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In this paper we proposed a novel hybrid Trefffz-type finite element method to simulate mechanical

behavior of anisotropic composite materials based on its associated Green’s functions. The hybrid

method is formulated based on two independent assumptions: intra-element field covering the

element domain and inter-element frame field along the element boundary. A modified functional,

which satisfies the governing equation, boundary and continuity conditions between elements, is

proposed to derive the element stiffness equation. In this work, the foundational solutions of

anisotropic materials in terms of the elegant and powerful Stroh formalism are employed to

approximate the intra-element displacement field of the elements, while the polynomial shape

functions used in traditional FEM are utilized to interpolate the frame field. Several numerical examples

are presented to demonstrate the performance of the new method by comparing with the analytical or

numerical results from literatures and ABAQUS. Numerical results show that the proposed method is

accurate and efficient in modeling anisotropic composites materials in contrast to traditional FEM, and

it is potential to be further extended to analyze composite laminates easily.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

In materials science, composite laminates are usually assem-
blies of layers of fibrous composite materials which can be joined
together to provide required engineering properties, such as
specified in-plane stiffness, bending stiffness, strength, and coef-
ficient of thermal expansion (see Fig. 1) [1]. Individual layers (or
laminae) of the laminates consist of high-modulus, high-strength
fibers in a polymeric, metallic, or ceramic matrix material. On one
hand, the fiber and matrix in each lamina can be treated as the
inclusion and matrix, respectively, from the viewpoint of micro-
mechanics. On the other hand, each lamina and the whole
laminate can also be viewed as a general anisotropic body by
classical lamination theory, from the viewpoint of macromecha-
nics. Hence, the analysis of anisotropic bodies is important for
understanding of the micro- or macro-mechanical behavior of
composites [1,2].

In the literature, there are two main approaches dealing with
generalized two-dimensional (2D) anisotropic linear elastic solid
i.e. Lekhnitskii formalism [3] and Stroh formalism [4,5], both of
which are formulated in terms of complex variable functions. The
difference between them comes from that Lekhnitskii formalism
begins with the two-dimensional stresses as basic variables, while
All rights reserved.

in).
Stroh formalism starts with the two-dimensional displacements
as basic variables [6]. Due to this difference, Lekhnitskii formalism
is in terms of the reduced elastic compliances while Stroh
formalism is in terms of the elastic stiffnesses. Moreover, the
displacement fields by Lekhnitskii formalism may be related to
the third coordinate x3 due to integration of 2D strains, whereas
all the physical quantities by Stroh formalism will depend on x1

and x2 only because stresses and strains are related to the
derivatives of displacements not their integrations. In other
words, Lekhnitskii formalism may cover more general fields than
the pure two-dimensional problems discussed by Stroh formal-
ism, such as the anisotropic rod by bending and twisting [6].
However, for the pure two-dimensional problems, it will be
observed in this paper and literatures [4,6] that Stroh formalism
is mathematically elegant and technically powerful in solving
two-dimensional anisotropic elasticity problems.

The Stroh formalism, which has been shown to be elegant and
powerful, is used to find the analytical solutions for the corre-
sponding infinite bodies [7]. The basic assumption of Stroh’s
formalism is that all components of stresses and displacements
in an elastic body depend on xl and x2 only, which is the
conditions for generalized plane deformation. It can be reduced
directly to plane strain problems when out-of-plane displacement
is zero. Moreover, it is also applicable for the generalized plane
stress problems by considering the displacements and stress as
the average values through the thickness of the plates [8]. In
general, the Stroh formalism is suitable for the anisotropic
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Fig. 1. Schematic of a composite laminate.
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material with distinct material eigenvalues. For degenerate mate-
rials with repeated eigenvalues such as isotropic materials, the
results should be modified in analytical sense [9]. However, a
small perturbation of the material constants can usually lead to
the eigenvalues be distinct and the results can be applied to
isotropic materials conveniently. In most cases the results are
therefore valid for any kind of anisotropic materials (the special
case is isotropic materials) even in analytical sense. The formal-
ism is also widely employed in the derivation of the inclusion or
crack problems of anisotropic materials [4].

Because of the limitations of the analytical solutions which are
only available for some problems with simple geometry and
boundary conditions [3,4], numerical methods such as finite
element method (FEM), boundary element method (BEM), mesh
free method (MFM), Hybrid-Trefftz (HT) FEM are usually resorted
to solve more complex problems with complicated boundary
constraints and loading conditions [8,10–14]. As an alternative
to the HT-FEM, a hybrid finite element formulation based on the
fundamental solutions, called the HFS-FEM, was recently devel-
oped for solving two-dimensional elastic and thermal problems
for isotropic [15,16], orthotropic materials [17], piezoelectric
materials [18], micromechanical analysis [19], and three-
dimensional elasticity [20], which inherits the advantages of the
HT-FEM over the traditional FEM and the BEM, such as the
possibility of high accuracy using coarse meshes of high-degree
elements, enhanced insensitivity to mesh distortion, great liberty
in element shape, accurately representing various local effects
without troublesome mesh adjustment [21,22]. Compared to the
HT-FEM, HFS-FEM has simpler interpolation kernel expressions
for intra-element fields (fundamental solutions) and avoids the
coordinate transformation procedure required in the HT-FEM to
keep the matrix inversion stable.

