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SOLUTION BASED FEM 
 

 C. Y. Cao   Q.-H. Qin  A. B. Yu 

 Research School of Engineering School of Materials Science and Engineering 
 Australian National University University of New South Wales 
 Canberra, ACT 0200, Australia Sydney, NSW 2052, Australia 
  

ABSTRACT 

In this paper, a new algorithm is developed based on the homogenization method integrating with the 
newly developed Hybrid Trefftz FEM (HT-FEM) and Hybrid Fundamental Solution based FEM (HFS- 
FEM).  The algorithm can be used to evaluate effective elastic properties of heterogeneous composites.  
The representative volume element (RVE) of fiber reinforced composites with periodic boundary conditions 
is introduced and used in our numerical analysis.  The proposed algorithm is assessed through two numeri-
cal examples with different mesh density and element geometry and used to investigate the effect of fiber 
volume fraction, fiber shape and configuration on the effective properties of composites.  It is found that 
the proposed algorithm is insensitive to element geometry and mesh density compared with the traditional 
FEM (e.g. ABAQUS).  The numerical results indicate that the HT-FEM and HFS-FEM are promising in 
micromechanical modeling of heterogeneous materials containing inclusions of various shapes and distribu-
tions.  They are potential to be used for future application in multiscale simulation. 

Keywords: Micromechanics, Representative volume element (RVE), HT-FEM, HFS-FEM, Finite 
element method (FEM), Heterogeneous composite materials, Effective property. 

1.  INTRODUCTION 

Fiber-reinforced composites have been widely used 
in practical engineering due to their excellent physical 
properties during the past several decades.  Such ma-
terials usually present certain heterogeneous micro-
structures, often a complex ensemble of defects and 
multiple phases, which directly affect their macroscopic 
properties and thereby the usability of these materials.  
Consequently, quantitative characterization and model-
ing of the microstructures of these composites are be-
coming increasingly important with the strong demands 
for accurate predictions of their behaviors under exter-
nal stimuli and for designs of new materials with de-
sired properties.  

During the past decades, micromechanics has gained 
significant attention and has been extensively used to 
solve problems on a finer scale [1-4].  Micromechani-
cal approaches can provide an overall behavior of 
composites from the properties and distributions of 
their constituents by means of the analysis of a repre-
sentative volume element (RVE) model.  Therefore, 
not only the global properties of the composites, but 
various mechanisms such as damage initiation and 
evolution, and microcrack growth can also be studied 

through the micromechanical analysis.  In literatures, 
many methods, both analytical and numerical, have 
been proposed for predicting physical behaviors of 
composites and some of them have been widely used in 
recent years.  Closed-form solutions for pioneering 
micromechanical models, based on simplifying as-
sumptions such as the shape, the size and the spatial 
distribution of inclusions, were firstly obtained for 
practical applications [5,6].  Several famous analytical 
micromechanical methods employed in material analy-
sis includes the Mori-Tanaka method, self-consistent 
method, differential approach, and Halpin-Tsai method 
[7-10].  These methods, however, are only applicable 
to the problems with simple geometry and loading con-
ditions.  For example, the Eshelby’s tensor widely 
used in the above methods is size independent due to 
the assumption of prescribed uniform eigenstrains in-
side the inclusion.  This limitation makes it valid only 
for the case of that the size of the inclusion is relatively 
small in comparison with the dimensions of RVE [5,9].   

To remove such limitations, numerical microme-
chanical models based on finite element method (FEM) 
and boundary element method (BEM) have been in-
creasingly employed [11-13].  These methods are 
widely used for simulating mechanical properties of 
micro-structured and nano-structured composites 
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[12,14].  The BEM-based micromechanical model 
seems to be effective for handling materials with de-
fects such as cracks and holes.  The BEM involves 
boundary integrals only, which makes it less computa-
tionally exhaustive than FEM [15,16].  However, the 
treatment of singular or near-singular boundary inte-
grals is usually quite tedious and inefficient and an ex-
tra boundary integral equation is also required to evalu-
ate the interior fields inside the domain; moreover, 
when solving multi-domain problems, the compatibility 
and equilibrium conditions along the interfaces between 
subregions have to be involved.  As a consequence, 
the implementation of the BEM becomes quite compli-
cated and the nonsymmetrical coefficient matrix of the 
resulting equations weakens the advantages of BEM 
[16].  In addition, the method of fundamental solutions 
(MFS) and the Trefftz method are also attracted lots of 
attention from researchers [17,18].  Currently, sophis-
ticated and efficient models to simulate realistic materi-
al behaviors still continue to be developed in this active 
research area.   

Hybrid-Trefftz finite element method (HT-FEM) has 
recently become a highly efficient computational tool 
for solving complex boundary value problems [19,20].  
HT-FEM is based on a hybrid method, which is differ-
ent from the traditional hybrid FEM proposed by Pian, 
by employing an auxiliary inter-element displacement 
or traction frame to link the internal displacement fields 
of the elements.  Such internal fields, chosen so as to a 
priori satisfying the governing differential equations, 
have conveniently been represented as the sum of a 
particular integral of non-homogeneous equations and a 
suitably truncated T-complete set of regular homoge-
neous solutions multiplied by undetermined coefficients 
[21].  The main advantages of HT-FEM are: (a) inte-
gral along element boundaries only, which enables ar-
bitrary polygonal or even curve-sided elements to be 
used; (b) being likely to represent the optimal expan-
sion bases for hybrid-type elements where inter-element 
continuity need not to be satisfied; (c) able to develop 
accurate crack-tip, singular corner or perforated ele-
ments by using appropriate known local solution func-
tions as the trial functions of intra-element displace-
ments [22,23].   

