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a b s t r a c t

The effects of interface or interphase on micro- and macro-thermal behaviors of square-

pattern unidirectional fiber-reinforced composites are investigated. The interfacial phase is

modeled by a thin layer coated on the surface of the fiber to resist radial and circumferential

thermal expansion of the fiber. Making use of the periodicity of the composite, a basic unit

cell containing one fiber is used to analyze numerically the states of temperature by way of a

novel special coating/fiber element model developed in this paper. The element is established

by employing special fundamental solutions which exactly satisfy the governing equations of

heat transfer and the interfacial continuity between the filler and the interfacial phase in the

unit cell. Subsequently, the mesh reduction effect, convergence, and accuracy of the present

special coating/fiber element are verified by comparison with those from conventional finite

element methods. Then, the effective thermal conductivity of several composites is analyzed

for various values of the interfacial parameters including thickness and thermal properties

under different fiber volume fractions to numerically reveal the role of the interface.

© 2015 Elsevier Inc. All rights reserved.
1. Introduction

In recent years there has been considerable interest in the study of fiber composites with a thin interfacial phase that is

usually formed by physical and chemical interaction between the fillers and the surrounding matrix material. In fiber-reinforced

composites, both the fiber and the matrix retain their original physical identities, but the interface consisting of a thin layer

between them has unique physical and mechanical properties and is usually viewed as third material phase between the fiber and

matrix materials [1]. Recently, interfacial phase has been identified as having a dominant effect on the physical and mechanical

properties of the fiber composites [2–5].

It is recognized that numerical techniques involving the finite element method (FEM) or boundary element method (BEM)

are effective for performing thermal or elastic analysis of fiber composites with the presence of interfacial phase. In contrast to

experimental and analytical methods, numerical techniques are feasible and powerful in identifying micromechanical behaviors

of composite materials and in determining their effective properties using virtual computer simulation. For example, in the

context of thermal analysis of interfacial phase in composites, Islam and Pramila studied the effects of interfacial conductance

on overall thermal conductivity of periodic circular and square fiber-reinforced composites using FEM [6]. Yang et al. conducted

FE simulation and experimental investigation of the thermal conductivity of diamond/aluminum composites with an imperfect

interface [7]. It must be mentioned that the implementation of FEM to include interface modeling of fiber- or particle-filled
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Fig. 1. Illustrations of (a) periodic three-phase matrix/interface/fiber composites and (b) a typical unit cell.
composites can result in extremely large numbers of elements in the vicinity of the material interface, necessary to obtain

acceptable accuracy. This is due to the obvious restriction of element connectivity and the requirements of appropriate values of

their aspect ratios. As a distinctive numerical technique different to the FEM, the BEM is also a powerful computational tool and

has been developed to evaluate the effective properties of heterogeneous materials with significant boundary characteristics.

Unlike the conventional FEM, BEM [8,9] uses line/face boundary discretization for each material constituent (matrix, fiber and

interface materials), rather than the less efficient face/volume domain discretization work in the FEM [5,10–12]. However, in

the analysis of composites, the BEM requires additional equations to link the boundary integral equations for each material

domain in order to meet the interfacial continuity conditions between two adjacent material phases. As a result, the subsequent

coefficient matrix formed from the BEM is often fully populated and non-symmetrical. This situation considerably increases the

computational difficulty and computational time of composite analysis with the BEM.

As an alternative to the FEM and the BEM, the hybrid FE method based on a fundamental solution kernel (called HFS-FEM)

was first presented by Wang and Qin [13] for a two-dimensional heat conduction problem and was subsequently extended over

the past several years to more complex problems including heat transfer or linear elasticity in functionally graded structures

[14,15], structures weakened by circular or elliptical holes [16,17] and fiber-reinforced composites without interfacial phase [18].