In this paper a hybrid finite element model (HFS-FEM) for
analyzing anisotropic composite materials is developed based on
the associated fundamental solutions in terms of Stroh formalism.
The foundational solutions of the anisotropic materials are
employed to approximate the intra-element displacement field
of general elements. Four numerical examples are presented to
demonstrate the accuracy and efficiency of the proposed method.
The paper is organized as follows: a brief review of the basic
equations, the Stroh formalism, and the related fundamental
solutions for generalized two-dimensional anisotropic elastic
problem is presented in Section 2. Then the detailed HFS-FE
formulations for composite materials are presented in Section 3.
Further, several numerical examples are presented in Section 4 to
verify and demonstrate the performance of the proposed method
and finally some concluding remarks are provided in Section 5.
2. Linear anisotropic elasticity

2.1. Basic equations and Stroh formalism

In the Cartesian coordinate system (x1, x2, x3), if we neglect the
body force bi, the equilibrium equations, stress–strain laws and
strain–displacement equations for anisotropic elasticity are [4]

sij,j ¼ 0 ð1Þ

sij ¼ Cijklekl ð2Þ

eij ¼
1
2 ui,jþuj,i

� �
ð3Þ

where i, j¼ 1,2,3, sijis the stress tensor, ekl the strain tensor, Cijkl

the fourth-rank anisotropic elasticity tensor, and ui the displace-
ment vector. For convenience, matrices are here represented by
bold face letters and a comma followed by an index implies
differentiation with respect to that index. The summation con-
vention is invoked over repeated indices. The equilibrium equa-
tions can be rewritten in terms of displacements by substituting
Eqs. (2) and (3) into Eq. (1) as

Cijkluk,jl ¼ 0 ð4Þ

The boundary conditions of the boundary value problem
(2)–(4) are

ui ¼ ui on Gu ð5Þ

ti ¼ sijnj ¼ ti on Gt ð6Þ

where ui and ti are the prescribed boundary displacement and
traction vector, respectively. In addition, ni is the unit outward
normal to the boundary and G¼GuþGt is the boundary of the
solution domain O.

For the generalized two-dimensional deformation of anisotro-
pic elasticity ui is assumed to depend on x1 and x2 only. Based on
this assumption, the general solution to (4) can be written as [4,5]

u¼ 2ReAfðzÞ, u¼ 2ReBfðzÞ ð7Þ

where u¼ u1,u2,u3ð Þ
T is the displacement vector, u¼ j1,j2,j3

� �T

is the stress function vector, fðzÞ ¼ ½f 1 z1ð Þ,f 2 z2ð Þ,f 3 z3ð Þ�
T is a func-

tion vector composed of three holomorphic complex function
f a zað Þ,a¼ 1,2,3, which is an arbitrary function with argument
za ¼ x1þpax2 and will be determined by satisfying the boundary
and loading conditions of a given problem. In Eq. (7), Re stands for
the real part of a complex number, pa are the material eigenvalues
with positive imaginary part, A¼ ½a1,a2,a3� and B¼ ½b1,b2,b3� are
3�3 complex matrices formed by the material eigenvector
associated with pa, which can be obtained by the following
eigenrelations [4]:

Nn¼ pn ð8Þ

where N is a 6�6 foundational elasticity matrix and n is a 6�1
column vector defined by

N¼
N1 N2

N3 NT
1

" #
, n¼

a

b

� �
ð9Þ

where N1 ¼�T�1RT , N2 ¼ T�1, N3 ¼ RT�1RT
�Q and the

matrices Q , R and T are 3�3 matrices extracted from Cijkl as
follows:

Qik ¼ Ci1k1, Rik ¼ Ci1k2, Tik ¼ Ci2k2 ð10Þ

The stresses can be obtained from the derivation of stress
functions u as follows:

si1 ¼ 2ReLf 0ðzÞ, si2 ¼ 2ReBf 0ðzÞ ð11Þ

where

L¼ ½�p1b1,�p2b2,�p3b3,�p4b4� ð12Þ
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Fig. 2. Schematic of the relationship between global coordinate system and local

material coordinate system (1, 2).
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2.2. Foundational solutions

To find the fundamental solution needed in our analysis, we
have to first derive Green’s function of the problem: an infinite
homogeneous anisotropic elastic medium loaded by a concen-
trated point force (or line force for two-dimensional problems)
p̂¼ p̂1,p̂2,p̂3

� �
applied at an internal point x̂¼ x̂1,x̂2

� �
far from the

boundary. The boundary conditions of this problem can be
written asZ

C
d/¼ p̂ for any closed curve C enclosing x̂

Z
C

du¼ p̂ for any closed curve C

lim
x-1

sij ¼ 0 ð13Þ

Thus, Green’s function satisfying above boundary conditions is
found to be [4]

f zð Þ ¼
1

2pi
ln za�ẑa
� �� �

AT p̂ ð14Þ

Therefore, the fundamental solutions of the problem can be
expressed as

u¼
1

p
Im A/ln za�ẑa

� �
SAT

n o
p̂

f¼
1

p
Im B/ln za�ẑa

� �
SAT

n o
p̂ ð15Þ

The corresponding stress components can be obtained from
stress function f

sn

i1 ¼�f,2 ¼�
1

p Im B pa= za�ẑa
� �� �

AT
n o

p̂

sn

i2 ¼f,1 ¼
1

p Im B 1= za�ẑa
� �� �

AT
n o

p̂ ð16Þ

where p̂ are chosen to be 1,0,0ð Þ
T , 0,1,0ð Þ

T , 0,0,1ð Þ
T , respectively, hi

stands for the diagonal matrix corresponding to subscript a, Im
denotes the imagery part of a complex number, and superscript T