In the last two years, another newly developed 
method  Hybrid Fundamental Solution based FEM 
(HFS-FEM) has demonstrated good performance in 
heat transfer problem and elastic problem by employing 
fundamental solutions (Green’s function) to substitute 
for the T-Complete Functions in HT-FEM as a trial 
function [24].  The intra-element field is approximated 
by a linear combination of the foundational solutions, 
which analytically satisfies the related governing equa-
tions.  The domain integrals in the hybrid functional 
can be directly converted into boundary integrals with-
out any appreciable increase in computational effort, 
and no singular integrals are involved in the HFS-FEM 
by locating the source point outside the element of in-
terest.  Moreover, the features of two independent in-
terpolation fields and element boundary integral in 
HFS-FEM make the algorithm have potential applica-
tions in the aspect of mesh reduction by constructing 

specially-purposed elements such as functionally grad-
ed element, hole element, crack element, and so on [25].  
However, to the authors’ knowledge, there is no work 
reported in the literature on the application of these two 
promising methods in micromechanical analysis.   

In this paper, an efficient numerical homogenization 
method was proposed to predict the macroscopic pa-
rameters of heterogeneous composites, which is based 
on the newly developed HT-FEM and HFS-FEM 
methods.  In particular, we construct firstly a funda-
mental solution based FEM for two-dimensional elastic 
materials.  Then, two numerical examples of the 
composites containing isotropic and orthotropic fibers 
are studied to demonstrate the efficiency and accuracy 
of these two methods in predicting the effective stiff-
ness parameters of composites.  The effects of the 
volume fractions shapes and patterns of reinforced fi-
bers on the effective stiffness coefficients of composites 
are investigated by using the proposed micromechanical 
models.   

2.  GOVERNING EQUATIONS AND 
HOMOGENIZATION 

2.1  Governing Equations of Linear Elasticity 

In the Cartesian coordinate system (x1, x2), without 
considering the body force bi, the equilibrium equations, 
stress-strain laws and strain-displacement equations for 
elasticity are  

 , 0 ,       , 1, 2ij j i j   (1) 

 ij ijkl klC e   (2) 

 , ,

1
( )

2
ij ji j ie u u   (3) 

where ij is the stress tensor, ekl the strain tensor, Cijkl 
the fourth-rank elasticity tensor, and ui the displacement 
vector.  The boundary conditions of the boundary val-
ue problem (1) ~ (3) are  

 oni i uu u   (4) 

 oni ij j i tt n t     (5) 

where and i iu t  are the prescribed boundary dis-
placement and traction vector, respectively.  In addi-
tion, ni  

is the unit outward normal to the boundary 
and u t     is the boundary of the solution do-
main .  For convenience, in the present work, matri-
ces are represented by bold face letters and a comma 
followed by an index implies differentiation with re-
spect to that index.  The summation convention is in-
voked over repeated indices. 

2.2  Representative Volume Elements 

In literatures, the concept of “representative volume 
elements” (RVE) has been intensively employed in the 
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micromechanical analysis [26,27].  It serves as a 
“specimen” for specified tests to extract the desired 
effective material properties in an averaged or homoge-
nized method.  The success of homogenization is 
based on the identification of such a “specimen” under 
appropriate boundary conditions.  It should be noted 
that for a RVE to be statistically representative, it must 
contain a large number of heterogeneities.  Thus, the 
characteristic size of the heterogeneities is supposed to 
be much smaller than the dimension of RVE, which in 
turn is supposed to be small compared to the character-
istic length of the macroscopic structure (Fig. 1).  As a 
result, a RVE is regarded just as a point with a homog-
enized constitutive law on the macro-level.   

In the present analysis, a RVE consisting of matrix 
material and inclusion phase, as shown in Fig. 1, is 
chosen to be statistically representative of the two- 
phase composite.  Because the RVE is comprised of 
two different materials, the micro-constitutive law that 
governs each material or phase is given by the standard 
elastic constitutive law.  For a periodic composite, it is 
usually sufficient to draw conclusions for the whole 
structure considering only a unit periodic RVE [28]. 

2.3  Boundary Conditions for RVE 

The macroscopic properties of composites are de-
termined by specified tests on RVEs with appropriate 
boundary conditions.  Three types of boundary condi-
tions [26] are usually employed to evaluate the overall 
effective material properties: (a) Uniform traction 
boundary conditions (UT-BCs), (b) Linear displacement 
boundary conditions (LD-BCs) and (c) Periodic bound-
ary conditions (PR-BCs).  Previous investigations 
have found that the periodic boundary conditions are 
much more accurate than the other two boundary con-
ditions in micromechanical analysis of composite mate-
rials for both periodic materials and random materials 
[29,30].  Consequently, PR-BCs are applied to the 
RVE models in the present research.  This implies that 
each RVE of the composite has the same deformation 
profile and there is no separation or overlap between 
the neighboring RVEs [31,32].   

For a two dimensional square RVE of periodic fiber 
reinforced composites, as shown in Fig. 2, the PR-BCs 
of RVE requires a periodic displacement boundary con-
dition and an anti-periodic traction boundary condition, 
which can be expressed as follows 

 
0 0
1 2 1 2

0 0
1 1 2 1 1 2

( , ) ( , )

( , ) ( , )

i i

i i

u x x u x L x

x x x L x

 

     (6)
 

for the left and right sides, and 

 
0 0

1 2 1 2

0 0
2 1 2 2 1 2

( , ) ( , )

( , ) ( , )

i i

i i

u x x u x x L

x x x x L

 

     (7)
 

for the upper and bottom sides, where L is the periodic-
ity of RVE.  The PR-BCs can be implemented in the 
code by the penalty function method as done in the tra-
ditional FEM [26,31,33]. 

 

Fig. 1 Schematic of representative volume elements 
(RVE) [26] 

 

Fig. 2 Schematic of periodic boundary conditions of 
RVE 

After defining specified PR-BC, the boundary-value 
problem of an RVE can be solved to obtain the distribu-
tions of the stresses and strains within the RVE, then the 
remaining procedures are to homogenize/average the 
stresses and strains over the volume, and to calculate 
the effective material properties according to the for-
mulations given in the following section. 

