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Abstract
Helical nanomaterials with superelasticity have a wide range of promising applications in
micro-/nanoelectromechanical systems. Based on the theory of surface elasticity, we present a
nonlinear rod model to investigate the superelasticity of nanohelices. Our results demonstrate
that the superelasticity of nanohelices exhibits a distinct size dependence due to the increased
ratio of surface area to volume. The superelasticity can effectively enhance the efficiency of
energy storage and retrieval of nanohelices. This study is helpful for the characterization of the
mechanical properties of nanosized helical materials and the optimal design of
nanohelix-based devices.

(Some figures may appear in colour only in the online journal)

1. Introduction

In recent years, the synthesis of nanomaterials with helical
morphology has attracted considerable attention. Nanohelices
of various materials, e.g., BC, SiC and ZnO, have been
successfully fabricated [1–3]. In addition to unique optical,
electrical, and magnetic properties, nanohelices also exhibit
superelasticity, which holds some important applications in
micro-/nanoelectromechanical systems. Recently, much effort
has been directed toward investigating the superelasticity
of helical nanomaterials [4–7]. For example, Chen et al
[4] showed that carbon nanocoils possess a superior elastic
property with an elongation up to 42%. Gao et al [5]
studied the superelastic deformation and fracture process
of a ZnO nanohelix. Recently, the superelasticity of Si3N4
micro-/nanocoils was investigated experimentally by Cao
et al [6], and Dai and Shen [7] adopted a Cosserat
model to analyze the superelastic properties of helices. The
superelasticity of nanohelices is mainly attributed to their
periodic helical structure and tiny cross-sectional sizes. Even
under large elongation, a nanohelix in fact has small elastic
strain, thus it is recoverable once the external loading is

removed as schematized in figure 1. It was found that the
recoverable strain of nanohelices can be as large as 100% or
even higher [5].

The cross-sectional size of nanohelices usually ranges
from tens to hundreds of nanometers [6, 7]. Due to the
increasing surface-to-volume ratio with decreasing cross-
sectional size, surface energy and surface stresses play an
important role in the mechanical behavior of nanosized
structural elements [8]. To account for surface effects
in solids, Gurtin and Murdoch [9] developed a surface
theory of elasticity. This theory has been widely adopted
to investigate various mechanical behaviors of nanosized
elements, and the results show a good agreement with
experimental results and atomistic simulations [10–19]. Based
on this theory, we have developed a refined Kirchhoff rod
model to address the influence of surfaces on the formation
of twisting nanobelts and nanohelices and the elasticity
of nanosprings [20–24]. In the case of small elongation,
the elasticity of nanohelices or nanosprings mainly comes
from the changes of curvature and torsion of nanowires,
and the refined Kirchhoff rod model with assumptions of
non-extensibility and non-shearability can effectively describe
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Figure 1. Schematic configurations of a nanohelix during loading and unloading.

the mechanical behaviors of nanohelices. For nanohelices
undergoing large elongation, however, axial deformation
becomes prominent and thus the previously developed refined
Kirchhoff rod model is no longer applicable. In the present
paper, therefore, we present a nonlinear rod model with
surface effects to analyze the superelastic behavior of
nanohelices undergoing large elongation.

2. Model

2.1. Nonlinear rod model with surface effects

Consider a slender nanowire as an elastic thin rod. Following
the model by Whitman and De Silva [25], the initial
configuration CD of the nanowire can be specified by the
position vector R(S) and the director vector Di(S) (i = 1, 2, 3)
at any point on CD. Both R(S) and Di(S) are functions of
the arc length S of the non-deformed nanowire, and they are
defined by the orthonormal basis e of a fixed rectangular
Cartesian system. The deformed configuration cd of the
nanowire can be specified by r(s) and the director vector
system di(s) at any point on cd. r(s) and di(s) are functions
of the arc length s of the deformed nanowire. The director
vector di(s) can be correlated to the orthonormal basis vector
ei through the Euler angles θ, φ and ψ shown in figure 2. The
deformation of elastic rods can also be measured in terms of
zi and Fi defined in appendix A using the Euler angles.

The spatial configuration of the helix can be described by
the twisting vector ω = ωiei. Its components are expressed as

ω1 = κ sinχ, ω2 = κ cosχ, ω3 = τ +
dχ
ds
,

(1)

where χ designates the self-rotation of the nanowire, κ is
the curvature, and τ is the torsion of the centerline of the
nanowire, respectively. Let T,N and B denote the unit vector

along the tangent, normal and binormal directions of the
centerline of the nanowire, respectively.