denotes the matrix transpose.
2.3. Coordinate transformation

A typical composite laminate consists of individual layers (see
Fig. 1) which are usually made of unidirectional plies with the
same or regularly alternating orientation. A layer is generally
referred to the global coordinate frame x, y, and z of the structural
element rather than to coordinates 1, 2, and 3 associated with the
ply orientation. So it is necessary to transform the constitutive
relationship of each layer from the material coordinate frame 1, 2,
and 3 to the uniform global coordinate frame x, y, and z.

For the two coordinate systems mentioned above (see Fig. 2),
the angle between the axis-1 and axis-x is denoted by j, which is
positive along the anti-clockwise direction, the relationship for
transformation of stress and strain components between the local
material coordinates and global coordinates is given by

½sxx,syy,syz,szx,sxy�
T ¼ T�1

½s11,s22,s23,s31,s12�
T ð17Þ

and

½e11,e22,e23,e31,e12�
T ¼ T�1

� 	T
½exx,eyy,eyz,ezx,exy�

T ð18Þ
where the transformation matrix T and its inverse matrix are
defined as

T¼

c2 s2 0 0 2cs

s2 c2 0 0 �2cs

0 0 c �s 0

0 0 s c 0

�cs cs 0 0 c2�s2

2
6666664

3
7777775

,

T�1
¼

c2 s2 0 0 �2cs

s2 c2 0 0 2cs

0 0 c s 0

0 0 �s c 0

cs �cs 0 0 c2�s2

2
6666664

3
7777775

ð19Þ

with c¼ cosðjÞ, s¼ sinðjÞ. Subsequently, the constitutive rela-
tionship in the global coordinate system is given by

½sxx,syy,syz,szx,sxy�
T ¼ T�1C T�1

� 	T
½exx,eyy,eyz,ezx,exy�

T ð20Þ
3. Formulations of the hybrid fundamental solution based
FEM

3.1. Assumed fields

To solve the anisotropic problem governed by Eqs. (4)–(6)
using HFS-FEM approach, the solution domain O has to be divided
into a series of elements as done in conventional FEM. For each
element, two independent fields, i.e. intra-element field and
frame field, are assumed in a manner as that presented in
[15,17]. In this approach, the intra-element displacement fields
for a particular element e displayed in Fig. 3, is approximated in
terms of a linear combination of fundamental solutions of the
problem as

uðxÞ ¼

u1ðxÞ

u2ðxÞ

u3ðxÞ

8><
>:

9>=
>;¼Nece xAOe,ysj=2Oe

� 	
ð21Þ



Fig. 3. Intra-element fields and frame fields of a particular element in HFS-FEM.
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where the matrix Ne and unknown vector ce can be further
written as

Ne ¼

un

11 x,ys1

� �
un

12 x,ys1

� �
un

13 x,ys1

� �
� � � un

11 x,ysns

� �
un

12 x,ysns

� �
un

13 x,ysns

� �
un

12 x,ys1

� �
un

22 x,ys1

� �
un

23 x,ys1

� �
� � � un

12 x,ysns

� �
un

22 x,ysns

� �
un

23 x,ysns

� �
un

13 x,ys1

� �
un

32 x,ys1

� �
un

33 x,ys1

� �
� � � un

13 x,ysns

� �
un

32 x,ysns

� �
un

33 x,ysns

� �
2
64

3
75

ð22Þ

ce ¼ c11 c21 c31 � � � c1n c2n c3n

 �T

ð23Þ

in which ns is the number of source points, x and ysj are
respectively the field point and source point in the coordinate
system (X1, X2) local to the element under consideration. The
components un

ij x,ysj

� 	
is the fundamental solution, i.e. induced

displacement component in i-direction at the field point x due to
a unit point load applied in j-direction at the source point ysj

placed outside the element, which are given by Eq. (15) for
general elements.

In our analysis, the number of source points is taken to be
same as the number of element nodes, which is free of spurious
energy modes and can keep the stiffness equations in full rank, as
indicated in [14]. The source point ysj j¼ 1,2,. . .,nsð Þ can be
generated through the following method [17]:

ys ¼ x0þg x0�xcð Þ ð24Þ

where g is a dimensionless coefficient, x0 is the point on the
element boundary (the nodal point in this work) and xc the
geometrical centroid of the element (see Fig. 3). Determination of
g was already discussed in [17,23] and g¼8 is used in the
following analysis.

