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The thermal effects of clustering in natural-hemp-fiber-filled cement composites are investigated and the
effective thermal conductivity of the composites is numerically evaluated using the fundamental-
solution-based finite element method in conjunction with special n-sided Voronoi fiber/matrix elements.
In the numerical modeling, the special n-sided fiber/matrix elements are developed by a two-variable
integral functional involving an independent non-conforming element interior temperature field and
an auxiliary conforming element frame temperature field. The element interior temperature field is
approximated by a combination of special fundamental solutions satisfying the fiber/matrix interfacial
condition and the heat transfer governing equation in each material constituent, and the independent
frame temperature field is interpolated by conventional shape functions. All integrals are performed only
along the element boundary such that the mesh division associated with fiber/matrix domains can be sig-
nificantly simplified by the n-sided Voronoi fiber/matrix polygonal elements which allow different num-
bers of sides for each element and permit calculation of fields everywhere in matrix and fibers. Numerical
results demonstrate that these special elements are suitable for dealing with clustering distribution of
fibers.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Study of the distribution of fillers such as fibers [1,2], particles
[3–6], carbon nanotubes [7,8], etc. in composites is important
because the distribution significantly affects efficient load transfer
from matrix to fillers, and thereby the functionality and reliability
of composites. It has been noted that good distribution of fillers in
matrix materials is difficult to achieve, for some well-known rea-
sons such as chemical reactions, large difference of physical prop-
erties between fillers and surrounding matrix, and non-uniform
mixture during the manufacturing process. Therefore, the effect
of irregular or random clustering of fillers must be accounted for
in the prediction of effective properties of periodic composites.

In this paper, our attention focuses on the effects of clustering of
natural fibers on the thermal properties of cement composites, so
that only work in this context is reviewed. As commonly used
fillers, natural fibers have received much attention in the develop-
ment of new composites due to excellent thermal characteristics
that distinguish them from artificial fibers [9–17]. Most existing
work has been performed under the assumption of uniformly dis-
tributed fibers, and the thermal effect of clustering of natural fibers
on the performance of composites has rarely been studied. More-
over, the finite element simulations employed by most researchers
are computationally intensive for the analysis of clustered fiber
distribution in matrix, because very refined meshes within and
around inclusions are usually necessary to obtain acceptable accu-
racy in the finite element method (FEM), resulting in large num-
bers of degrees of freedom. Moreover, the accuracy of the results
depends somewhat on the mesh size in the FEM. Besides, the
boundary element method (BEM) seems more complex for solving
multi-material problems [18–20], because it requires separate
boundary integral equation for each material domain and addi-
tional connective equations for satisfying continuous conditions
on the boundary between any two adjacent material domains.
The coefficient matrix in the final system of equations is full and
nonsymmetrical.

To improve the computational efficiency and accuracy of clus-
tered composite problems, in the present work, special n-sided
Voronoi fiber/matrix elements are developed for numerical predic-
tion of the effect of clustering on the effective thermal conductivity
of cement-based composites filled with clustered natural hemp
fibers. A representative unit cell containing random or regular
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Fig. 1. Schematic representation of regularly and randomly clustered fibers within
the cement matrix.
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natural fiber clusters is first taken from the cement composite
under the assumption of microstructural periodicity, and then it
is meshed by the present n-sided Voronoi fiber/matrix polygonal
elements, which are rather unconventional elements due to the
fact that (1) different elements can have a different number of
sides, (2) each element is designed to enclose a centered natural
fiber to avoid mesh division within the fiber and the surrounding
matrix, (3) all integrals are evaluated along the element boundary,
(4) it is possible to calculate fields everywhere in the matrix and
the fibers. These special-purpose elements are constructed using
the fundamental-solution-based hybrid FEM (HFS-FEM) recently
developed for the study of functionally graded materials [21,22],
isotropic/orthotropic homogeneous materials [23–25], and cellu-
lous materials weakened by circular or elliptical holes [26–28] as
well as cracks [29,30], by introducing two independent fields asso-
ciated with each element. The HFS-FEM differs from the conven-
tional FEM and the boundary element method (BEM) by virtue of
features of element boundary integral, easy construction of
special-purpose polygonal elements, and high accuracy and effi-
ciency. For the particular clustering problem under consideration,
the present n-sided Voronoi fiber/matrix polygonal element also
involves two independent fields. One is the conforming tempera-
ture field along the element boundary, which is interpolated by
conventional shape functions and is therefore appropriate for
n-sided Voronoi polygonal elements having various numbers of
nodes. The other field consists of the independent interior
temperature and heat flux fields within the element, which are
chosen to exactly satisfy equilibrium of matrix and fiber phases
and the continuity between them by introducing the combination
of fundamental solutions of the problem. These two independent
interior and frame fields are finally linked by a two-variable
integral functional to produce the stiffness equation and establish
connections of all unknowns.
2. Micromechanical model of clustered composite