For the sake of simplicity, the surfaces of the materials are
assumed to be homogeneous, isotropic, and linearly elastic.
According to the theory of surface elasticity by Gurtin and
Murdoch [9], the surface stress tensor σ s

αβ is related to the
surface strain tensor by

σ s
11 = τ

s
0 + Esεs

11, σ s
12 = 2Gsεs

12, (2)

where τ s
0 denotes the axial residual surface stress, and Es and

Gs the surface elastic modulus and the surface shear modulus,
respectively. Throughout this paper, Einstein’s summation
convention is adopted for all repeated Latin indices (1, 2, 3)
and Greek indices (1, 2).

From the following generalized Young–Laplace equation,
the equilibrium conditions of surface stresses can be given
as [9, 10]

σ s
αβ,α − σβjnj = 0, (3)

〈σ+ij − σ
−

ij 〉ninj = σ
s
αβκαβ , (4)

where σ+ij and σ−ij denote the stresses in the upper and lower
sides on the surface, respectively, ni is the unit outward normal
vector to the surface, and καβ is the surface curvature tensor.

For such a nanowire, A∗ and B∗ denote the effective
bending stiffnesses with respect to the width direction and
thickness direction, respectively, and C∗ the effective twisting
stiffness. They are written as [13, 14, 26]

A∗ = 1
12 Eb3h+ 1

2 Esb2h+ 1
6 Esb3,

B∗ = 1
12 Eh3b+ 1

2 Esh2b+ 1
6 Esh3,

C∗ = 1
3 Gbh3

+
1
2 Gsbh2,

(5)

2



J. Phys.: Condens. Matter 24 (2012) 265303 J-S Wang et al

Figure 2. (a) Euler angles θ, φ and ψ relating the fixed
orthonormal basis vector ei to the moving director vector di; (b) the
director vector Di of the undeformed nanowire.

for a long and narrow rectangular cross-section, and

A∗ = B∗ = 1
64πED4

+
1
8 EsD3,

C∗ = 1
32πGD4

+
1
4πGsD3,

(6)

for a circular cross-section, where E and G denote the
Young’s modulus and the shear modulus of the bulk material,
respectively, and b is the width, h the thickness and D the
diameter of the nanowire.

For a nanowire with rectangular cross-section, equa-
tion (4) indicates that surface stresses will induce an effective
distributed transverse force f on the centerline along the
normal direction as [13, 14, 26]

f = (τ s
t + τ

s
b)ω2bN, (7)

where τ s
t and τ s

b are the residual surface stresses on the
top and bottom surfaces, respectively. The residual surface
stresses on the left and right surfaces are neglected due to
the small thickness of the nanowire. In addition, the residual
surface stresses induce a distributed moment in the binormal
direction:

m0
=

1
2 (τ

s
t − τ

s
b)bhB. (8)

Similarly, for the circular cross-section, one can obtain the
force induced by residual surface stress as

f = 2τ s
0ω2DN + 2τ s

0ω1DB. (9)

It should be mentioned that for the nanohelices without
loading, based on equation (9), there may exist residual
strains induced by residual surface stresses. However,
nanohelices are generally under large elongation in the
case of superelasticity; the induced residual strains are
very small and can be neglected. Thus the configuration
of free-stranding nanohelices is taken as the reference
configuration. Considering the forces and moments induced
by the residual surface stresses, the equilibrium equations of
nanowire with a spatial configuration are given by

τ′ + f = 0, m− τ × r′ +m0
= 0, (10)

where x′ = ∂x/∂s, the internal forces τ(s) =
∑3

i=1τidi, and
the internal moments m(s) =

∑3
i=1midi.