The corresponding stress fields can be expressed as

rðxÞ ¼ s11 s22 s23 s31 s12

 �T

¼ Tece ð25Þ

where
Te ¼

sn

111 x,y1

� �
sn

211 x,y1

� �
sn

311 x,y1

� �
� � � sn

111 x,yns

� �
sn

211 x,yn

�
sn

122 x,y1

� �
sn

222 x,y1

� �
sn

322 x,y1

� �
� � � sn

122 x,yns

� �
sn

222 x,yn

�
sn

123 x,y1

� �
sn

223 x,y1

� �
sn

323 x,y1

� �
� � � sn

123 x,yns

� �
sn

223 x,yn

�
sn

131 x,y1

� �
sn

231 x,y1

� �
sn

331 x,y1

� �
� � � sn

131 x,yns

� �
sn

231 x,yn

�
sn

112 x,y1

� �
sn

231 x,y1

� �
sn

312 x,y1

� �
� � � sn

112 x,yns

� �
sn

212 x,yn

�

2
6666664
The components sn

ijk x,yð Þ is given by Eq. (16) when p̂iis
selected to be 1,0,0ð Þ

T , 0,1,0ð Þ
T and 0,0,1ð Þ

T , respectively. As a
consequence, the traction can be written as

t1

t2

t3

8><
>:

9>=
>;¼ nr¼Q ece ð27Þ

in which

Q e ¼ nTe ð28Þ

n¼

n1 0 0 n3 n2

0 n2 n3 0 n1

0 0 n2 n1 0

2
64

3
75 ð29Þ

The unknown ce in Eqs. (21) and (25) may be calculated using
a hybrid technique [23], in which the elements are linked through
an auxiliary conforming displacement frame which has the same
form as in conventional FEM (see Fig. 3). This means that in the
HFS-FEM, a conforming displacement field should be indepen-
dently defined on the element boundary to enforce the field
continuity between elements and also to link the unknown ce and
with nodal displacements de. Thus, the frame field is defined as

~uðxÞ ¼

~u1

~u2

~u3

8><
>:

9>=
>;¼

~N1

~N2

~N3

8><
>:

9>=
>;de ¼

~Nede xAGeð Þ ð30Þ

where the symbol ‘‘� ’’ is used to specify that the field is defined
on the element boundary only, ~Ne is the matrix of shape func-
tions, de is the nodal displacements of elements. Taking the side
3–4–5 of a particular 8-node quadrilateral element as an example,
~Ne and de can be expressed as

~Ne ¼ 0 0 N1 N2 N3 0 0 0
h i

ð31Þ

de ¼ u11 u21 u31 u12 u22 u32 � � � u18 u28 u38

 �T

ð32Þ

where the shape functions are expressed as

Ni ¼

~Ni 0 0

0 ~Ni 0

0 0 ~Ni

2
64

3
75, 0¼

0 0 0

0 0 0

0 0 0

2
64

3
75 ð33Þ

and ~N1, ~N2 and ~N3 are expressed by natural coordinate xA ½�1,1�

~N1 ¼�
x 1�xð Þ

2
, ~N2 ¼ 1�x2, ~N3 ¼

x 1þxð Þ

2
xA �1,1½ �ð Þ ð34Þ

3.2. Modified functional for HFS-FEM

With the assumption of two distinct intra-element field and
frame field for elements, we can establish the modified varia-
tional principle based on Eqs. (4)–(6) for the hybrid finite element
method of anisotropic materials [14,22]. In the absence of the
body forces, the hybrid variational functional Pme for a particular
element e is constructed as

Pme ¼
1

2

ZZ
Oe

sijeij dO�
Z
Gt

ti ~ui dGþ
Z
Ge

ti ~ui�uið ÞdG ð35Þ
s

�
sn

311 x,yns

� �
s

�
sn

322 x,yns

� �
s

�
sn

323 x,yns

� �
s

�
sn

331 x,yns

� �
s

�
sn

312 x,yns

� �

3
7777775

ð26Þ



1x

2x

0σ

A

Fig. 4. Schematic of an orthotropic composite plate under tension.
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where the boundary Ge of the element e is

Ge ¼Geu [ Get [GeI ð36Þ

and

Geu ¼Ge \ Gu, Get ¼Ge \ Gt ð37Þ

and GeI is the inter-element boundary of element e. Compared to
the functional employed in the conventional FEM, the present
variational functional is constructed by adding two integral terms
related to the intra-element and element frame fields to guaran-
tee the satisfaction of displacement continuity condition on the
common boundary of two adjacent elements. To this end, per-
forming a variation of Pm, one obtains

dPme ¼

ZZ
Oe

sijdui,j dO�
Z
Get

tid ~ui dGþ
Z
Ge

½ ~ui�uið Þdtiþti d ~ui�duið Þ�dG

ð38Þ

Applying Gaussian theoremZZ
Oe

f ,i dO¼
Z
Ge

f ni dG ð39Þ

and the definitions of traction force

ti ¼ sijnj ð40Þ

the first integral in Eq. (38) becomes

�

ZZ
Oe

sij,jdui dOþ
Z
Ge

tidui dG�
Z
Get

tid ~ui dG ð41Þ

Then, substituting Eq. (41) into Eq. (38) gives

dPme ¼�

ZZ
Oe

sij,jdui dO�
Z
Get

tid ~ui dGþ
Z
Ge

½ ~ui�uið Þdtiþtid ~ui�dG

ð42Þ

Considering the fact thatZ
Geu

tid ~ui dG¼ 0 ð43Þ

we can finally obtain the following form:

dPme ¼�

ZZ
Oe

sij,jdui dOþ
Z
Get

ti�ti

� �
d ~ui dGþ

Z
Ge

~ui�uið Þdti dG

þ

Z
GI

tid ~ui dG ð44Þ

Therefore, the Euler equations for Eq. (44) result in Eqs. (4)–(6)
because the quantities dui, dti and d ~ui may be arbitrary. As for the
continuity condition between elements, it can be easily seen from
the following variational of two adjacent elements such as e and f