The basic idea of the HFS-FEM is to use the nonsingular superposition of fundamental solutions (like the method of fundamental

solutions [19]) for approximation of the element interior fields, which naturally satisfy a priori the governing differential equa-

tions of the problem of interest, and to use the conventional shape function interpolation for the element boundary fields to

enforce conformity between adjacent elements. Substituting these two trial fields into the double-field variational functional

appearing in Section 3 leads to a linear equation system that has a sparse and symmetric coefficient matrix and contains bound-

ary integrals only. The use of fundamental solutions ensures that all integrals are put along the element boundary only, and the

independence of the two trial fields enables us to construct arbitrarily shaped polygonal elements for practical use. More inter-

estingly, special-purpose elements for the analysis of local effects can be established by the use of special fundamental solutions

fulfilling the governing differential equations and defect conditions for the purposes of increasing computational efficiency and

accuracy with many fewer elements and nodes around local defects, as in the Trefftz FEM [17,20,21].

In this paper, a two-dimensional numerical model for consideration of the interface between fiber and matrix in a fiber-

reinforced composite is developed based on the advanced HFS-FEM to study the effective thermal properties of composite ma-

terials. To this end, a novel special coating/fiber element formulation is established to investigate the effects of the thickness and

material property of the interface phase on the composite performance. In this special coating/fiber element, special fundamen-

tal solutions for the case of a circular fiber embedded in an infinite matrix material [22] are employed to construct the interior

fields of the element, whereby all element nodes are put along the interfacial boundary and no mesh division is required within

the interface and fiber domains. Thus significant mesh reduction is achieved by way of the present special coating/fiber element.

We begin with a brief description of heat transfer in doubly periodic fiber-reinforced composites in Section 2. Section 3 gives

the detailed hybrid FE formulations. Section 4 details the corresponding special coating/fiber element. Numerical experiments

are presented in Section 5. Finally, some concluding remarks are presented.

2. Microstructure composite model

For a two-dimensional periodic composite system with square packing, in which the coated fibers are regularly and unidirec-

tionally aligned, the microstructure unit cell model is shown in Fig. 1, a unit cell consisting of three different material regions,

the matrix, circular fiber, and interface phase. Each region has its own homogeneous and isotropic thermal conductivity. Let r f
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be the radius of the circular fiber, ti the thickness of the interface and l the spacing in both horizontal and vertical directions. The

x1- and x2-axes are taken with their origin at the center of the fiber.

To simplify the analysis, adjacent material phases are assumed to be perfectly bonded and there is no thermal contact re-

sistance between them. Hence, in each material phase, the steady-state heat conduction system is described by the following

energy conservation (heat balance) equation

∂q1

∂x1

+ ∂q2

∂x2

= 0 (1)

where qi(i = 1, 2) are the heat flux components along the axis direction.

According to the heat transfer constitutive law (Fourier law), the heat flux component can be written in terms of temperature

gradient as

qi = −k
∂T

∂xi

(i = 1, 2) (2)

where T is the temperature field and k represents the thermal conductivity of fiber, interface, or matrix materials.

In this study, the unit cell is considered to be a homogeneous isotropic medium due to the square packing, and the corre-

sponding constitutive equation for isotropic heat conduction in the composite is given by

q0
i = −keff ∂T 0

∂xi

(i = 1, 2) (3)

where T 0 and q0
i

are respectively the macroscopic temperature and heat flux fields. ke f f stands for the overall thermal conduc-

tivity of the composite.

To determine the effective thermal property ke f f of the composite, proper boundary conditions must be prescribed for the

chosen unit cell to solve the heat conduction problem. According to the work of Islam and Pramila [6], the periodicity realized by

the following prescribed temperature boundary conditions on the two parallel opposite boundaries of the unit cell can produce

most accurate results up to a high fiber volume fraction:

T(− l/2, x2) = T1

T(l/2, x2) = T2

(4)

where T1 and T2 are specific constant temperatures. Besides, the upper and lower boundaries of the unit cell are assumed to

insulated, i.e.

q(x1, −l/2) = q(x1, l/2) = 0 (5)

Under the boundary conditions defined above, the heat transfer in the unit cell model can be solved and then the average

heat flux component in the x1-direction on the isothermal boundary, for example, x1 = l/2, can be evaluated by a simple integral

q0
1 = 1

l

∫ l/2

−l/2

q1(l/2, x2)dx2 (6)

which can be calculated by the trapezoidal rule of numerical integration, based on the nodal values of the heat flux component.

