max Er
T;E

r
C

� 	
; οthers

8<
: ; ð8Þ

where the tension SED and compression SED are defined as

SEDT ¼

X
Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

XNG

Gz¼1

wGz

X3
s¼1

1

4
σsj j þ σsð Þ⋅εs


 �
GxGyGzX

Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

X
Gz¼1

NG

wGz

; ð9Þ

SEDC ¼

X
Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

XNG

Gz¼1

wGz

X3
s¼1

−1
4

σsj j−σsð Þ⋅εs

 �

GxGyGzX
Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

X
Gz¼1

NG

wGz

; ð10Þ

where NG is the number of one-dimensional Gaussian integral
points in the isoparametric element.

The tensile modulus of the rth material should be chosen
and evaluated from (9) when σ1>σ2>σ3≥0. If 0≥σ1>σ2>σ3,
the compressive modulus should be chosen and evaluated
from (10). Under a complex stress state, i.e., σ1 ⋅σ3<0, the
elastic modulus depends on the comparison between the
values of the tension SED and compression SED, which con-
siders the influence of the second principal stress.

Equations (9–10) also indicate that modulus selection is
independent of the material number of all the m bi-modulus
materials. Briefly, either all the tensile moduli or all the com-
pressive moduli are chosen, simultaneously.
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3.3.2 Modification of local stiffness

Before modification of the local stiffness of the jth finite ele-
ment, two types of SED are carried out. One is the “new” SED
of the element under the complex stress state at the kth itera-
tion of updating of the design variables, i.e.,

SEDj;k ¼

X
Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

XNG

Gz¼1

wGz

X3
s¼1

1

2
σs⋅εs


 �
GxGyGzX

Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

X
Gz¼1

NG

wGz

: ð11Þ

The other is the “old” SED or the effective SED of the
element with the original bi-modulus materials under the same
stress state, which is defined as

SEDeffective
j;k ¼

Xm
r¼1

ψr⋅

X
Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

X
Gz¼1

NG

wGz

X3
s¼1

1

2
signr σsð Þσs⋅εs


 �
GxGyGzX

Gx¼1

NG

wGx

X
Gy¼1

NG

wGy

X
Gz¼1

NG

wGz

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

j;k

ð12Þ
where ψr denotes the proportion of the rth material in the
element. The value of signr (⋅) can be calculated using either
(13) or (14).

(a) If the element has compressive moduli at the (k-1)th it-
eration and tensile moduli should be used at the current
kth iteration, we have

signr σsð Þ ¼ 1 ifσs≥0
R rð Þ
TCE if σs < 0

�
ð13Þ

where RTCE
(r) is the moduli ratio of the rth bi-modulus

material.
(b) If the element has tensile moduli at the (k-1)th iteration

and compressive moduli should be used at the current kth
iteration, we have

signr σsð Þ ¼
1 ifσs≤0

R rð Þ
TCE

� �−1
ifσs > 0

(
ð14Þ

By comparing (11) and (12), we find that the two SEDs are
identical when the element is under a pure tension or pure
compression state. If the element is under a complex stress
state, the two SEDs are usually different. The degree of dif-
ference is defined as

M f ¼ max 10−6;
SEDeffective

j;k

max SEDj;k ; 10
−10� 	

 !
ð15Þ

for the local effective stiffness of the jth element at the kth
iteration.

The stiffness matrix of the jth element with “new” isotropic
materials can be given as

k j ¼
Z

v j

BT
j D jB jdv ð16Þ

whereBj is the strain–displacement operator of the element.Dj is
the elasticity matrix of the element with the multiple isotropic
materials whose equivalent elastic modulus is given in (7).

The modified stiffness matrix is expressed as:

k j ¼ M f k j ¼
Z

v j

BT
j M f ⋅D j

� 	
B jdv: ð17Þ

(a) initial design (b) case 1 (c) case 2 (d) case 3 Fig. 3 Initial design domain of a
deep cantilever beam with its
optimal material layouts in three
different cases

Optimal layout of multiple bi-modulus materials 805



The modification of the local stiffness can also be under-
stood as a constant that provides secondary adjustment to the
design variables in the jth element, and is used for calculating
the objective function.

In (4), the objective function is modified as

c ¼
X

j

uTj M f k j

� 	
u j ¼

X
j

M f ⋅uTj k ju j: ð18Þ

3.4 Sensitivity analysis

The gradient-based method is used to solve the optimization
problem defined in (4). For simplicity, the sensitivity analysis
of the model is carried out with the three-phase bi-modulus
materials only.