dPm e[fð Þ ¼ �

ZZ
Oe[Of

sij,jdui dOþ
Z
Get þGet

ti�ti

� �
d ~ui dG

þ

Z
GeþGf

~ui�uið Þdti dGþ
Z
Gef I

tieþtif

� �
d ~ui ð45Þ

This indicates that the stationary condition of the functional
satisfies both the required boundary and inter-element continuity
equations. In addition, the existence of extremum of functional
(35) can be easily proved by the so-called ‘‘second variational
approach’’ as well, which indicates functional (35) have a local
extreme. Therefore, we can conclude that the variational func-
tional (35) can be used for deriving hybrid finite element
formulations.

3.3. Element stiffness equation

Using Gaussian theorem and equilibrium equations, all domain
integrals in Eq. (35) can be converted into boundary integrals as
follows:

Pme ¼�
1

2

Z
Ge

tiui dGþ
Z
Ge

ti ~ui dG�
Z
Gt

ti ~ui dG ð46Þ

Substituting Eqs. (21), (27) and (30) into the functional (46)
yields the formulation as

Pme ¼�
1
2ce

T Heceþce
T Gede�de

T ge ð47Þ

where

He ¼

Z
Ge

Q T
e Ne dG, Ge ¼

Z
Ge

Q T
e
~Ne dG, ge ¼

Z
Gt

~N
T

e t dG ð48Þ

To enforce inter-element continuity on the common element
boundary, the unknown vector ce should be expressed in terms of
nodal DOF de. The stationary condition of the functional Pme with
respect to ce and de, respectively, yields

@Pme

@ce
T
¼�HeceþGede ¼ 0 ð49Þ

@Pme

@de
T
¼GT

e ce�ge ¼ 0 ð50Þ

from which the relationship between ce and de, and the stiffness
equation can be obtained as

ce ¼H�1
e Gede ð51Þ

Kede ¼ ge ð52Þ

where Ke ¼Ge
THe

�1Ge is the element stiffness matrix with sym-
metric properties. The numerical calculations for He, Ge and ge can
resort to the popular Gauss integration as used in FEM and BEM.

3.4. Recovery of rigid-body motion terms

It is necessary to reintroduce the discarded rigid-body motion
terms when calculating the internal field ueh of an element [14].
The least squares method can be employed for this purpose [16].
The missing terms can easily be recovered by setting for the
augmented internal field

ue ¼Neceþ

1 0 0 0 0 �x2

0 1 0 0 0 x1

0 0 1 x2 �x1 0

2
64

3
75c0 ð53Þ

where the undetermined rigid-body motion parameter c0 can
be calculated using the least square matching of ue and ~ue

at element nodes, and using a least-square procedure to match



Fig. 5. Two mesh configurations (left: 4�4 elements, right: 10�10 elements) for the orthotropic composite plate.

Table 1
Convergence of the displacement and stress at point A of the composite plate.

Method and

mesh size

HFS-FEM

(2�2)

HFS-FEM

(4�4)

HFS-FEM

(8�8)

HFS-FEM

(10�10)

ABAQUS

(50�50)

Disp., u1

(mm)

1.6969 1.6968 1.6967 1.6967 1.6949

Stress, s11

(GPa)

10.016 10.013 10.007 10.005 10.000

Table 2
Displacement of point A of the composite plate for various fiber orientations.

Fiber angle y 01 301 451 601 901

HFS-FEM 1.6967 6.5545 8.4564 7.4003 3.3904

ABAQUS 1.6949 6.5549 8.4574 7.4024 3.3898

Relative error (%) 0.106 0.006 0.012 0.028 0.018
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Fig. 6. Variation of the displacements at point A of orthotropic plate with fiber

orientation.
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ueh and ~ueh at the nodes of the element boundary

min¼
Xn

i ¼ 1

½ u1i� ~u1ið Þ
2
þ u2i� ~u2ið Þ

2
þ u3i� ~u3ið Þ

2
� ð54Þ

where n is the number of nodes for the element under considera-
tion. The above equation finally yields

c0 ¼R�1
e re ð55Þ

where

Re ¼
Xn

i ¼ 1

1 0 0 0 0 �x2i

0 1 0 0 0 x1i

0 0 1 x2i �x1i 0

0 0 x2i x2
2i �x1ix2i 0

0 0 �x1i �x1ix2i x2
1i 0

�x2i x1i 0 0 0 x2
1iþx2

2i

2
6666666664

3
7777777775

ð56Þ

re ¼
Xn

i ¼ 1

Due1i Due2i Due3i Due3ix2i �Due3ix1i Due2ix1i�Due1ix2i

h iT

ð57Þ

in which Duei ¼ ~ue�ûe

� ���
node i

and n is the number of element
nodes. Consequently, once the nodal displacement fields de and
the interpolation coefficients ce are respectively determined by
Eqs. (51) and (52), c0 can be calculated by Eq. (55). Then the
complete displacement fields ue can be obtained from Eq. (53).
4. Numerical examples

In this section, the accuracy, efficiency and versatility of the
present element model are shown by some examples which have
been solved analytically or numerically. The 8-node quadratic
element is employed in all the following examples, in which plain
stress condition is involved in the first three examples and plain
strain condition is used in the fourth example. Numerical results
calculated by HFS-FEM are compared to analytical solutions or
those obtained from traditional FEM (ABAQUS). It should be
pointed out that the presented Stroh formalism does not consider
the bending contributions of the problem due to the reason
discussed in Section 1 [6].