For a periodic cement-based composite containing clustered
hemp fibers, the representative unit cell is the smallest repeated
microstructure of the composite that can be isolated from the com-
posite to estimate the composite’s effective properties. It is
assumed that the unit cell has same thermal properties and fiber
volume contents as the composite under consideration.
Fig. 1 shows a representative unit cell containing clustered
hemp fibers. In Fig. 1, L denotes the cell length, D is the diameter
of the hemp fiber, and x1 and x2 are the global coordinate axial
directions. Under the assumptions that (1) all material constituents
are isotropic and homogeneous, and (2) the hemp fiber and the
cement matrix are perfectly bonded, the steady-state local
temperature fields in the matrix and the fiber, denoted by Tm and
Tf, should satisfy the two-dimensional heat conduction governing
equations respectively given by

@2Tm

@x21
þ @2Tm

@x22
¼ 0;

@2Tf

@x21
þ @2Tf

@x22
¼ 0 ð1Þ

and the continuous conditions at the interface between the hemp
fiber and the matrix

Tm ¼ Tf

km @Tm
@n ¼ kf

@Tf
@n

ð2Þ

where n is the unit direction normal to the fiber/matrix interface.
According to Fourier’s law of heat transfer in isotropic media,

we have the following relationship of the temperature variable T
and the heat flux component qi:

qi ¼ �k
@T
@xi

ði ¼ 1;2Þ ð3Þ

from which the effective thermal conductivity ke of the homoge-
nized composite can be determined by

ke ¼
�qi

�ei
ð4Þ

where �qi stands for the area-averaged heat flux component along
the i-direction and �ei the temperature gradient component along
the i-direction. For example, for the applied temperature boundary
conditions below

Tm ¼ T0 on edge AB
Tm ¼ T1 on edge CD
km @Tm

@n ¼ 0 on edges AC and BD
ð5Þ

the effective thermal conductivity ke of the composite can be calcu-
lated by the 1-directional average heat flux component �q1 on the
surface CD and the 1-directional temperature gradient component
�e1 respectively given by

�q1 ¼ 1
L

Z
AB
q1ðx1; x2Þdx2 ð6Þ

�e1 ¼ ðT1 � T2Þ
L

ð7Þ
3. Formulation of special n-sided Voronoi fiber/matrix element

The representative unit cell with the specified temperature con-
ditions along the outer boundary of the cell is solved by a
fundamental-solution-based hybrid finite element formulation
with special n-sided Voronoi fiber/matrix elements. To efficiently
treat regularly and randomly clustered distributions of hemp fibers
in the unit cell and obtain a mesh with relatively high quality, the
centroidal Voronoi tessellation technique is employed such that
the generators for the Voronoi tessellation and the centroids of
the Voronoi regions coincide [31]. The centroidal Voronoi tessella-
tion technique can be viewed as an optimal partition correspond-
ing to an optimal distribution of generators. Fig. 2 displays a
typical n-sided Voronoi fiber/matrix element division for the com-
posite cell including hemp fiber and cement material constituents.
As an example, in Fig. 2, the centroidal Voronoi elements are



Fig. 2. Schematic diagram of n-sided Voronoi fiber/matrix elements for the case of a
random cluster.
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iteratively generated by the matlab source code [32] using 25
random points in the cell and the fibers are located at the centroids
of the Voronoi elements.