For m=3 (two solids and a void are also possible), the
stiffness matrix of the jth finite element is

k j ¼ ρ p
2; j ρ p

1; jE1; j þ 1−ρ p
1; j

� �
E2; j

� �
þ 1−ρ p

2; j

� �
E3; j

h i
k0 ¼ A0k0:

ð19Þ
where k0 is the stiffness matrix of the jth finite element with
the identity modulus of isotropic material.

Hence, the first order sensitivity of the stiffness matrix of
the jth element can be expressed as

∂k j

∂ρ1; j
¼ pρp−1

1; j ⋅ρ
p
2; j⋅E1; j−pρp−1

1; j ⋅ρ
p
2; j⋅E2; j

� �
k0 ¼ A1k0 ¼ A1

A0
k j

ð20Þ
∂k j

∂ρ2
¼ pρ p−1

2; j ρp
1; jE1; j þ 1−ρp

1; j

� �
E2; j

h i
þ −pρp−1

2; j

� �
E3; j

n o
k0 ¼ A2

A0
k j:

ð21Þ
Thus, we can obtain the equation

∂c
∂ρ1

∂c
∂ρ2

 !
j

¼ ∂M f

∂ρ1
∂M f

∂ρ2


 �
−M f

A1

A0

A2

A0


 �
 �
j

⋅uTj k ju j:

ð22Þ

It is noted thatMf in (15) indicates the core of the material

replacement. Hence, we set ∂M f

∂ρ1
¼ ∂M f

∂ρ2
¼ 0 in the present

study.

The volume constraint functions can also be defined as

V 1 ρ1; ρ2ð Þ ¼
Xn
j¼1

ρ1; j⋅ρ2; j⋅v j−V 1;

V 2 ρ2ð Þ ¼
Xn
j¼1

ρ2; j⋅v j− V 1 þ V 2

� �
8>>>><
>>>>:

ð23Þ

and the sensitivities of the volume constraints are

∂V 1

∂ρ1
∂V 1

∂ρ2
∂V 2

∂ρ1
∂V 2

∂ρ2

0
BB@

1
CCA

j

¼ ρ2v j ρ1v j
0 v j


 �
ð24Þ

3.5 Optimization procedure

In the present study, the method of moving asymptotes
(MMA) (Svanberg 1987) is adopted to update the design var-
iables. The partial differential equations (PDEs) are solved by
the finite element method (FEM). The initial equivalent elastic
moduli of elements are the same as the tensile modulus of the
first phase material (M1). All the initial values of ρ1,j are set to
be the same to V i=VΩ. VΩ is the volume of design domain.
The optimization processes are as follows:

1) Build finite element model for structural optimization;
2) Initialize the design domain and parameters, let k=1;
3) Calculate the deformation of structure with NG=2;
4) Calculate the SED and local effective SED ((12)), to ob-

tain Mf according to (15);
5) Calculate the values of the objective ((18)) and constraint

functions ((23)) and their sensitivities ((22) and (24));

Fig. 4 Initial design domain of a simply supported beam with three
different materials, M1, M2, and M3 (void)

Table 1 Parameters of materials
in structure Material no. Material 1 (M1) Material 2 (M2) Material 3 (M3)

Tensile modulus 200e9 Pa 100e9 Pa 1e–6 Pa

RTCE Case 1 0.5 1 1 (isotropic)

Case 2 2 1 1

Case 3 2 0.5 1

Volume Ratio Case 1 0.16 0 0.84

Case 2 0.16 0 0.84

Case 3 0.08 0.08 0.84
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6) Update the design variables and the elastic moduli of the
materials in each element;

7) Check the convergence: if the convergence criterion (25)
is not satisfied or if k is not higher than the maximum
iteration, let k=k+1, return to 3), else go to 8);

8) Save and stop.

The convergence criterion is defined according to the
change of objective function

ct

ck
− 1

�����
�����≤η; t ¼ k−1; k−2; …; k−n: ð25Þ

The tolerance η is 0.01, n is 5, and the maximum number of
iterations is 100 in the present study.

4 Numerical examples and discussion

The code for optimization analysis of the present method is
compiled using MATLAB and ANSYS(2013). Only the stiff-
ness design with volume constraints on multiple bi-modulus
materials is considered. The Poisson’s ratio is 0.2 in all cases.