4.1. Example 1: A finite orthotropic composite plate under tension

A finite composite lamina with length L¼100 and width
W¼100 is considered in this example. As shown in Fig. 4, one
side of the composite plate is fixed and its opposite side is applied
with a uniform tension of s0¼10 GPa along x1 direction. The
material parameters of the orthotropic lamina are taken as
El¼11.8 GPa, E2¼5.9 GPa, G12¼0.69 GPa, v12¼0.071 [8]. The
lamina angle j is measured from x1-axis to fiber direction, and
the fiber direction is denoted by 1 as shown in Fig. 2. Regular
meshes are employed in this analysis and two of the mesh
configurations with 16 and 100 8-node hybrid elements are
shown in Fig. 5.

The effect of the locations of source points on the convergence
and accuracy of the stress and displacements have been investi-
gated in our previous work [23], which will be omitted in this
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paper. Thus, g¼ 8 is chosen in our following computations. The
displacement u1 and stress s11 at point A of the plate calculated
by HFS-FEM on four different meshes (2�2 elements, 4�4
elements, 8�8 elements and 10�10 elements) are shown in
Table 1. It can be seen that the results obtained from HFS-FEM
converges to the reference values calculated by ABAQUS using a
very fine mesh (50�50 quadratic elements). The stress and
displacement for the composite lamina is stratifying accurate
for analysis with the maximum relative error 0.12% only using
2�2 elements.

Table 2 gives the displacements at point A of the composite
plate when the material orientation, i.e. the orientation of fibers,
varies from 01 to 901. The variation curves are shown in Fig. 6,
from which it is noticed that the orientation of orthotropic lamina
has significant influence on mechanical behavior of the composite
plate, and the largest displacement at j¼451 is up to five times of
that at j¼01. It also demonstrates that the proposed method has
good performance for various material orientations.
W
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0σ
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2x
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B

Fig. 7. Schematic of an orthotropic composite plate with an elliptic hole under

uniform tension.

Fig. 8. Mesh configurations for the orthotropic composite plate
4.2. Example 2: An orthotropic composite plate with an elliptic hole

under tension

An infinite composite plate containing an elliptical hole, as
shown in Fig. 7, is investigated in this example. A uniform tension
of s0¼1 GPa is applied in x2 direction. The material parameters of
the orthotropic plate are taken as El¼113 GPa, E2¼52.7 GPa,
G12¼28.5 GPa, v12¼0.45. The length and width of the plate are
L¼20 mm and W¼20 mm; the major and minor lengths of the
ellipse a and b are respectively 2 mm and 1 mm. In the computa-
tion, plain stress condition is used.

The mesh configuration used in HFS-FEM analysis for the
composite plate is given in Fig. 8, which employs 1515 quadratic
hybrid elements with 4665 nodes. For comparison numerical
results from ABAQUS based on a very fine mesh (9498 quadratic
elements with 28,854 nodes) as shown in Fig. 8 has been given as
well in this example.

Fig. 9 shows the corresponding variation of the hoop stress
along the rim of the elliptical hole when the orientation angle j
of reinforced fibers is equal to 01, 301 451, 601, and 901, respec-
tively. It is found from Fig. 9 that the results from HFS-FEM have a
good agreement with the reference solutions from ABAQUS. This
with an elliptic hole: (a) for HFS-FEM and (b) for ABAQUS.
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Fig. 9. Variation of hoop stresses along the rim of the elliptical hole for different

fiber orientation j.



Fig. 10. Contour plots of stress components around the elliptic hole in the composite plate. (a) j¼01, (b) j¼451, (c) j¼601 and (d) j¼901.
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Fig. 11. Variation of SCF with the lamina angle j.
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Fig. 12. Schematic of a cantilever composite beam under bending.

Table 3
Deflection at the free end of the composite beam for various fiber angles.

Orientation angle, y 01 301 451 601 901

HFS-FEM (5�20) 13.50 17.15 20.74 24.58 28.62

ABAQUS (50�500) 13.47 17.00 20.71 24.59 28.65

Analytical solution 13.61 17.20 20.93 24.80 28.80

Relative error (HFS-FEM) (%) 0.81 0.29 0.91 0.89 0.63
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indicates that the proposed method is able to capture the
dramatic variations of the hoop stress induced by the elliptical
hole in the plate. The Contour plots of stress components s11, s22,
s12 around the elliptic hole in the composite plate for several
different fiber angles are shown in Fig. 10.

The stress concentration factor (SCF) induced by the hole in
the plate, which is defined by syy=s0 at point A, are of particular
interest in practical engineering. As was shown in Fig. 9, the
corresponding variation of hoop stress along the rim of the
elliptical hole calculated by the present HFS-FEM exhibits a good
agreement with the solutions from ABAQUS. The relationship
between the SCF and the inclined angle j of the reinforced fibers
is shown in Fig. 11. It is obvious that the SCF of the punched plate
rises with the increasing fiber angle j. It is found from Fig. 11 that
the largest SCF occurs at j¼ 903 whereas the smallest appears at
j¼ 03. It is observed that there is a good agreement between
the numerical solution from ABAQUS and corresponding
results from HFS-FEM. It also indicates the effectiveness of the
proposed method in predicting the SCF for anisotropic composites
as well.