For convenience henceforth, we call the isothermal boundary x1 = l/2 as the data collection surface.

Simultaneously, the temperature gradient in the x1-direction can be evaluated by the specified constant temperature condi-

tions (4)

∂T 0

∂x1

= T2 − T1

l
(7)

Thus, substituting Eqs. (6) and (7) into Eq. (3), we obtain

keff = − q0
1 × l

T2 − T1

(8)

3. Hybrid FE formulation

To find the apparent thermal properties of the composite as defined above, it is necessary to solve the corresponding boundary

value problem described by the heat transfer in the unit cell with specific boundary conditions. Here, the hybrid FE formulation

established for heat transfer simulation is extended to obtain the effective thermal properties of the composite and a special

coating/fiber element with multiple sides and nodes is constructed to model the chosen unit cell.

Let �e be the overall element domain and �e be its boundary. For the heat transfer problem in the unit cell under considera-

tion, the hybrid functional is written as [13]

�e = −1

2

∫
�e

k

(
∂2T

∂x2
1

+ ∂2T

∂x2
2

)
d� −

∫
�qe

q̄ũd� +
∫
�e

qn(ũ − u)d� (9)
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in which T is the element interior temperature field assumed to naturally satisfy the governing equation of heat transfer and

T̃ is the element frame temperature field which is introduced to enforce conformity on the field variable between adjacent

elements. qn = q1n1 + q2n2 and q̄ are the normal heat flux and specified value on the boundary �qe, respectively. ni(i = 1, 2) are

components of outward unit normal to the boundary.

Applying the divergence theorem to the functional (9) yields

�e = −1

2

∫
�e

qnTd� −
∫
�qe

q̄T̃d� +
∫
�e

qnT̃d� (10)

In Eq. (10), the element interior temperature T naturally satisfies the governing equation of heat transfer and the related heat

flux fields are separately approximated by

T =
ns∑

j=1

G(x, xs j)c j = Nc

(11)

qn = −k
∂T

∂n
= Qc

where G is the related fundamental solution, x(x1, x2) and xs j(xs
1 j

, xs
2 j

) are the field point and source point, respectively.

Meanwhile, the independent element frame temperature field T̃ is defined over the element boundary and can be expressed

in terms of the nodal temperature d

T̃ = Ñd (12)

where Ñ represents the conventional interpolating shape functions for line element in the FEM or BEM.

Then, substituting Eqs. (11) and (12) into the functional (10) produces

�e = −1

2
cTHc − dTg + cTGd (13)

in which

H =
∫
�e

QTNd� Ge =
∫
�e

QTÑd� ge =
∫
�qe

ÑTq̄d�

Minimization of the functional �e with respect to c and d, respectively, yields

∂�e

∂cT
= −Hc + Gd = 0

∂�e

∂dT
= GTc − g = 0

(14)

from which the optional relationship between c and d

c =H−1Gd (15)

and the element stiffness equation

GTH−1Gd = g (16)

are established.

4. Special coating/fiber element

Because the general hybrid element related to the general fundamental solutions has been fully studied [13], only the special

coating/fiber element is illustrated in this section.

To construct the special coating/fiber element needed to more efficiently solve the heat transfer in the interface and fiber

material domains, special fundamental solutions for the case of a circular fiber embedded in an infinite matrix material are

employed here [22] and are written in complex form as

G(z, zs j) = − 1

2πkI

{
Re

[
ln (z − zs j)

]
+ kI − kF

kI + kF

Re

[
ln

(
(r f )

2

z
− z̄s j

)]}
for z ∈ �I

(17)

G(z, zs j) = − 1

(kI + kF)π
Re[ln (z − zs j)] for z ∈ �F

where z = x1 + ix2 and zs j = xs
1 j

+ ixs
2 j

are the field point and source point, respectively, i = (−1)1/2, kI and kF are the thermal

conductivity of interface and fiber materials, and �I and �F are the associated interface and fiber domains.