2.4  Homogenization for RVE 

To determine the properties of an equivalent homo-
geneous medium, which at the macroscopic level accu-
rately represents the response of the microscopically 
heterogeneous materials, the effective macroscopic 
stress *

ij  and strain *
ij  are defined as the corre-

sponding mean values of the stresses ij  and strains 

ij  over the RVE [26], 

 * 1
ij ij ij ij d

 
       

   (8) 

 * 1
ij ij ij ij d

 
       

   (9) 

where ij and ij are the stress and strain tensors, re-
spectively,  is the volume of RVE.  The effective 
elastic constants of the equivalent homogeneous mate-
rial can then be defined by the linear constitutive equa-
tion 
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 *
ij ijkl klC    (10) 

If using Voigt-notation following the rules 11 → 1, 22 

→ 2, 33 → 3, 23 → 4, 13 → 5, 12 → 6 and written as matrix 
form, Eq. (10) can be expressed as 

 
*σ = C ε  (11) 

where stress vector is expressed as  T11 22 12         σ , 

strain vector is expressed as  T11 22 12      2   ε
.
   

The strain-displacement relation is expressed in matrix 
form as 

 

* * *
11 12 16

* * * *
12 22 26

* * *
16 26 66

c c c

c c c

c c c

 
 

  
 
 

C  (12) 

The heterogeneous stresses and strains in Eqs. (8) 
and (9) will be calculated using the formulations pre-
sented in Section 3. 

3.  FORMULATIONS OF THE HFS-FEM  

3.1  Two Assumed Independent Fields 

The main idea of the HFS-FEM approach is to estab-
lish a hybrid finite element formulation by using two 
independent approximate fields: The intra-element field 
and the independent frame field [24].  In this approach, 
for a particular element e, the intra-element displace-
ment fields is approximated in terms of a linear combi-
nation of fundamental solutions of the problem of in-
terest  

11 12 11

12 22 22 1

( , ) ( , )( )

( , ) ( , )( )

sn
sj sj j

sj sj jj

e e

u u cu

u u cu 

    
     
     




x x x xx

u(x)
x x x xx

N c  (13) 

where ns is the number of source points xsj(j 1, 2, , 
ns) located outside the element.  The matrix Ne and 
vector ce can be written as  

11 1 12 1 11 12

12 1 22 1 12 22

( , ) ( , ) ...... ( , ) ( , )

( , ) ( , ) ...... ( , ) ( , )
s s

s s

e

s s sn sn

s s sn sn

u u u u

u u u u

 
  
 

N

x x x x x x x x

x x x x x x x x

  (14) 

11 21 1 2[ ...... ]T
e n nc c c cc  (15) 

in which the component uij(x, xsk) is the fundamental 
solution, i.e. the induced displacement component in i- 
direction at the field point x due to a unit point load 
applied at the source point xsk in j-direction.  The de-
tailed expressions of uij(x, xsk) are given as  

 

11

1 2
21 12

2
2

2
1
2

2

222
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where ii isr x x  , 2 2
1 2r r r  , 1/ 8 (1 )A G    , 

for isotropic materials [34], and  
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where 

 

12 66
1 2

1 2 22 22

11
1 2 12 22

22

2 2
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,
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, ,

,

i i

i i i i si

s s
D
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s
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s
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for orthotropic elastic materials [35]. 
In the present work, the number of source points is 

taken to be the same as the number of element nodes, 
which is free of spurious energy modes and can keep 
the stiffness equations in full rank, as indicated in [21].  
In practice, the source point xsj (j 1, 2, , ns) can be 
generated by means of the following method [24]  

 0 0( )s cx x x x     (18) 

where  is a dimensionless coefficient, x0 is the element 
boundary point and xc the geometrical centroid of the 
element (see Fig. 3).  It should be noticed that the pa-
rameter  has to be determined by the numerical tests.  
The suitable range for  is from 2 to 10 as discussed in 
the previous work by Wang and Qin [24].  Thus,  8 
is used in our analysis. 

Using the constitutive Eq. (2), the corresponding 
stress fields can be expressed as  

 e eσ(x) T c  (19) 

where  

111 1 211 1 111 211

122 1 222 1 122 222

112 1 212 1 112 212

( , ) ( , ) ...... ( , ) ( , )

( , ) ( , ) ...... ( , ) ( , )

( , ) ( , ) ...... ( , ) ( , )

s s

s s

s s

e

n n

n n

n n

    
      
     

T

x y x y x y x y

x y x y x y x y

x y x y x y x y

  (20) 
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Fig. 3 Intra-element field and frame field in a partic-
ular element of a HFS-FEM element for plane 
elastic problems 

and the components ijk(x, y) are given in Appendix for 
isotropic materials and orthotropic materials at the end 
of this paper. 

As a consequence, the traction is written as  

  1

2
e e

t
t

  t nσ Q c  (21) 

in which   

 1 2

2 1

0
,

0
e e

n n

n n

 
   

 
Q nT n  (22) 

The unknown ce in Eq. (13) may be calculated using 
a hybrid technique [36], in which the elements are 
linked through an auxiliary conforming displacement 
frame which has the same form as in conventional FEM 
(see Fig. 3).  This means that in the HFS-FEM, a con-
forming displacement field should be independently 
defined on the element boundary to enforce the field 
continuity between elements and also to establish the 
relationship between the unknown c and the nodal dis-
placement de.  The frame is defined as  

  1 1

2 2

( ) ,       ( )e e e e
u
u

 
    

 

N
u x d N d x

N

    (23) 

where the symbol “~” is used to specify that the field is 
defined on the element boundary only, eN  is the ma-
trix of shape functions, de is the nodal displacements of 
elements.  Taking the side 1-2 of a particular 4-node 
element (see Fig. 4) as an example, eN  and de can be 
expressed as  

1 2

1 2

0 0 0 0 0 0

0 0 0 0 0 0
e

N N

N N

 
  
 

N
 

   (24) 

 11 21 12 22 13 23 14 24= e u u u u u u u ud  (25) 

e

e 1x

2x

1

4 3

2

Frame field

( ) e eu x N d

Intra-element field

      e eu N c

 

Fig. 4 Intra-element field and frame field of a HT- 
FEM element for plane elastic problems 

where 1N  and 2N  can be expressed by natural coor-
dinate   [1, 1]  