The linear constitutive equations for the nanowire with
surface effects are expressed as

τ1 = E∗1y1, τ2 = E∗2y2,

τ3 = E∗3(y3 − 1)+ g,
(11)

m1 = A∗(F1 − F0
1),

m2 = B∗(F2 − F0
2),

m3 = C∗(F3 − F0
3),

(12)

where yi, the shear deformation of the cross-section,
is given in equation (A.2) in appendix A. For a
circular cross-section, one has E∗1 = E∗2 = K2[Gr +
2(µs
−τ s

0)]πr, E∗3 =
[
Er + 2(2µs

+ λs
− τ s

0)
]
πr, g = 2πrτ s

0 ,
with the Timoshenko shear coefficient K2 = 6(1 + ν)2/(7 +
12ν + 4ν2); whereas for a rectangular cross-section, E∗2 =
K2
[
Gh+ 2(µs

− τ s
0)
]

b, E∗3 =
[
Eh+ 2(µs

+ λs
− τ s

0)
]

b,
with K2 = 5(1+ ν)/(6+ 5ν) [27].

The nonlinear equilibrium theory of nanorods presented
above can be viewed as a generalized three-dimensional
Timoshenko theory. Usually, D3 is chosen to be tangent
to CD (D3 = T),D1 and D2 along the principal axes N
and B of the cross-section of the nanowire, respectively, as
shown in figure 2(b). In this case, F0

1 and F0
2 denote the

components of curvature and F0
3 is the twist of CD. For

the nanohelix under study, the shear deformation can be
neglected due to its high slenderness. Thus the directions d1
and d2 are along the principal axes N and B of the deformed
nanowire, respectively, and d3 is along its tangent axis. Then
equation (10) becomes

(τ̂i − eijkτjFk)+ fi = 0, (13)

m̂i − eijk(mjFk + τjyk)+ m0
i = 0, (14)

where x̂ = ∂x/∂S = λx′.

2.2. Mechanical properties of nanohelices

The shape and deformation of a nanowire can be expressed by
the Euler angles θ, φ and ψ . In the following, we use θ0, φ0

3
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and ψ0 to describe the initial (undeformed) configuration
HD, and θ, φ and ψ describe the deformed configuration Hd.
The helical shape of a nanowire requires that θ0, φ0, ψ̂0, θ, φ

and ψ̂ are all constants [7, 28]. If the nanohelix has a
narrow rectangular cross-section, φ0 and φ must satisfy the
condition φ0 = φ = π/2 [22]. For a nanohelix with a circular
cross-section, φ0 = φ = π/2 only means the vanishing of
self-twist of the nanowire, but this assumption is enough to
cover most practical nanohelices. Therefore, we assume here
φ0 = φ = π/2, and other cases can be analyzed similarly.
According to equation (A.5), the deformation measures F0

i of
HD and Fi of Hd can be obtained, respectively, as

F0
1 = 0, F0

2 = ψ̂0 sin θ0, F0
3 = ψ̂0 cos θ0,

(15)

F1 = 0, F2 = ψ̂ sin θ, F3 = ψ̂ cos θ. (16)

The values of the angle θ can be determined by θ = 90◦−αh,
where αh is the helical angle of the nanohelix. Assume τ s

t =

τ s
b = τ

s
0 , equations (7)–(9) become

f1 =

{
2τ s

0D (circular cross-section),

2τ s
0h (rectangular cross-section),

f2 = f3 = 0, m0
1 = m0

2 = m0
3 = 0.

(17)

We assume that the long nanohelix is subjected to a
uniaxial tensile force F. According to equation (13) and the
equilibrium of forces on the nanohelix, the internal forces τ2
and τ3 are obtained as

τ2 = F sin θ − f1 sin θ cos θ,

τ3 = F cos θ + f1sin2θ.
(18)

For the nanohelices, we can neglect the shear deformation and
assume E∗1 →∞ and E∗2 →∞. Then the strain of the helical
nanowire can be obtained from equations (11) and (18) as

y1 = y2 = 0,

y3 = λ =
1

E∗3
(F cos θ + f1sin2θ − g)+ 1.

(19)

Using x̂i = yi′di′i, equations (19) and (A.4), the deformed
configuration Hd of the nanohelix can be easily described by
the position vector r as

r̂ = p1 cosψe1 + p1 sinψe2 + p2e3, (20)

where e is the orthonormal basis vector of the fixed
rectangular Cartesian system and

p1 =
sin θ
E∗3

(F cos θ + f1sin2θ − g+ E∗3),

p2 =
cos θ
E∗3

(F cos θ + f1sin2θ − g+ E∗3).
(21)

Equation (20) stands for a right-handed circular nanohelix. We
can prove that ψ̂ = ψ̂0, then the helical radius R and pitch P
of the deformed nanohelix are given as [25]

R =
p1

ψ̂0
, P = 2π

p2

ψ̂0
. (22)

Then the radius R0 and the pitch P0 of the undeformed
nanohelix are

R0 =
sin θ0

ψ̂0

(
f1sin2θ0 − g

E∗3
+ 1

)
,

P0 = 2π
cos θ0

ψ̂0

(
f1sin2θ0 − g

E∗3
+ 1

)
.