Table 4
Stress sx along the cross section of composite beam for different fiber angles.

Fiber angle, j Method Stress sx at different points

A (250,25) B (250,15) C (250,0) D (250,�15) E (250,�25)

01 HFS-FEM (5�20) �149.510 �90.221 0.000 90.221 149.510

ABAQUS (50�500) �146.518 �90.2558 0.000 90.2558 146.518

Analytical �149.387 �90.221 0.000 90.221 149.387

301 HFS-FEM (5�20) �142.394 �90.177 �3.873 90.096 156.846

ABAQUS (50�500) �139.638 �89.866 �3.758 90.481 153.803

Analytical �142.092 �89.837 �3.763 90.439 157.142

451 HFS-FEM (5�20) �142.537 �90.170 �3.891 90.010 156.676

ABAQUS (50�500) �139.856 �89.844 �3.681 90.445 153.731

Analytical �142.327 �89.814 �3.686 90.403 157.070

601 HFS-FEM (5�20) �143.735 �90.239 �2.998 89.920 154.578

ABAQUS (50�500) �141.577 �89.910 �2.778 90.364 152.047

Analytical �144.158 �89.878 �2.781 90.323 155.282

901 HFS-FEM (5�20) �152.822 �90.078 0.000 90.078 152.822

ABAQUS (50�500) �146.807 �90.1388 0.000 90.1388 146.807

Analytical �149.714 �90.103 0.000 90.103 149.714
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Fig. 13. Schematic of an isotropic plate with multi-anisotropic inclusions.
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4.3. Example 3: A cantilever composite beam under bending

A cantilever composite beam with a rectangular cross section
is fixed at one end and is bent by a normal load q¼2 N/mm (per
unit length) uniformly distributed on one of the long sides
(Fig. 12). The geometrical parameters of the beam are h¼1 mm,
b¼50 mm, and l¼300 mm. The material constants of the compo-
site beam are taken as El¼113 GPa, E2¼52.7 GPa, G12¼28.5 GPa,
v12¼0.45 [24]. The angle between the reinforce fiber direction
1 and the x-axis is denoted by j.

In order to verify the accuracy of the method, the analytical
stress solution for this problems was given by Lekhnitskii [25] as

sx ¼�
qx2y

2I
þ

q

h

s16

s11
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b2
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 !
4y3
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ð58Þ
where I¼ hb3=12, and s11,s16,s12,s66 are the compliance para-
meters of the orthotropic composites defined in [24,25]. The
deflection of the axis of the beam can be given as follows by
using the corresponding governing equations and boundary con-
ditions

Z¼ qs11

24I
x4�4l3xþ3l4
� 	

þ
qs26

2h
l�xð Þ�

qb2

80I

� 3s12þ4s66�
8s2
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x2� 6s12�2s66þ

4s2
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 �
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�

þ 3s12�6s66þ4
s2

16

s11

 �
l2x

�
ð59Þ

Table 3 lists the deflection at the free end (i.e. x¼0, y¼0) of the
composite beam for various material orientations: 01, 301, 451, 601
and 901. It is obvious that the present HFS-FEM method has good
accuracy for the composite beam analysis. The errors of the results,
compared with the analytical solutions from Lekhnitskii [25], are all
less than 1% using only 100 8-node elements, which are competitive
to the ABAQUS using 50�500 quadratic elements (CPS8R).

Table 4 presents the stress sx at points: A (250, 25), B (250, 15),
C (250, 0), D (250, �15) and E (250, �25) along the cross section
of composite beam for various fiber angles j. It can be seen from
Table 4 that the tensile stress in x-direction obtained by the HFS-
FEM is slightly smaller than the analytical solutions while the
compressive stress in x-direction of the beam by HFS-FEM (5�20
8-node elements) is slightly larger than the analytical solutions.
However, all the results from ABAQUS (50�500 8-node CPS8R
elements) are smaller compared to the corresponding analytical
solutions except for the points B and D, and the difference
becomes larger when approaching to the top and bottom surface
of the beam. It is also noted that the results from HFS-FEM are
usually more accurate than those from ABAQUS (50�500 CPS8R
elements), especially for the maximum or minimum stresses on
the top and bottom surfaces of the beam, which are more
important for us in design and analysis.

4.4. Example 4: An isotropic plate with multi-anisotropic inclusions

In this example, we investigate the capability of the new
method to deal with both isotropic and anisotropic materials in
a unified way through a multi-inclusion problem. As shown in
Fig. 13, an isotropic plate containing multi-anisotropic inclusions
of square geometry (edge length a¼2) are considered. The distance



Table 5
Comparison of displacement and stress at points A and B.

Items Points HFS-FEM

(coarse mesh)

ABAQUS

(coarse mesh)

ABAQUS

(fine mesh)

Disp. u1 A 0.04322 0.04318 0.04335

B 0.03719 0.03721 0.03744

Stress s11 A 10.0446 9.9219 9.9992

B 9.8585 9.8304 9.9976
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Fig. 15. The variation of displacement component u1 along the right edge of the

plate (x¼8) by HFS-FEM and ABAQUS.