 1 2

1 1
,           

2 2
N N

   
    (26) 

3.2 Modified Functional for Hybrid Finite Element 
Method 

The HFS-FEM equations for plane elastic problem 
can be established by the variational approach [24].  
Compared to the functional employed in the conven-
tional FEM, the present hybrid functional for HFS-FEM 
is constructed by adding a hybrid integral term related 
to the intra-element and element frame displacement 
fields to guarantee the satisfaction of displacement and 
traction continuity conditions on the common boundary 
of two adjacent elements.  In the absence of body 
forces, the hybrid functional me for deriving HFS- 
FEM stiffness equations can be constructed as [37] 

1
( )

2 e t e
me ij ij i i i i id t u d t u u d

  
             

  (27) 

where iu
 

and ui 
are the intra-element displacement 

field defined within the element and the frame dis-
placement field defined on the element boundary, re-
spectively.  e and e are the element domain and el-
ement boundary, respectively.  t, u and I stand for 
the specified traction boundary, specified displacement 
boundary and inter-element boundary, respectively 
(e t + u + I). 

Appling the Gaussian theorem, Eq. (27) can be sim-
plified to 

,

1
( )

2
1

( )
2

( )

e t e

e e t

e

me ij ij i i i i i

i i ij j i i i

i i i

d t u d t u u d

t u d u d t u d

t u u d

  

  



        

      

  

  

  


 





 

  (28) 

Due to the satisfaction of the equilibrium equation with 
the constructed intra-element fields, we have the fol-
lowing expression for HFS finite element model 
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1
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2
1

2

e t e

e e t

me i i i i i i i

i i i i i i

t u d t u d t u u d

t u d t u d t u d

  

  

       

      

  
  

 

   (29)
 

The functional (29) contains boundary integrals only 
and will be used to derive HFS-FE formulations for the 
plane elastic problem. 

3.3  Element Stiffness Matrix 

The element stiffness equation can be generated by 
setting 0me  .  Substituting Eqs. (13), (21) and 
(23) into the functional (29), we will have  

 
1

2
T T T

me e e e e e e e e    c H c c G d d g  (30) 

where   

T T Td , d ,
e e t

e e e e e e e e d
  

       H Q N G Q N g N t 

  (31) 

To enforce inter-element continuity on the common 
element boundary, the unknown vector ce should be 
expressed in terms of nodal DOF de.  The stationary 
condition of the functional me with respect to ce and de 
yields, respectively, 

 
T
me

e e e e
e


   


H c G d 0

c
 (32) 

 
T

Tme
e e e

e


  


G c g 0

d
 (33) 

Therefore, the relationship between ce and de, and 
the stiffness equation can be obtained as follows 

 1
e e e e

c H G d  (34) 

 e e eK d = g  (35) 

where 1T
e e e e

K = G H G is the element stiffness matrix.  
The matrix eH , matrix eG  and vector eg  can be 
integrated numerically by the common Gaussian inte-
gral method.   

3.4  Recovery of Rigid-Body Motion 

Considering the physical definition of the funda-
mental solution, it’s necessary to recover the missing 
rigid-body motion modes from the above results.  
Following the method presented in [21,24], the missing 
rigid-body motion can be recovered by writing the in-
ternal potential field of a particular element e as 

 0e e eu c N c  (36) 

where the undetermined rigid-body motion parameter c0 
can be calculated using the least square matching of ue 
and eu  at element nodes 

 2
0 node 

1

( ) min
n

e e e i
i

c u


   N c   (37) 

which finally gives 

 0
1

1 n

ei
i

c u
n 

   (38) 

in which 
node 

( )ei e e e i
u u  N c  and n is the number of 

element nodes. 
Once the nodal field is determined by solving the fi-

nal stiffness equation, the coefficient vector ce can be 
evaluated from Eq. (34), and then c0 is evaluated from 
Eq. (38).  Finally, the potential field u at any internal 
point in an element can be obtained by means of Eq. 
(13).  It should be pointed out that in the previous sec-
tions, we only present the two-dimensional elastic 
problems of HFS-FEM, to extend this method for three- 
dimensional problems, Green’s functions or fundamen-
tal solutions for 3D problems will be needed for intra- 
element interpolation.  Similarly, to solve 3D prob-
lems using HT-FEM, which will be discussed in the 
following part, the Trefftz functions in 3D should be 
firstly provided. 

4.  FORMULATIONS OF THE HT-FEM 

The formulations for HT-FEM have the same forms 
as those of HFS-FEM, except for the intra-element dis-
placement field (13), which has to be replaced by 

    1 1

2 2
    ( )e e e e

u
u

   N
u c N c x

N
 (39) 

where  
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m

N N N
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N



 (40) 

and Nm are the truncated T-complete functions satisfy-
ing the homogeneous Navier equations in terms of dis-
placements.  The T-complete functions of elastostatics 
can be generated in a systematic way from Muskhelish-
vili’s complex variable formulation [37], which is given 
as  
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It is noted that it is essential to discard all rigid-body 
motion terms from ue to form the vector Ne  [N1 N2 … 
Nm] as a set of linearly independent functions Nj associ-
ated with non-vanishing strains.  Besides, to ensure 
the resulting stiffness matrix to have full rank, the 
number of independent solutions Nj should be larger 
than (Ndof3), i.e. m > Ndof3, where Ndof is the num-
ber of nodal DOF of the element.  As an example, the 
terms of T-complete function of a 4-node linear quadri-
lateral element shown in Fig. 4, should be larger than 2 
 4 3 5.   

The corresponding components of Te matrix in Eq. 
(19) should be changed as follows [21] 
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5.  NUMERICAL EXAMPLES AND DISCUSSION 

The determination of the equivalent homogeneous 
material properties implies a homogenization procedure 
that requires the application of several independent 
loading conditions on the RVE under consideration [26].  
Each loading case consists of specifying displacement 
fields that render null for all but one of the three inde-
pendent components of the strain tensor.  In the pre-
sent investigation, strain controlled method is employed 
to conduct the necessary tests.  Resolving the stress 
field in the heterogeneous material through a static 
equilibrium analysis allows for the calculation of the 
average stress field σ .  Since the average strain ε  is 
imposed, the stiffness tensor components for the equiv-
alent material ijC  can be directly calculated from Eq. 
(11).  