4.1 Example 1— validation test

Figure 3a shows the initial design of a deep cantilever beam
structure with thickness of 0.1 m. The design domain is

meshed with 20×52 plane stress elements. The left side of
the structure is fixed. A concentrated force, F=1.0 kN, is
applied at the center of the right side. The volume constraint
of the solid phase is 16 %. There are two solids and a void
phase (material 3) in the structure. Three cases are considered.
In cases 1 and 2, the volume ratio of material 2 is zero, which
means that single phase layout optimization is considered with
different values of RTCE of material 1. In case 3, two solids are
used in the structure. The detailed parameters are listed in
Table 1.

From Table 1, we know that there is only one bi-modulus
material and void phase in the structure for the first and the
second cases. For case 1, the value of RTCE is 0.5, which
means that the material tensile modulus is half of the compres-
sive modulus. Hence, the amount of material under compres-
sion should be higher than that under tension. Figure 3b gives
the final bi-modulus material layout, which has been verified
in our previous work (Cai et al. 2014c). For the second case,
the optimal material layout is shown in Fig. 3c, which is sym-
metric with that in Fig. 3b due to the value of RTCE being 2.0.

For the third case, there are two solids with the same vol-
ume ratio in the final structure. In this case, the moduli of M1
are 200 and 100 GPa for EC and ET, respectively, and the
moduli of M2 are 100 and 200 GPa, respectively. Therefore,
the optimal material layout in Fig. 3d is symmetric because the
moduli of the two materials are the same.

4.2 Example 2— sensitivity of material distribution
to RTCE

The structure shown in Fig. 4 is a simply supported rectangu-
lar beam with length of 1.6 m, height of 0.5 m, and thickness
of 0.01 m. A concentrated force, F=4 kN, is applied vertically
at the center of the lower side.

In the present example, three materials are used in
the structure. Four cases of bi-modulus material layout
schemes are considered. The relevant parameters are
listed in Table 2.

(a) Final material layout for case 1 (b) Final material layout for case 2 

(c) Final material layout for case 3 (d) Final material layout for case 4 

Fig. 5 Optimal material layouts
in structure for different schemes
(M1 in red, M2 in green and M3
in blue)

Table 2 Parameters of materials in the structure

Material No. Material 1 Material 2 Material 3 (void)

Volume Ratio 0.16 0.16 0.68

Moduli ET/GPa EC/GPa ET/GPa EC/GPa ET/GPa EC/GPa

Case 1 100 100 50 50 1e–15 1e–15

Case 2 100 50 50 100 1e–15 1e–15

Case 3 50 100 100 50 1e–15 1e–15

Case 4 100 200 50 25 1e–15 1e–15
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The optimal multiple-material layout results are shown in
Fig. 5. For the first case, M1 and M2 are isotropic materials
and the third is void; Fig. 5a shows their final layout in the
design domain. Two legs supporting a triangle component are
under compression. Besides the two legs, the top side of the
triangle is also made of M1. M2 is mainly under tension in the
structure. Due to higher volume ratio of M2, a part of M2 is
coated on the two red legs to improve the stiffness of structure.
When the volume ratio of M1 is higher or the volume ratio of
M2 becomes lower, the interface between M1 and M2 will
become simple.

Figure 5b gives the final layout of two bi-modulus
materials in case 2. As the tensile modulus of M1 is
equal to the compressive modulus of M2, i.e., 100 Gpa,
and the compressive modulus of M1 is identical to the
tensile modulus of M2, i.e., 50 GPa, the M2 is almost
entirely laid out in the compression zone in the struc-
ture. Also, M1 is under tension, which is used to sup-
port the concentrated load.

In case 3, the two materials, M1 and M2, are the same as
M2 and M1 in case 1, respectively. Therefore, we find that
Fig. 5c gives the same topology but a different material layout
scheme compared to that in Fig. 5b.

In case 4, both moduli of M1 are much higher than the
moduli of M2. Hence, M1 is mainly under compression and

M2 is under tension due to their same volume ratio but differ-
ent span of material distribution in structure.

It is concluded that the final topology of a structure
with many bi-modulus materials is determined not only
by the values of RTCE but also by the moduli differ-
ences among materials. In particular, at a location with
a concentrated load, the material with higher modulus
will easily be used when the local deformation is com-
plex. Therefore, in Fig. 5a and d we find isolated M1
(with higher modulus) coated with M2.

As mentioned in Section 3.5, there is only the first
phase material (M1) in the elements in design domain,
the initial structural compliance is so high obviously. In
optimization, there are 54 updates for design domains
and the final structural compliance reaches 0.2173 N.m
for the first case (Fig. 6) by SIMP method. For case 2
and case 3, the values of structural compliance approach
0.1989 and 0.2018 N.m, respectively. The compliance
difference between the two cases is mainly due to
reaching the maximum iteration, 100 in this study.
From Fig. 6, we find that the objectives are very close
to each other for the two cases when the number of
iterations exceeds 40. In case 4, 84 iterations are re-
quired before the structural compliance converges to
0.1665 N.m. The lower number of iterations demon-
strates that the efficiency of the present method is high.