Fig. 14. Mesh configuration of an isotropic plate with multi-anisotropic inclusions: (a) for HFS-FEM and (b) for ABAQUS.

-8 -6 -4 -2 0 2 4 6 8
-0.015

-0.010

-0.005

0.000

0.005

0.010

0.015

D
is

p.
 u

2  (
m

m
)

x2  (mm)

 ABAQUS
 HFS-FEM
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between any two inclusions is assumed to be b¼3. The material
parameters for the inclusions are chosen as El¼134.45 GPa,
E2¼E3¼11.03 GPa, G23¼2.98 GPa, G31¼G12¼28.5 GPa, v23¼0.49,
v31¼v12¼0.301. The material parameters for isotropic matrix are
elastic modules E¼2.8 GPa and Poisson’s ratio v¼0.3. The mesh
configuration of the plate for HFS-FEM is shown in Fig. 14(a), which
uses 272 quadratic general elements. The results from the ABAQUS
with 30,471 CPS8R elements as shown in Fig. 14(b) are also presented
as a reference for comparison.

The material eigenvalues for the inclusions are calculated as
p1 ¼ 4:6759i, p2 ¼ 0:6533i, p3 ¼ 1:3999i, while the material eigen-
values for the isotropic matrix are p1 ¼ p2 ¼ p3 ¼ i. In general, the
Stroh formalism used in our method is suitable for the anisotropic
material with distinct material eigenvalues, and it fails for the
degenerated materials like isotropic material with repeated
eigenvalues pa ¼ i a¼ 1,2,3ð Þ[25]. However, a small perturbation
of the material constants can be applied to make the eigenvalues
be distinct for example p1 ¼ 1þ0:001ð Þi, p2 ¼ 1�0:001ð Þi, p3 ¼ i

and then the Stroh formalism can be applied conveniently. For
convenience, we express the materials stiffness in matrix forms
for inclusion and matrix, respectively, as below

138:49 6:7053 6:7053 0 0 0

6:7053 14:840 7:4370 0 0 0

6:7053 7:4370 14:840 0 0 0

0 0 0 2:98 0 0

0 0 0 0 5:84 0

0 0 0 0 0 5:84

2
666666664

3
777777775
ðGPaÞ ð60Þ

3:7692 1:6154 1:6154 0 0 0

1:6154 3:7692þk 1:6154 0 0 0

1:6154 1:6154 3:7692 0 0 0

0 0 0 1:0769 0 0

0 0 0 0 1:0769 0

0 0 0 0 0 1:0769

2
666666664

3
777777775
ðGPaÞ

ð61Þ
in which the k is a small number added to perturb the stiffness
matrix for avoiding to produce same material eigenvalues. The
eigenvalues of an element stiffness matrix are: 6.7745, 4.8029,



Fig. 17. Contour plots of displacement u1, u2 and stress s11 for the composite plate.
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4.8066, 3.4671, 2.9807, 2.5018, 2.8718, 1.5666, 1.4771, 1.4762,
0.4688, 0.9285, 0.8228, 0.8244, 2.0361, 2.0377, 0.8934, 0.7179,
0.5223, and 0.5228. The criterion for selecting the small values is
to make sure that the material eigenvalues p1,p2,p3 be distinct but
not have large difference, which will reduce the accuracy of the
final results.

Table 5 shows the displacement and stresses at points A and B

as indicated in Fig. 13. For HFS-FEM only the coarse mesh in
Fig. 14(a) is used, while for ABAQUS both coarse mesh in
Fig. 14(a) and fine mesh in Fig. 14(b) are employed. It is observed
that there is a good agreement between the results by the HFS-
FEM and those from ABAQUS using very fine mesh, in which the
maximum relative error for displacement and stress by HFS-FEM
occur at Point B (i.e. x2¼0) and are 0.7% and 1.3%, respectively.
Additionally, it can be found that the results from HFS-FEM are
better than those from ABAQUS using the same mesh. The
variations of displacement components u1 and u2 along the right
edge (x¼8) by HFS-FEM is shown in Figs. 15 and 16 respectively
with the results from ABAQUS on fine mesh for comparison, in
which a good agreement can also be observed. Fig. 17 shows the
contour plots for displacement u1, u2 and stress s11 for the
composite plate.
5. Conclusions

In this paper a new hybrid finite element formulation based on
the fundamental solutions has been developed to provide a
simple but accurate approach for analyzing general anisotropic
composite materials. In this approach, two independent displace-
ments fields are employed, one is the intra-element displacement
approximations defined in the element domain, and the other is
the element frame displacement fields defined along the element
boundary. The foundational solutions of anisotropic materials in
terms of Stroh formalism are employed to approximate the intra-
element displacement field of the elements, while the polynomial
shape functions used in traditional FEM are utilized to interpolate
the frame field.

Several numerical examples involving isotropic and anisotro-
pic composite with various loadings were carried out to demon-
strate the performance of the proposed method. Accuracy and
convergence have been verified through comparison with the
exact or numerical solutions given in the literature or by ABAQUS.
Numerical results show that the proposed method is accurate and
efficient in modeling anisotropic composite, and can be easily
further extended to analyze composite laminates.
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