For a typical n-sided Voronoi fiber/matrix element e, with
element domain Xe and element boundary Ce, the assumed fields
include:

(a) Non-conforming interior temperature field
where
contin
field
of fun
coeffi
interp
nodal
Subse
by m
TðxÞ ¼
Xm
j¼1

Gðx;xsjÞcej ¼ Nece x 2 Xe ð8Þ
(b) Auxiliary conforming frame temperature field
~TðxÞ ¼ ~Nede x 2 Ce ð9Þ
G is the fundamental solutions satisfying equilibrium and
uity within the element, xðx1; x2Þ and xsjðxs1j; xs2jÞ are the
point and source point, respectively, Ne is a row vector
damental solutions, ce is a column vector of the unknown
cients cej, ~Ne represents a row vector of the conventional
olating shape functions, and de is a column vector of the
degrees of freedom of the element.
quently, the heat flux field in the element can be derived
eans of Fourier’s law
qiðxÞ ¼ �k
@TðxÞ
@xi

¼ Teice x 2 Xe ð10Þ

with

Tei ¼ �k
@Ne

@xi
ð11Þ

Furthermore, the outward normal heat flux qn derived from the
interior field Te can be expressed as

qn ¼ q1n1 þ q2n2 ¼ Q ece ð12Þ
with

Q e ¼ Te1n1 þ Te2n2 ð13Þ
and niði ¼ 1;2Þ are components of the outward unit normal to the
element boundary.

To link the two independent fields above, the element varia-
tional functional is of the form [23]
Pme ¼ �1
2

Z
Xe

k
@2T
@x21

þ @2T
@x22

 !
dX�

Z
Ceq

�q~TdCþ
Z
Ce

qnð~T � TÞdC

ð14Þ
in which Ceq is the element heat flux boundary, and �q is the speci-
fied normal heat flux.

Application of the divergence theorem to the functional (14)
yields

Pme ¼ �1
2

Z
Ce

qnTdC�
Z
Cqe

�q~TdCþ
Z
Ce

qn
~TdC ð15Þ

Then, substituting Eqs. (8) and (9) into the functional (15) yields

Pme ¼ �1
2
cTeHece � dT

ege þ cTeGede ð16Þ

in which

He ¼
Z
Ce

Q T
eNedC Ge ¼

Z
Ce

Q T
e
~NedC ge ¼

Z
Ceq

~NT
e
�qdC

Minimization of the functional Pme with respect to ce and de,
respectively, yields

@Pme
@cTe

¼ �Hece þ Gede ¼ 0

@Pe

@dT
e
¼ GT

ece � ge ¼ 0
ð17Þ

from which the optional relationship between ce and de for enforc-
ing inter-element continuity on the common element boundary

ce ¼ H�1
e Gede ð18Þ

and the element stiffness equation including the element stiffness
matrix Ke and the equivalent nodal force vector ge

Kede ¼ ge ð19Þ

can be obtained. In Eq. (19), Ke ¼ GT
eH

�1
e Ge is symmetric. Evidently,

evaluation of Ke involves inversion of the symmetric square He

matrix, and it’s advantageous to use a minimum number of source
points outside the element for improving inversion efficiency. In
contrast, accuracy is generally improved if a large number of
source points is used. In this study, the number of source points
is chosen to be same as that of element nodes to balance the
requirements of efficiency and accuracy. Certainly, the rank suffi-
ciency condition in the hybrid finite element method [33–35] is
also satisfied. In addition, different to the Voronoi cell finite ele-
ment method [33], the present method is a type of hybrid displace-
ment finite element method and all integrals involved are along
element boundary only. However, the present method requires
the fundamental solutions of the related problem, which are not
available for some physical problems.