4.3 Example 3—a mid-supported bridge

The initial design of a mid-supported bridge is a rect-
angle zone (Fig. 7) with the span of 19.2 m and height
of 4.8 m. A uniform pressure of P=20 kN/m is applied
vertically on the bridge floor with thickness of 0.1 m.
The floor is a non-design domain which is located
1.6 m above the bottom of bridge (see Fig. 7). The
two sides of each bottom corner are fixed with length
1.2 m. The structure is discretized using 192×48 plane
stress elements. The material in the bridge floor is la-
beled M4 with modulus of 40 GPa (of a type of con-
crete). Volume constraint is imposed in this example.
Stiffness design with volume constraints is considered
and the related parameters are listed in Table 3.

Fig. 7 Design domain of a bridge
with four materials, M1, M2 and
M3 are in the design domain, M4
is the bridge floor, which is the
non-design domain during
optimization
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Figure 8 presents four designs of a mid-supported bridge
with different materials. In Fig. 8a, the two solids (M1 in
red and M2 in green) are isotropic materials. Because of
the higher modulus value, M1 is used in the higher stress
zone. The greatest amount of M2 is in the zone over the
floor. Due to excellent tensile property of M2, the mid-
section of the floor is connected with M2, which is under
tension state.

In Fig. 8b (corresponding to case 2), M1 is still an
isotropic material, but M2 is a bi-modulus material with
lower tensile modulus. Therefore, a small amount of M2
is under the floor to provide effective support. Meanwhile,
the amount of M1 above the floor is greater than that in
Fig. 8a. The shape of M2 above the floor is also slightly
different from that in Fig. 8a.

In case 3, M2 is a bi-modulus material in which the tensile
modulus is far less than the compressive modulus, and can be
considered approximately as a compression-only material
(Cai 2011). Thus we find in Fig. 8c that the mid-section of
the floor is supported by M1, which resembles links
connecting the floor and the major arch of M2.

In case 4, M1 and M2 are bi-modulus materials. The
compressive modulus (10 GPa) of M1is far less than its
tensile modulus (200 GPa). It is reasonable, therefore, to
consider M1 as a tension-only material. In Fig. 8d we
find that M1 plays the major role in stretching across
most of the bridge floor. Simultaneously, the whole of

M2 is under compression due to its weaker tensile
modulus.

In the above four results, only stiffness design is considered
and the strength difference ofM2 (concrete) is not considered.
Thus, the designs in Fig. 8a and b are not rational when M2 is
a real concrete in practical engineering. However, the designs
in Fig. 8c and d are acceptable before the sizing or shape
design of the bridge. We conclude that bi-modulus behavior
has a vital influence on the final material layout in structures
with many solids.

5 Conclusions

In consideration of the wide application of bi-modulus
materials in practical engineering, we have presented
here a modified SIMP method for deriving the optimal
stiffness design of a structure with multiple bi-modulus
materials. Three typical numerical examples were con-
sidered to assess the applicability and efficiency of the
present algorithm. Based on the numerical results ob-
tained, some conclusions are drawn:

(1) The algorithm is available for achieving single bi-
modulus material topology optimization in a structure
from the first draft, and the final structure may be sym-
metric when two bi-modulus materials are used in the
structure;

(2) The final topology of a structure with many bi-modulus
materials depends on the values of RTCE, the amount of
materials and the moduli differences amongmaterials. At
locations with highly complex stress states, the material
with higher modulus will be readily used;

(3) If the moduli of a bi-modulus material are significantly
different, that material will be laid out under either al-
most pure tension or almost pure compression in the final
structure.

(a) Final material layout for case 1 (b) Final material layout for case 2 

(c) Final material layout for case 3 (d) Final material layout for case 4 

Fig. 8 Optimal material layouts
in the bridge with different bi-
modulus materials

Table 3 Parameters of materials in structure

Material No. Material 1 Material 2 Material 3 (void)

Volume ratio 0.1 0.2 0.7

Moduli of ET/GPa EC/GPa ET/GPa EC/GPa ET/GPa EC/GPa

Case 1 200 200 80 80 1e–15 1e–15

Case 2 200 200 40 80 1e–15 1e–15

Case 3 200 200 4 80 1e–15 1e–15

Case 4 200 10 40 80 1e–15 1e–15
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