Due to the distinct physical definition of the special fundamental solutions in (17), we can construct a special coating/fiber

element that includes two material phases, that is, interface phase and fiber phase, and all nodes are located along the outer

interface boundary, as shown in Fig. 2. It is clear that no mesh division is needed within the interface and fiber domains by virtue
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Fig. 2. Schematic representation of special coating/fiber element and general element.
of use of the present coating/fiber element, regardless of the thickness of the interface, and thus significant mesh reduction

can be achieved in the interface and fiber region. Simultaneously, all integrals in the present special element formulation are

calculated along the element boundary only, so it is convenient to construct exceptional-special elements with more nodes and

edges. In Fig. 2, a typical special coating/fiber element with 32 nodes and 16 edges is displayed as an example. In each element

edge, the nonlinear two-order shape functions are interpolated. In addition, Fig. 2 displays the connection mode of general

quadrilateral elements in the matrix domain and the special coating/fiber element. It is found that the multi-edge feature of the

special coating/fiber element facilitates connection with other elements.

5. Numerical assessment

To analyze the dependence of the effective thermal conductivity of fiber-reinforced composites on the interface phase, the unit

cell shown in Fig. 1 is considered and solved by the proposed special coating/fiber element, and two different fiber concentrations

v f are taken into consideration: 10% and 30%, for the purpose of permitting dramatic change of interfacial thickness. The diameter

of the fiber is assumed to be 7 μm for carbon, 20 μm for E-glass, and 200 μm for Manila hemp fiber, which are the common

diameters for these types of fiber [23,24]. Despite the dimensional difference in the diameters of the fibers, the results are not

affected as the dimensions of the unit cell model are determined proportional to the diameter of fibers.

Practically, a large interfacial thickness will create a small distance between the outer surface of the interface and the bound-

ary of the unit cell. We take carbon as an example. When v f = 30% and the thickness of the interface is 0.5 of the fiber radius,

that is, 1.75 μm, the half length of the cell side is just 5.663 μm, which is very close to the radius 5.25 μm of the interface. In this

case, the volume fraction of the interface/fiber is 67.5%. That is the reason that a larger fiber volume fraction is not used in this

study.

In addition, the thermal conductivity of the host epoxy resin is chosen as 0.19 W/(m K). The thermal conductivity of the fibers

is 11.0 W/(m K) for standard modulus carbon fibers [23], 1.3 W/(m K) for E-glass fibers [23] and 0.115 W/(m K) for hemp fibers

[24,25].

5.1. Convergence and accuracy

To demonstrate the convergence and accuracy of the present HFS-FEM method and the efficiency of the special coating/fiber

element, a moderate volume fraction of 10% of the carbon fiber is first studied in this subsection. In the numerical analysis,

the thickness of the interface is assumed to be 0.1 of the fiber radius and the associated thermal conductivity is chosen to be

5.595 W/(m K), which is the average value for the epoxy matrix and the carbon fiber. For comparison, the stable and accurate

numerical result of 0.2401 W/(m K) obtained by ABAQUS with a refined FE mesh, for example, 3590 quadratic quadrilateral

heat transfer elements (DC2D8) as shown in Fig. 3, is provided as the reference value. If the interfacial thickness is too small,

the FEM model may require more elements to avoid large aspect ratios in the FEM mesh. However, no such problem arises

when the special coating/fiber element is used. Here, total two special coating/fiber elements with 16 and 24 nodes respectively

are used to model the interface and fiber regions in the computational domain. The remaining matrix region is modeled using

general quadrilateral hybrid elements. Fig. 4 shows the computational mesh including the present special elements and general
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Fig. 3. Mesh division with conventional finite elements for the case of v f = 10%.