The following two-component heterogeneous fundamental
solutions satisfying the equilibrium and continuity of fiber and
matrix domains can be written as [36]

Gðz;zsjÞ¼� 1
2pkm Re½lnðz�zsjÞ�þ km�kf

kmþkf
Re ln R2

z ��zsj
� �h in o

for z2Xm

Gðz;zsjÞ¼� 1
ðkmþkf ÞpRe½lnðz�zsjÞ� for z2Xf

ð20Þ
where z ¼ x1 þ ix2 and zsj ¼ xs1j þ ixs2j are the complex coordinates of
the field point and the source point, respectively, R is the radius of
fiber inclusion, and i ¼

ffiffiffiffiffiffiffi
�1

p
is the imaginary unit. Xm and Xf are

respectively the cement matrix domain and the hemp fiber domain.
In particular, if km ¼ kf ¼ k, Eq. (20) reduces to



Fig. 4. Convergence of the present special n-sided fiber/matrix elements.
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Gðz; zsjÞ ¼ � 1
2kp

Re½lnðz� zsjÞ� ð21Þ

which corresponds to the heat transfer caused by a point heat
source in an infinite isotropic homogeneous medium.

4. Results and discussion

Due to the clustered distribution of the hemp fibers, the global
fiber volume fraction is defined by

v fc ¼ ppR2

L� L
ð22Þ

where p is the number of hemp fibers embedded in the unit cell and
R is the radius of the hemp fiber. In the practical computation, the
radius of the hemp fiber is taken as R = 100 lm [17], and the num-
ber of fibers is assumed to be p = 25. It should be understood that
although only 25 fibers are involved in the computational model,
our approach can be used to solve more complex problems involv-
ing large numbers of fibers, i.e. thousands of fibers, with incorpora-
tion of the centroidal Voronoi diagram. The thermal conductivities
of the fiber and the cement material are kf ¼ 0:115W=mK [14]
and km ¼ 0:53 W=mK [37], respectively.

4.1. Validation of element property

To rigorously investigate and understand the effect of clustered
fibers on the effective thermal conductivity of the composite, the
results of well-dispersed fiber distribution involving single hemp
fiber are provided as reference values for comparison. To demon-
strate the convergence and accuracy of the present special n-sided
fiber/matrix element, the unit cell shown in Fig. 3 is respectively
modeled with a special 4-sided fiber/matrix element, a special
8-sided fiber/matrix element, and a special 12-sided fiber/matrix
element. Correspondingly, the number of nodes is 8, 16, and 24,
respectively. This means that there are 3 nodes along each element
side and the quadratic shape function interpolation is employed for
approximating the conforming frame temperature field along the
element boundary. Additionally, because only one special element
is used for each simulation, the global fiber volume fraction to the
cell here is also the local fiber volume fraction to the element.

The numerical model is first validated by assuming km ¼ kf
¼ k ¼ 0:53W/(mK). As expected, the predicted effective thermal
conductivity of the composite respectively falls within the errors
of 0.0057%, 0.0019%, and 0.00006% to the theoretical value given

by ktheoretical ¼ 0:53W/(mK) for the present three types of n-sided
Fig. 3. Schematic diagram of special elements for the cemen
special fiber/matrix elements, and all results are independent of
fiber volume fractions. It is found that the difference between the
numerical and theoretical results decreases along with the increase
in the number of element sides or nodes.

Next, Fig. 4 displays the percentage difference in the effective
thermal conductivity between the results of the present n-sided
special fiber/matrix elements and the converged finite element
results for the fiber volume fraction ranging from 0.05 to 0.72.
Note that the converged finite element results are obtained by
ABAQUS with extremely refined 8-node finite elements (DC2D8)
ranging from 3036 to 16797, depending on the dimensions of the
core fiber and the cell. The core fiber and the matrix thermal
conductivities are respectively taken as kf ¼ 0:115 W/(mK) and
km ¼ 0:53W/(mK). Fig. 4 indicates that the present special
n-sided fiber/matrix element has good convergence when the
number of sides or nodes of the special element increases. Also,
it is seen that the special 12-sided fiber/matrix element can give
the best accuracy for a large range of the fiber volume fraction
and the percent difference is only 1.75% when the fiber volume
fraction is equal to 0.72, which is very close to the value when
the fiber is tangential to the cell boundary.
t composite unit cell with well-dispersed hemp fibers.



Case A Case B Case C Case D

Fig. 5. Distributions for four clustered cases at 10% fiber global volume fraction using 25 hemp fibers.