In the following two examples, the effective proper-
ties of two-phase composites are investigated by means 
of the HT-FEM and HFS-FEM.  It is assumed that 
both fiber and matrix are linear elastic and that they are 
perfectly bonded at their interface.  It is also assumed 
that the reinforced fibers are infinite in the third direc-
tion so that it can be treated as plane strain problem.  

Two different cases (i.e. isotropic reinforced fiber em-
bedded in isotropic matrix, and orthotropic reinforced 
fiber embedded in isotropic matrix) are studied to 
demonstrate the efficiency and accuracy of the hybrid 
finite element methods (i.e. HFS-FEM and HT-FEM).  
Based on the recommendation of Wang and Qin, we 
verify that the same rule ( 210) can be applied in 
micromechanical analysis.  In the following example, 
without loss of generality, we use  8 in HFS-FEM 
analysis.   

5.1  Composite with Isotropic Fiber 

A composite with embedded periodic isotropic fibers 
is firstly investigated in this section.  The material 
parameters of the matrix and fiber are given as follow 

Matrix: Young’s modulus Em  3GPa, Poisson’s ratio 
vm 0.35;  

Fiber: Young’s modulus Ef 70GPa, Poisson’s ratio 
vf 0.2.   

Effect of Mesh Density 
For finite element method, it is of interest and para-

mount importance to investigate the convergence and 
distortion sensitivity of the elements before conducting 
analysis.  In this section, three different meshes, as 
shown in Fig. 5, are employed to investigate the con-
vergent performance of the HT-FEM and the HFS-FEM 
in predicting effective elastic parameters of heteroge-
neous composites.  The meshing of the model is ob-
tained using ABAQUS’s built-in free meshing algo-
rithm.  Figure 5(a) contains irregular geometry, non- 
uniform elements.  The number of elements for the 
coarse mesh, medium mesh and fine mesh are 28, 135 
and 522, respectively. 

Table 1 presents the predicted effective stiffness pa-
rameters, effective transversal Young’s modulus and 
effective Poisson’s ratios calculated by the HT-FEM 
with linear quadrilateral elements based on three dif-
ferent mesh densities.  The effective engineering con-
stants (Transversal Young’s modulus ET, Poisson’s rati-
os vT and shear modulus GT) are calculated by C11, C12 
and C66 based on the following equations [12] 

12 11 12/ ( )Tv C C C   (49) 

11(1 )(1 2 )

(1 )
T T

T
T

C v v
E

v
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66TG C   (51) 

For comparison and verification, corresponding ef-
fective parameters calculated using ABAQUS with the 
same meshes are also presented in Table 1.  It is noted 
that the results from HT-FEM and HFS-FEM using lin-
ear elements are nearly the same, so only the linear one 
for HT-FEM is presented for comparison.  It can be 
seen from Table 1 that compared with the ABAQUS, 
good accuracy can be achieved by the HTFEM when 
using the coarse mesh. 

Table 2 shows the effective parameters calculated by 
the HT-FEM and HFS-FEM with quadratic quadrilat-
eral elements (8-node quadrilateral elements) for the 
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(a) Coarse mesh       (b) Medium Mesh       (c) Fine mesh 

Fig. 5 Three different mesh densities (Red: Fiber, 
Yellow: Matrix) 

Table 1 Effective parameters calculated by HT-FEM 
and ABAQUS based on different meshing 
with linear elements 

Mesh 
Density 

Coarse Mesh 
(28) 

Medium Mesh 
(135) 

Fine Mesh 
(522) 

Method HT-FEM ABAQUS HT-FEM ABAQUS HT-FEM ABAQUS

C11 
(MPa) 

7226.608 7095.709 7289.793 7263.611 7318.937 7276.700

C12 
(MPa) 

3271.800 2909.319 3361.714 3296.600 3378.242 3314.374

C66 
(MPa) 

1671.889 1630.440 1640.908 1633.470 1639.296 1635.974

ET 
(MPa) 

5187.313 5403.733 5167.818 5205.400 5185.194 5202.297

T
 0.312 0.291 0.316 0.312 0.316 0.313 

Table 2 Effective parameters calculated by HT-FEM, 
HFS-FEM and ABAQUS using different 
meshing and quadratic elements 

Mesh 
Density 

Coarse Mesh (28) Medium Mesh (135) Fine Mesh (522)

 
HT-FE

M 
HFS-F

EM 
ABAQ

US 
HT-FE

M 
HFS-F

EM 
ABAQ

US 
HT-FE

M 
HFS-F

EM
ABAQ

US

C11 
(MPa) 

7327.5
19 

7321.7
41 

7103.6
58 

7328.0
07 

7327.2
85 

7268.4
91 

7328.0
55 

7326.4
48

7309.5
61

C12 
(MPa) 

3383.9
73 

3374.5
16 

3278.8
02 

3384.7
33 

3384.9
11 

3358.0
74 

3384.7
23 

3385.2
45

3373.5
18

C66 
(MPa) 

1639.9
81 

1641.0
07 

1601.4
84 

1639.6
29 

1639.9
98 

1627.9
28 

1639.5
75 

1640.0
25

1636.4
95

ET 
(MPa) 

5189.3
90 

5192.5
17 

5032.7
53 

5189.1
68 

5188.1
12 

5146.1
38 

5189.2
35 

5186.7
51

5178.9
72

T
 0.316 0.315 0.316 0.316 0.316 0.316 0.316 0.316 0.316

 
 

three different meshes in Fig. 5.  The results obtained 
by ABAQUS are also presented for comparison.  It 
can be found that for the HT-FEM and HFS-FEM, the 
error of the engineering constant vT 

between linear ele-
ment and quadratic element is only less than 1.3 for 
the coarse mesh and 0.1 for the fine mesh, while the 
error of vT 

calculated by ABAQUS can be up to 8 for 
the same coarse mesh and 1.3 for the same fine mesh.   