Fig. 4. Mesh division with 16-node and 24-node special coating/fiber elements for the case of v f = 10%.
quadrilateral elements. For the case of the 16-node special element, 41 elements with 152 nodes are employed to model the

solution domain; for the case of the 24-node special element, 107 elements with 374 nodes are employed to model the solution

domain. With different special elements, the variation of the heat flux component q1 on the data collection surface is displayed

in Fig. 5, in which the numerical results from ABAQUS are also provided for comparison. It is obvious that the result for the

24-node special coating/fiber element matches that of ABAQUS better than that for 16-node special coating/fiber element. Also,

better symmetry of the variation of heat flux component is observed with the 24-node special element than the 16-node special

element. It is therefore concluded that a special element with more edges and nodes can provide greater accuracy, and the

convergence and accuracy of the present special elements are demonstrated. Consequently, the effective thermal conductivity

of the composite evaluated by Eq. (8) is 0.2400 W/(m K) for the 24-node special element and 0.2399 W/(m K) for the 16-

node special element. It is found that these two values are very close to the reference value 0.2401 W/(m K), and the percentage

relative errors are all less than 0.1%. Clearly, obvious mesh reduction and good accuracy are obtained by use of the special element.

Next, a larger fiber volume fraction of 30% is considered and studied to demonstrate the applicability of the present special

element model. Due to the increase of the fiber volume fraction, the side length of the unit cell becomes small, whereas the

fiber radius remains unchanged. Thus, the interaction of the fiber and the cell boundary becomes strong. To capture this strong

interaction, a special coating/fiber element is developed here. In the computation, one 48-node special coating/fiber element

and 107 general hybrid elements are employed to model the representative unit cell, as shown in Fig. 6. To assess the accuracy

and efficiency of the special element model, denser discretization of the solution domain shown in Fig. 6 is employed for analysis

using ABAQUS to produce quasi-reference results. In Fig. 6, 3233 DC2D8 elements and 9864 nodes are used. Fig. 7 presents the

distribution of the heat flux component q on the data collection surface. It is obvious that there is good agreement between
1



H. Wang, Q.-H. Qin / Applied Mathematics and Computation 268 (2015) 311–321 317

Fig. 5. Variation of the heat flux component q1 on the data collection surface for the case of v f = 10%.

Fig. 6. Mesh division with conventional finite elements and 48-node special coating/fiber element for the case of v f = 30%.

Fig. 7. Variation of the heat flux component q1 on the data collection surface for the case of v f = 30%.
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Fig. 8. Variation of effective thermal conductivity of the composite for various interfacial thickness ratios when v f = 10%.

Fig. 9. Variation of effective thermal conductivity of the composite for various interfacial thickness ratios when v f = 30%.
the results obtained from the special element and ABAQUS, although more elements are used for ABAQUS. Thus the present

special element produces good accuracy with relatively fewer elements. Moreover, using Eq. (8), the corresponding effective

thermal conductivity of the composite is evaluated and almost the same values are obtained for both ABAQUS (0.3953 W/(m K))

and the present method with the special element (0.3954 W/(m K)). Again, the excellent performance of the present special

coating/fiber element is demonstrated.

5.2. Effect of interface thickness

To assess the influence of interface thickness on the material properties of the composite, 10% and 30% volume fractions of the

fiber are again considered, so that the thickness of interface phase is assigned to change in a large range [0, 0.5] of the fiber radius.

It should be mentioned that the value zero of interfacial thickness corresponds to the case of no interface. Here, three kinds of

fiber, namely carbon, glass, and hemp, are investigated. The thermal conductivity of the interface material phase is selected as

the average value of that of the matrix and the fiber, that is, 5.595 W/(m K) for the carbon fiber, 0.745 W/(m K) for the glass

fiber, and 0.1525 W/(m K) for the hemp fiber.