Fig. 6. Mesh configurations for four clustering cases using special n-sided elements.
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4.2. Effect of degree of fiber clustering

To perform a parametric study of the clustering effect of the
hemp fiber embedded in the cement matrix, the centroid Voronoi
tessellation technique is used to obtain the n-sided area polygons
encompassing a given set of generators, which denotes the set of
fiber centers for the present work. Generally, the number of iden-
tical hemp fibers embedded in the cement matrix can be arbitrary.
Here, 25 identical hemp fibers are arranged within the matrix in
the manner shown in Fig. 5 to represent clustering. In Fig. 5, four
clustered cases including three regular cases and one random case
are considered for the purpose of comparison. The global fiber vol-
ume content is taken to be v fc ¼ 10%, so that the degree of fiber
clustering can be adjusted over a relatively large range. The ther-
mal conductivities of the hemp fiber and the cement matrix are
taken as kf ¼ 0:115 W=mK and km ¼ 0:53 W=mK, respectively.
Fig. 6 displays mesh divisions with the present n-sided polygo-
nal elements for modeling the unit composite cell. For example, for
the case D representing the randomly clustered arrangement of
fibers, five types of Voronoi polygonal elements with 16–24 nodes
are involved. It is necessary to point out that some artificial points
have been added to produce regular Voronoi diagrams for the cases
A, B, and C, and for those elements without a fiber phase the setting
km ¼ kf ¼ k ¼ 0:53 W/(mK) is required. To clearly demonstrate the
effect of the degree of clustering on the effective thermal conduc-
tivity ke of the composite, the percent difference of results from the
four cluster cases and the well-dispersed case without a cluster is
shown in Fig. 7 and the reference value is taken as 0.4659W/mK
for error analysis, which corresponds to the result of the
well-dispersed case by FEM. It is observed that the case A, which
corresponds the largest degree of clustering, produces the largest
deviation from the well-dispersed case, but the percent difference



Fig. 7. Effect of clustering on the effective thermal conductivity of the composite
relative to the well-dispersed fiber distribution at 10% global fiber volume fraction.

Fig. 8. Effect of global fiber volume fraction for the randomly clustered case D.

Fig. 9. Effect of fiber thermal conductivity on the effective thermal conductivity of
the composite for the clustered case D.

Fig. 10. Effect of matrix thermal conductivity on the effective thermal conductivity
of the composite for the clustered case D.
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is less than 0.6%. Moreover, Fig. 7 again shows good agreement
between the results from FEM and the present n-sided elements.

4.3. Effect of global fiber volume fraction

Fig. 8 demonstrates the effect of clustering on the effective ther-
mal conductivity ke of the composite for a range of global fiber vol-
ume fractions (5%–40%) for a random cluster arrangement, i.e. the
case D. It is observed that generally there is same decreasing effect
for both clustered and well-dispersed fiber arrangements in the
cement matrix with increasing global volume fraction. This is
due to the fact that the thermal conductivity of the hemp fiber is
obviously lower than that of the cement matrix. Further, it is found
from Fig. 8 that the difference between the clustered and the well-
dispersed fiber arrangements is significantly augmented when the
global fiber volume fraction is about 20% and the corresponding
percent difference is 1.95%.

In addition to the numerical results, Fig. 8 also lists, respec-
tively, the theoretical predictions from the flexible model [38]

ke ¼ 1
f � 2

f
2
vm � 1

� �
km þ f

2
v fc � 1

� �
kf

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

f
2
vm � 1

� �
km þ ðf

2
v fc � 1Þkf

� 	2
þ 2ðf � 2Þkmkf

s 9=
; ð23Þ

with the flexible factor f = 4.5, and the E-S model [39]

ke ¼ km 1� 1
c
þ p
2d

� c

d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � c2

p ln
dþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 � c2

p
c

 !" #
ð24Þ

with c ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
p=v fc

p
=2, d ¼ 1=b� 1 and b ¼ kf =km. It’s clearly observed

from Fig. 8 that the flexible model can meet the numerical results
better than the E-S model within the range of fiber volume fraction
shown in the figure.