Additionally, it can be seen from Table 1 and Table 2 
that there is little difference for the results calculated by 
HT-FEM and HFS-FEM when increasing the number of 
elements.  However, obvious difference is found in the 
results calculated by ABAQUS although the results can 
approach to those calculated by HT-FEM and HFS- 

FEM when using finest meshes.  It is well known that 
with increasing mesh density and employing higher 
order elements, ABAQUS results can be improved and 
tend to converge to the exact solutions.  As a conse-
quence, it is believed that the difference between the 
results of HT-FEM and ABAQUS decreases along with 
an increase in the mesh density or/and the order of ele-
ment.   

From Table 1 and Table 2, it can be seen that HT- 
FEM and HFS-FEM can provide similar results with 
lower-order coarse meshes, to those given by ABAQUS 
with higher-order fine mesh.  The results also indicate 
that the HT-FEM and the HFS-FEM are not sensitive to 
the mesh density and element distortion.  This can also 
be observed from Fig. 6, in which the contour plots of 
the stress fields of RVE with a fiber volume fraction 
(FVF) of 28.27 is shown when the RVE is subjected 
to a controlled shear strains (104).  The results shown 
in Fig. 6(a) are calculated by using HT-FEM with the 
fine mesh shown in Fig. 5(c), while the results shown in 
Fig. 6(b) is obtained by using HFS-FEM.  For a clear 
view, all the deformations of the RVE in Fig. 6 were 
magnified 1000 times.  It can be seen that the stress 
distributions and profile of RVE obtained from HT- 
FEM and HFS-FEM are the same.  It should be point-
ed out that the number of terms of Trefftz function has 
no obvious influence on the results of effective material 
parameters as long as satisfying the requirements of 
minimum number of terms of T-complete functions 
[21].   

Effect of Fiber Volume Fraction 

It has been found that the fiber volume fraction (FVF) 
has significant influence on the effective mechanical 
properties of composites.  In this section, six different 
FVFs varying from 12.57 to 63.62 are used to study 
the macroscopic effective parameters of composites.  
The volume fraction of the fiber is changed by varying 
the radius of the fiber in the analysis.  The fiber radius 
is assumed to be r 4, r 5, r 6, r 7, r 8 and r 9, 
respectively.  The predicted effective stiffness param-
eters from HT-FEM are listed in Table 3 and Table 4.  
Compared with the results in Table 3 and Table 4, it is 
found that there is little difference (2) for C11, C12 
and C66 when employing elements of different orders.  
It indicates that we could employ linear elements to 
improve the calculation efficiency for large scale simu-
lations without decaying the accuracy suffered by 
ABAQUS. 

Figure 7 graphically shows the variation of the 
composite effective parameters with the increasing FVF 
by the HT-FEM using linear elements and quadratic 
elements.  It can be seen, as expected, that all three 
effective stiffness parameters C11, C12, C22 increase 
along with an increase in the FVF.  However, the in-
creasing rate for these three parameters are not the same, 
which C11 experiences a drastic increase while C12 only 
gains a slightly increase.  The increasing rate becomes 
larger as the FVF increases.  It is obvious that for all 
the cases investigated in this analysis, good accuracy 
can be achieved by both linear and quadratic elements 
as mentioned in previous section. 
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(a) 

 
(b) 

Fig. 6 Stress fields of the RVE of composites with 
isotropic fiber on deformed configuration un-
der pure shear strain using (a) HT-FEM and (b) 
HFS-FEM (FVF: 28.27) 
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Fig. 7 Variation of the composite effective parame-
ters with increasing FVF using HT-FEM 
(Linear and quadratic elements) 

Table 3 Predicted effective stiffness parameters for 
different FVFs using HT-FEM with linear el-
ement 

Fiber 
Fraction 12.57 19.63 28.27 38.48 50.27 63.62

C11 
(MPa) 

5695.083 6329.452 7289.793 8839.901 11503.063 16860.629

C12 
(MPa) 

2927.021 3120.798 3361.714 3651.620 3927.328 4488.681

C66 
(MPa) 

1329.382 1460.801 1640.908 1900.043 2329.915 3254.094

ET 
(MPa) 

3707.760 4268.260 5167.818 6704.960 9503.904 14973.143

vT
 0.340 0.331 0.316 0.292 0.256 0.210

 
 

Figures 8 and 9 describe the variation of effective 
transversal Young’s modulus ET and Poisson’s ratios vT 
of the reinforced composite with FVF.  The results 
from Mori-Tanaka method are also included in the fig-
ure for comparison.  It can be seen that the effective 
transversal Young’s modulus increases with FVF while 
the effective Poisson’s ratio decreases with FVF.  The 
analytical solutions from Mori-Tanaka method have 
good agreement with those from HT-FEM when FVF 
40, however, the predicted values from 

 

Fig. 8 Variation of the Young’s elastic modules ET of 
composite with increasing FVF using HT- 
FEM 
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Fig. 9 Variation of Poison’s ration vT of the compo-
site with increasing FVF using HT-FEM 

Table 4 Predicted effective stiffness parameters for 
different FVFs using HT-FEM with quadratic 
element 

Fiber 
Fraction

12.57% 19.63% 28.27% 38.48% 50.27% 63.62%

C11 
(MPa)

5703.923 6346.791 7328.007 8881.711 11538.307 16902.291

C12 
(MPa)

2936.343 3136.764 3384.733 3676.311 4011.769 4543.670

C66 
(MPa)

1328.242 1459.639 1639.629 1901.206 2333.549 3261.974

ET 
(MPa)

3708.126 4271.770 5189.168 6729.260 9468.312 14976.993

vT
 0.340 0.331 0.316 0.293 0.258 0.212

 

 

Mori-Tanaka method become divergent from the values 
by HT-FEM when FVF 40.  This phenomenon also 
verifies the conclusion that Mori-Tanaka method is only 
accurate for medium FVFs ( 30).  It also demon-
strates that the predicted transversal Young’s modulus 
and Poisson’s ratios are nearly the same when employ-
ing the linear and quadratic elements in the HT- FEM.   