In practical computation, more nodes and edges are usually required for the present special element to achieve higher order

approximation and to reflect the strong interaction between the interface and the cell boundary, as the thickness of the interface

increases. For example, a special element with 48 edges (or 96 nodes) is used to enclose the interface and fiber regions when the

thickness of the interface increases to half that of the fiber radius.

Figs. 8 and 9 present the variation of the effective thermal conductivity of the composite with the interface thickness for

various fiber volume fractions. It is found that, for both v f = 10% and v f = 30%, the overall thermal property of the composite

increases with the increase of interface thickness for the carbon and glass fibers, but it decreases for the hemp fiber. When

v f = 10%, we find 27.3% and 16.5% increases in the effective thermal conductivity of the composite for the carbon and glass
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Fig. 10. Variation of effective thermal conductivity of the composite for various interfacial thermal properties for carbon fiber.

Fig. 11. Variation of effective thermal conductivity of the composite for various interfacial thermal properties for glass fiber.
fibers, respectively, whereas there is a 2.7% decrease for the hemp fiber. When v f increases to 30%, the percentage increase of the

effective thermal conductivity of the composite jumps to 192.5% and 72.4% for the carbon and glass fibers, respectively, whereas

there is a 7.8% decrease for the hemp fiber. As mentioned earlier, an increase of interface thickness will increase the volume

fraction of the fiber and interface region, significantly affecting the overall thermal property of the composite. For the carbon

and glass fibers, both interface and fiber materials have greater thermal conductivity than that of the matrix, so the increase in

the volume fraction of the special element certainly results in greater thermal conductivity of the composite. Conversely, the

increase in the volume fraction of the special element produces lower thermal conductivity of the composite for the hemp fiber,

because both interface and fiber materials have lower thermal conductivity than that of the matrix. This explains why a higher

fiber volume fraction can uncertainly result in higher effective thermal conductivity of the composite. Moreover, comparison of

Figs. 8 and 9 shows that the carbon fiber has a more significant influence on the effective thermal conductivity of the composite

than do the glass and hemp fibers, especially for a larger fiber volume fraction. The main reason is that carbon fiber has greater

material thermal conductivity than both the glass and hemp fibers.

5.3. Effect of interface property on thermal conductivity of composite

To investigate the influence of the interface thermal property on the thermal conductivity of the composite, the thickness of

the interface is here assumed to be 0.1 of the fiber radius, and the thermal conductivity of the interface phase changes from km

to k f .

Figs. 10–12 show the change of effective thermal conductivity of the composite with the thermal property of the interface. It is

shown that the thermal conductivity of the interface material has a positive influence on the effective thermal conductivity of the

composite. When v f = 10%, there is about a 4.2%, 3.2%, and 1.1% increase in the effective thermal conductivity of the composite

for the carbon, glass, and hemp fibers, respectively. For v f = 30%, there is about a 14.8%, 10.6%, and 3.3% increase in the effective

thermal conductivity of the composite for the carbon, glass, and hemp fibers, respectively.
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Fig. 12. Variation of effective thermal conductivity of the composite for various interfacial thermal properties for hemp fiber.
Furthermore, comparison of the results in Figs. 8 and 9 with those in Figs. 10–12 shows that the change in interface thickness

has a more obvious influence on the effective thermal conductivity of the composite than on the thermal conductivity of the

interface.

6. Conclusions

In this study, a special coating/fiber element was developed to investigate the influences of interface thickness and thermal

conductivity on the effective thermal conductivity of composites. The special coating/fiber element was constructed based on

the fundamental solutions corresponding to the case of a circular fiber embedded in an infinite matrix material. Dramatic mesh

reduction in the interface and fiber regions can be achieved through this special element. All nodes in the special element

were placed along the outer surface of the interfacial boundary. The numerical results demonstrated that the proposed special

coating/fiber element is promising and efficient for the analysis of a coated circular fiber model of fiber-reinforced composites. It

was concluded from the numerical results that changes in the interface thickness have more influence than changes of thermal

conductivity of the interface on the effective thermal conductivity of the composite.
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