4.4. Effect of constituent thermal conductivity

Fig. 9 plots the effective thermal conductivity ke of the compos-
ite material containing the randomly clustered case D given above
as a function of fiber thermal conductivity kf for two global fiber
volume fractions vfc = 10% and vfc = 30%. The value of kf is assumed
to change from 0.00115 to 230W/mK whereas the matrix thermal
conductivity km remains constant at 0.53 W/mK. This result



Fig. 11. Effect of fiber numbers on the effective thermal conductivity of the
composite.
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indicates that ke asymptotically reaches a plateau as kf increases
and the stable value of ke is positive in relation to the global fiber
volume fraction vfc. This can be attributed to the fact that as kf
becomes much greater than km , the fiber provides negligible
thermal resistance to heat conduction through it. Then, the
temperature in it is almost constant and thus the presence of fiber
does not affect ke.

Fig. 10 displays the approximated linear increase of the effec-
tive thermal conductivity ke of the composite with the increase
in the thermal conductivity km of the cement for two global fiber
volume fractions vfc = 10% and vfc = 30%. Without loss of generality,
km is assumed to change from 0.0053 to 1060W/mK whereas the
fiber thermal conductivity kf remains constant at 0.115 W/mK. It
is further observed from Fig. 10 that ke decreases as vfc increases.

4.5. Effect of fiber numbers on the effective thermal conductivity

Another interesting issue is to investigate the effect of the num-
ber of random fibers on the effective thermal conductivity of the
composite. Fig. 11 displays the variation of ke in terms of fiber
number for two different fiber volume fractions. In Fig. 11, except
for the case of one fiber, which corresponds to the well dispersed
case, nine and twenty-five fibers are randomly dispersed in the
unit cell and the corresponding n-sided Voronoi fiber/matrix ele-
ments can be found in the figure. It’s found that the number of
fibers has a little influence on the effective thermal conductivity
of the composites.
5. Conclusions

The paper presents special n-sided fiber/matrix elements in
conjunction with centroidal Voronoi diagram discretization to pre-
dict the effective thermal conductivity of cement composites filled
with periodic hemp fiber clusters. To derive the special n-sided
Voronoi fiber/matrix element formulation with element boundary
integrals only, a two-variable integral functional including a non-
conforming interior temperature field and an auxiliary conforming
frame temperature field is introduced and special fundamental
solutions analytically satisfying the fiber/matrix interface
conditions and the heat transfer governing equation in the fiber
and matrix domains are employed to approximate the non-
conforming interior temperature field and its derivatives. Using
the special n-sided fiber/matrix element, the mesh division in the
fiber/matrix domains is notably simplified compared to the con-
ventional FEM. Numerical results show that the special n-sided
fiber/matrix element has excellent performance in the thermal
analysis of problems of clustering effects. Simultaneously, it is
found that the effect of clustering of hemp fibers on the effective
thermal conductivity of the cement composite is not significantly
different from the effect in a well-dispersed fiber distribution.
Acknowledgement

The support for this research work by the Natural Science Foun-
dation of China under Grants 11472099 and 11372100 is gratefully
acknowledged.
References

[1] P. Morgan, Carbon Fibers and their Composites, CRC Press, Boca Raton, 2005.
[2] B.D. Agarwal, L.J. Broutman, K. Chandrashekhara, Analysis and Performance of

Fiber Composites, John Wiley & Sons, 2006.
[3] J. Segurado, C. Gonzalez, J. Llorca, A numerical investigation of the effect of

particle clustering on the mechanical properties of composites, Acta Mater. 51
(8) (2003) 2355–2369.

[4] A.M. Thiele, A. Kumar, G. Sant, L. Pilon, Effective thermal conductivity of three-
component composites containing spherical capsules, Int. J. Heat Mass Transf.
73 (2014) 177–185.

[5] A. Abedini, C. Butcher, Z.T. Chen, Numerical simulation of the influence of
particle clustering on tensile behavior of particle-reinforced composites,
Comput. Mater. Sci. 73 (2013) 15–23.

[6] H. Wang, F. Hou, X.J. Zhao, Simulation of thermal behavior in hollow-glass-
microsphere-filled cement composites, Am. J. Mater. Sci. Technol. 4 (1) (2015)
1–11.

[7] G.D. Seidel, D.C. Lagoudas, Micromechanical analysis of the effective elastic
properties of carbon nanotube reinforced composites, Mech. Mater. 38 (8)
(2006) 884–907.