The effective properties for the same fiber fractions 
are also calculated using HFS-FEM with 8-node ele-
ments, which are shown in Table 5.  Compared with 
the results in Table 4, it can be seen from Table 5 that 
the results from the HT-FEM and the HFS-FEM are 
nearly the same as each other. 
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Table 5 Predicted effective stiffness parameters for 
different FVFs using HFS-FEM 

Fiber 
Fraction 12.57 19.63 28.27 38.48 50.27 63.62

C11 
(MPa) 

5704.059 6346.786 7327.423 8882.773 11538.85 16904.75

C12 
(MPa) 

2936.537 3136.388 3384.751 3676.242 4009.644 4544.372

C66 
(MPa) 

1328.396 1459.782 1640.37 1901.328 2333.357 3261.719

ET 
(MPa) 

3708.075 4272.178 5188.447 6730.572 9470.838 14979.135

vT
 0.340 0.331 0.316 0.293 0.258 0.212

 

5.2  Composites with Orthotropic Fiber 

For composites with orthotropic fibers, the fiber 
stiffness parameters are assumed to be 

 
4 4

11 12
4 3

22 66

6.1622 10 MPa , 1.3911 10 MPa ,
1.8908 10 MPa , 4.0502 10 MPa .

C C
C C

   
   

 

The Young modulus and Poisson’s ratio of the matrix 
are remains the same as those of the composite with 
isotropic fibers, i.e. Em  3000MPa and m  0.35, re-
spectively.   

Effect of Mesh Density 
The effect of mesh density on the accuracy of the 

method is investigated for the composite with ortho-
tropic fibers by using the newly proposed HFS-FEM.  
Three different meshes shown in Fig. 5 are employed 
again for discretizing the square RVEs with orthotropic 
fibers.  The coarse mesh uses 28 quadratic elements, 
medium mesh 135 quadratic elements, and fine mesh 
522 quadratic elements.  The effective material pa-
rameters calculated by HFS-FEM are given in Table 6, 
which are also graphically demonstrated in Fig. 10 to 
give a clear view of the differences among them.   

It can be seen from Table 6 and Fig. 10 that there is 
little variation in the predicted effective parameters 
when decreasing the mesh density.  The accuracy of 
HFS-FEM using the coarse mesh (28 8-node quadrilat-
eral elements) is similar to that of the ABAQUS using 
the fine mesh (522 8-node quadrilateral elements).  It 
indicates that the micromechanical model based on the 
HFS-FEM is also not sensitive to mesh density and 
element distortion for the case of orthotropic fiber.  It 
is demonstrated that this method has the potential to be 
used in multiscale simulation to enhance the computa-
tional efficiency with the same required accuracy.   

Effect of Fiber Volume Fraction 

The effect of fiber volume fraction is also investi-
gated in this section for the composites with orthotropic 
fibers.  Table 7 presents the four parameters: C11, C12, 
C22 and C66 of the stiffness matrix for six different fiber 
fraction: 12.57, 19.63, 28.27, 38.48, 50.27 
and 63.62, respectively.  These FVFs are chosen by 
changing the fiber radius from r 4 to r 9 as de-
scribed in Example 1. 

Table 6 Effective stiffness parameters obtained by 
HFS-FEM and ABAQUS with different mesh 
densities 

Mesh 
Density

Method 
C11 

(MPa) 
C12 

(MPa) 
C22 

(MPa)
C66 

(MPa)

Coarse
Mesh 
(28) 

HFS-FEM 7232.374 3246.842 6443.842 1448.592

FEM (Quadratic) 7145.669 3212.689 6377.076 1437.549

FEM (Linear) 6425.217 2610.608 5745.458 1365.512

Medium
Mesh 
(135) 

HFS-FEM 7230.208 3247.765 6442.853 1447.489

FEM (Quadratic) 7211.703 3241.617 6428.952 1444.831

FEM (Linear) 7062.563 3125.867 6302.854 1429.705

Fine 
Mesh 
(522) 

HFS-FEM 7229.685 3251.708 6440.99 1447.614

FEM (Quadratic) 7221.606 3241.769 6433.551 1446.791

FEM (Linear) 7146.783 3168.411 6346.986 1602.323

Table 7 Variation of effective parameters with the 
volume fraction of reinforced fibers 

Fiber 
Fraction 12.57 19.63 28.27 38.48 50.27 63.62

C11 (MPa) 5703.923 6287.574 7230.208 8708.330 11182.148 15881.294

C12 (MPa) 2936.343 3037.789 3247.765 3514.385 3889.846 4597.288

C22 (MPa) 5439.596 5855.995 6442.853 7268.749 8448.530 10190.166

C66 (MPa) 1253.403 1336.934 1447.489 1596.397 1810.012 2154.185
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Fig. 10 Comparison of effective stiffness parameters 
calculated by HFS-FEM and ABAQUS 

As can be seen from Table 7, it is obvious that all the 
investigated parameters increase with the FVF of the 
composites, which have the similar trend as found in 
isotropic fiber case.  However, it should be noticed 
that the increasing rate for these four parameters are not 
consistent when FVF increases from 12.57 to 63.62, 
which is graphically demonstrated in Fig. 12.  For the 
parameter C11, it reaches the value of 10177.4 MPa 
when FVF 63.62, which is nearly 2.8 times of its 
original value.  For C22 and C66, however, the changes 
are only about 1.6 times of their original corresponding 
values.  This fact results in the phenomenon that the 
composite, consisting of orthotropic fibers and isotropic 
matrix, demonstrates strong orthotropic properties, as 
expected.  Figure 11 shows the mesh configuration, 
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Fig. 11 Mesh, deformation and stress fields of the 
RVE of composites with orthotropic fiber un-
der constant shear strain using HFS-FEM 
(FVF: 28.27) 
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Fig. 12 Variation of effective parameters with 
increasing FVF 

deformations and stress fields of the RVE for ortho-
tropic fiber when the RVE is subjected to constant shear 
strain and FVF is equal to 28.27. 