[8] D.C. Hammerand, G.D. Seidel, D.C. Lagoudas, Computational micromechanics
of clustering and interphase effects in carbon nanotube composites, Mech.
Adv. Mater. Struct. 14 (4) (2007) 277–294.

[9] G. Bogoeva-Gaceva, M. Avella, M. Malinconico, A. Buzarovska, A. Grozdanov, G.
Gentile, M.E. Errico, Natural fiber eco-composites, Polym. Compos. 28 (1)
(2007) 98–107.

[10] D.N. Saheb, J. Jog, Natural fiber polymer composites: a review, Adv. Polym.
Technol. 18 (4) (1999) 351–363.

[11] A.N. Netravali, X. Huang, K. Mizuta, Advanced ‘green’ composites, Adv.
Compos. Mater 16 (4) (2007) 269–282.

[12] S.V. Joshi, L. Drzal, A. Mohanty, S. Arora, Are natural fiber composites
environmentally superior to glass fiber reinforced composites?, Compos A
Appl. Sci. Manuf. 35 (3) (2004) 371–376.

[13] G. Dorez, A. Taguet, L. Ferry, J.M. Lopez-Cuesta, Thermal and fire behavior of
natural fibers/PBS biocomposites, Polym. Degrad. Stab. 98 (1) (2013) 87–95.

[14] T. Behzad, M. Sain, Measurement and prediction of thermal conductivity for
hemp fiber reinforced composites, Polym. Eng. Sci. 47 (7) (2007) 977–983.

[15] A. Elkhaoulani, F.Z. Arrakhiz, K. Benmoussa, R. Bouhfid, A. Qaiss, Mechanical
and thermal properties of polymer composite based on natural fibers:
Moroccan hemp fibers/polypropylene, Mater. Des. 49 (2013) 203–208.

[16] Y. Li, Y.W. Mai, L. Ye, Sisal fibre and its composites: a review of recent
developments, Compos. Sci. Technol. 60 (11) (2000) 2037–2055.

[17] K. Liu, H. Takagi, Z. Yang, Evaluation of transverse thermal conductivity of
Manila hemp fiber in solid region using theoretical method and finite element
method, Mater. Des. 32 (8) (2011) 4586–4589.

[18] Z.H. Yao, F.Z. Kong, H.T. Wang, P.B. Wang, 2D simulation of composite
materials using BEM, Eng. Anal. Boundary Elem. 28 (8) (2004) 927–935.

[19] Q.Z. Huang, Z.G. Xu, H.F. Qiang, G. Wang, X.P. Zheng, Boundary element
method for solid materials with multiple types of inclusions, Acta Mech. 226
(2) (2015) 547–570.

[20] Y. Ochiai, Three-dimensional heat conduction analysis of inhomogeneous
materials by triple-reciprocity boundary element method, Eng. Anal. Boundary
Elem. 51 (2015) 101–108.

[21] H. Wang, L.L. Cao, Q.H. Qin, Hybrid graded element model for nonlinear
functionally graded materials, Mech. Adv. Mater. Struct. 19 (8) (2012) 590–
602.

[22] H. Wang, Q.H. Qin, Boundary integral based graded element for elastic analysis
of 2D functionally graded plates, Eur. J. Mech. Solid 33 (1) (2012) 12–23.

[23] H. Wang, Q.H. Qin, Hybrid FEM with fundamental solutions as trial functions
for heat conduction simulation, Acta Mech. Solida Sin. 22 (5) (2009) 487–498.

[24] H. Wang, Q.H. Qin, Numerical implementation of local effects due to two-
dimensional discontinuous loads using special elements based on boundary
integrals, Eng. Anal. Boundary Elem. 36 (12) (2012) 1733–1745.