Effect of Fiber Shape 
In this section, the effect of the shape of fibers on the 

effective properties of composites is presented.  As 
shown in Figs. 13(a) ~ 13(d), four inclusion shapes: 
Circle, elliptical, square and triangle are considered.  
For all the RVEs presents in this section, the FVF is 
kept constant at 28.27 (etc. the radius of the circular 
fiber is equal to 6).   

The predicted effective parameters calculated by the 
HFS-FEM for the four different configurations are giv-
en in Table 8, which is also graphically depicted in Fig. 
15.  It can be seen that compared to the other three 
forms, the reinforcement performance of elliptical 
shape is significant, which can dramatically increase the 
stiffness of reinforced composite in the major axis di-
rection meanwhile not significantly decrease the other 
three stiffness parameters.  It could be concluded that 
elliptical-shaped fiber is a promising reinforcement 
form and can be employed for the case of extra rein-
forcement needed in one particular direction.  In addi-
tion, it is also found that the fiber with a triangle shape 
also has good reinforced performance, by which rein-
forced composite has larger effective stiffness than its 
counterpart with circle shape inclusion. 

    
(a)                            (b) 

    
(c)                             (d) 

Fig. 13  Meshes for RVE with different-shaped fibers 

Table 8 Effective parameters predicted by HFS-FEM 
for different inclusion shapes and configura-
tion 

Inclusion
Shape

Circle Elliptical Square Triangle Pattern 1 Pattern 2

C11 
(MPa)

7230.208 9715.192 7451.964 7675.534 7275.869 7078.099

C12 
(MPa)

3247.765 3331.026 3173.031 3261.295 3223.868 3384.242

C22 
(MPa)

6442.853 6180.894 6506.971 6525.828 6456.642 6400.636

C66 
(MPa)

1447.489 1423.143 1441.282 1472.153 1444.499 1501.981

 
 
Two different configurations of reinforced fibers, as 

shown in Figs. 14(a) and 14(b), are studied to investi-
gate the effect of the fiber configurations on the effec-
tive parameters of composites.  The two patterns in 
Fig. 14 have the same FVF and the arrangement of pat-
tern 2 is obtained by rotating pattern 1 by an angle of 
ninety degrees.  The effective parameters of the com-
posites are given in Table 8 together with the cases with 
one fiber.  Herein for comparison, the FVFs of the two 
patterns are equal to the single fiber case investigated in 
above section.  It can be found from Table 8 that no 
much difference can be observed when replacing the 
one circular-fiber RVE with four-fiber RVE as shown in 
Figs. 14(a) and 14(b).  For these two patterns, it is also 
found that Pattern 2 has slightly higher values in C12 
and C66 while slightly lower values in C11 and C22 
compared with Pattern 1, which can be seen from Fig. 
15. 
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(a)                            (b) 

Fig. 14 Meshes for RVE with different fiber configu-
rations 
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Fig. 15 Difference of effective parameters among six 
configurations 

6.  CONCLUSIONS 

A micromechanical analysis based on the newly de-
veloped HFS-FEM and HT-FEM was presented to de-
termine the effective properties of heterogeneous com-
posites.  In this work, the homogenization technique is 
employed to average the microscale stresses and strains 
through the concept of RVE.  Two kinds of fiber rein-
forced composites were analyzed, including the iso-
tropic material and orthotropic materials.  Numerical 
results obtained from ABAQUS are also presented for 
comparison and verification.  Numerical results show 
that the accuracy of the newly developed HFS-FEM and 
HT-FEM is promising when using the coarse meshes.  
In the micromechanical modeling, the effective material 
parameters obtained from HT-FEM and HFS-FEM is 
insensitive to mesh density and element distortion.  
Generally they can give better results than ABAQUS 
when using the same meshes.  It may be concluded 
that the proposed micromechanical models based on 
HFS-FEM and HT-FEM have the potential to be further 
developed with the consideration of various defects 
including cracks and pore voids in microstructures. 

The effect of microstructure factors, including the 
FVF, the shape of fiber, and the fiber configuration in 
RVE, on the effective parameters of the composites are 
simulated by the new methods.  It is found that for 

both isotropic- and orthotropic- fiber reinforced com-
posites, all the effective stiffness parameters increase 
with the increasing FVF while the increasing rates of 
these parameters differ from one another.  In addition, 
for isotropic fiber reinforced composites, it is observed 
that effective transversal Young’s modulus increases 
with the reinforced FVF while the effective Poisson’s 
ratio decreases with the reinforced FVF.  The results 
calculated by the HFS-FEM method for the orthotropic 
composites reveal that elliptical shaped fiber can dra-
matically increase the stiffness of reinforced composite 
in its major axis direction meanwhile not significantly 
decrease the other three stiffness parameters.  Howev-
er, there is no much difference observed when substi-
tuting one fiber with four thinner fibers.   
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APPENDIX 

Isotropic Materials 

For isotropic elastic materials, the corresponding 
stress components are expressed as 
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A
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  (53) 

Orthotropic Materials 

For an orthotropic elastic infinite plane, the corre-
sponding stress components at the field point x in i- 
direction due to a unit point load applied at the source 
point xs in j-direction are expressed as [35] 

111 11 1 12 3 1 112 11 3 12 5 2

221 12 1 22 3 1 222 12 3 22 5 2

121 66 3 2 2 122 66 3 4 1

( )        ( )

( )       ( )

( )           ( )

c B c B r c B c B r

c B c B r c B c B r

c B B r c B B r

     
     
        (54)
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where     

 

2 21 2
1 1 2 2 12 2

1 2

2 2
2 1 2 2 12 2

1 2

2 2
1 2 2 1 2 1

3 1 2 2 2 2 2 2
2 1 2 1 1 2 1 2

2 2
1 2

4 1 22 2
1 2

2 2
1 2

5 2 2
1 21 2

1 1

( )( )

( ) ( )

1 1

B D A A

B D A A

r r
B DA A

r r r r

A A
B D

A A
B D

  
      

 
      

     


      

 
       

 
       

 (55)
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