[25] H. Wang, Q.H. Qin, Fundamental-solution-based finite element model for
plane orthotropic elastic bodies, Eur. J. Mech. Solid 29 (5) (2010) 801–809.

http://refhub.elsevier.com/S0017-9310(15)00934-5/h0005
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0005
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0010
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0010
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0010
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0015
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0015
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0015
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0020
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0020
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0020
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0025
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0025
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0025
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0030
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0030
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0030
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0035
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0035
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0035
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0040
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0040
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0040
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0045
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0045
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0045
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0050
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0050
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0055
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0055
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0060
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0060
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0060
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0065
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0065
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0070
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0070
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0075
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0075
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0075
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0080
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0080
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0085
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0085
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0085
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0090
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0090
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0095
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0095
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0095
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0100
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0100
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0100
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0105
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0105
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0105
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0110
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0110
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0115
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0115
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0120
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0120
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0120
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0125
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0125


H. Wang et al. / International Journal of Heat and Mass Transfer 92 (2016) 228–235 235
[26] H. Wang, Q.H. Qin, Fundamental-solution-based hybrid FEM for plane
elasticity with special elements, Comput. Mech. 48 (5) (2011) 515–
528.

[27] H. Wang, Q.H. Qin, A new special element for stress concentration analysis of a
plate with elliptical holes, Acta Mech. 223 (2012) 1323–1340.

[28] M. Dhanasekar, J. Han, Q.H. Qin, A hybrid-Trefftz element containing an elliptic
hole, Finite Elem. Anal. Des. 42 (14) (2006) 1314–1323.

[29] Q.H. Qin, Solving anti-plane problems of piezoelectric materials by the Trefftz
finite element approach, Comput. Mech. 31 (6) (2003) 461–468.

[30] S.W. Yu, Q.H. Qin, Damage analysis of thermopiezoelectric properties: Part II.
Effective crack model, Theor. Appl. Fract. Mech. 25 (3) (1996) 279–288.

[31] Q. Du, V. Faber, M. Gunzburger, Centroidal Voronoi tessellations: applications
and algorithms, SIAM Rev. 41 (4) (1999) 637–676.

[32] MATLAB Source Codes, <http://people.sc.fsu.edu/~jburkardt/m_src/m_src.
html, in>.
[33] S. Ghosh, Micromechanical Analysis and Multi-scale Modeling using the
Voronoi Cell Finite Element Method, CRC Press, 2011.

[34] Q.H. Qin, The Trefftz Finite and Boundary Element Method, WIT Press,
Southampton, 2000.

[35] T.H.H. Pian, C.C. Wu, Hybrid and Incompatible Finite Element Methods, CRC
Press, 2005.

[36] H. Wang, Q.H. Qin, Special fiber elements for thermal analysis of fiber-
reinforced composites, Eng. Comput. 28 (8) (2011) 1079–1097.

[37] Y.S. Xu, D.D.L. Chung, Effect of sand addition on the specific heat and thermal
conductivity of cement, Cem. Concr. Res. 30 (1) (2000) 59–61.

[38] S. Kirkpatrick, Percolation and conduction, Rev. Mod. Phys. 45 (4) (1973) 574–
588.

[39] M.Q. Zou, B.M. Yu, D.M. Zhang, Y.T. Ma, Study on optimization of transverse
thermal conductivities of unidirectional composites, J. Heat Transfer 125 (6)
(2003) 980–987.

http://refhub.elsevier.com/S0017-9310(15)00934-5/h0130
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0130
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0130
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0135
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0135
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0140
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0140
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0145
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0145
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0150
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0150
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0155
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0155
http://people.sc.fsu.edu/~jburkardt/m_src/m_src.html,%20in
http://people.sc.fsu.edu/~jburkardt/m_src/m_src.html,%20in
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0165
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0165
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0165
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0170
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0170
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0170
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0175
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0175
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0175
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0180
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0180
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0185
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0185
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0190
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0190
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0195
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0195
http://refhub.elsevier.com/S0017-9310(15)00934-5/h0195

	Special n-sided Voronoi fiber/matrix elements
	1 Introduction
	2 Micromechanical model of clustered composite
	3 Formulation of special n-sided Voronoi fibe
	4 Results and discussion
	4.1 Validation of element property
	4.2 Effect of degree of fiber clustering
	4.3 Effect of global fiber volume fraction
	4.4 Effect of constituent thermal conductivity
	4.5 Effect of fiber numbers on the effective 

	5 Conclusions
	Acknowledgement
	References