(23)

For nanohelices, both internal forces and moments are
constants, and equations (14)2 and (14)3 are satisfied. From
equations (14)1, (18) and (19), we obtain

1
E∗3

cos θ sin θF2
+

(
sin θ −

1
E∗3

f1 sin θ cos 2θ

−
1

E∗3
g sin θ

)
F −

1
E∗3

f 2
1 sin3θ cos θ

+

(
1

E∗3
g− 1

)
f1 sin θ cos θ

+ B∗ψ̂2
0 cos θ(sin θ − sin θ0)

− C∗ψ̂2
0 sin θ(cos θ − cos θ0) = 0. (24)

When the nanohelices are stretched by the loading F, the
increment of the pitch Lp is given as

Lp = P− P0. (25)

Differentiating equations (24) and (25) with respect to Lp, one
obtains

Q1
dF

dLp
+ Q2

dθ
dLp
= 0,

Q3
dF

dLp
− Q4

dθ
dLp
=
ψ̂0

2π
,

(26)

in which Q1−4 are given in appendix B.
From equation (26), we obtain the following elastic

constant Ks
ten:

Ks
ten =

dF

dLp
=
ψ̂0

2π
Q2

(Q1Q4 + Q2Q3)
. (27)

When E∗3 →∞, the nonlinear rod model will be degenerated
to the Kirchhoff rod model. Correspondingly, the elastic
constant of the nanohelix becomes

Ks
ten =

ψ̂0

2π sin2θ
[F cos θ + (B∗ − C∗)ψ̂2

0 cos 2θ

+ B∗ψ̂2
0 sin θ sin θ0

+ C∗ψ̂2
0 cos θ cos θ0 − f1 cos 2θ ], (28)

which is consistent with that presented in our previous
work [23].

Besides the elastic constant Ks
ten, the mechanical

properties of nanohelices, especially the superelasticity, can
be characterized by the Young’s modulus Es

hel and the tensile
strength Ss

break. Using the definition of Young’s modulus of the
nanohelix, Es

hel can be given as

Es
hel =

FP0

(P− P0)Shel
=

Fψ̂0E∗23 cos θ0

4πrQ5 sin θ
, (29)

4
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where Q5 is given in appendix B. Shel is the cross-sectional
area of the nanohelix from the top view and is given by
Shel = 4πrR [29]. The tensile strength Ss

break of the nanohelix
is

Ss
break =

Fbreak
Shel

=
E∗3Fbreakψ̂0

4πr sin θbreak(Fbreak cos θbreak + f1sin2θbreak − g+ E∗3)
,

(30)

where Fbreak and θbreak are, respectively, the critical values of
the force F and the angle θ when failure happens.

The potential energy of the nanohelix is expressed as

5s =

∫ L0

0
[H0(θ, ψ̂)−WF] dS, (31)

where H0 denotes the energy induced by tension, twisting and
bending deformation and is given by

H0(θ, ψ̂) =
1

2E∗3
(F cos θ + f1sin2θ − g)

× (F cos θ + f1sin2θ + g)

+
1
2 B∗ψ̂2(sin θ − sin θ0)

2

+
1
2 C∗ψ̂2(cos θ − cos θ0)

2, (32)

and WF , the work done by the loading F, is

WF = F(λ cos θ − cos θ0)

=
1

E∗3
(F cos θ + f1sin2θ − g)F cos θ

+ F(cos θ − cos θ0). (33)

3. Numerical results and discussion

During loading and unloading, the configuration changes of
the nanohelix can be divided into three stages, including the
linear domain S-I, the nonlinear domain S-II and the large
elongation domain S-III [6, 7], as shown in figure 1. In
S-I, the elasticity of the nanohelix is mainly accommodated
by the increase of the helical angle or the helix pitch, and
the axial deformation is negligible. In S-II the elasticity of
the nanohelix comes from the combination of the shape
change and the axial deformation, which induce the nonlinear
force–elongation relationship, while in S-III the nanohelix
is pulled nearly to a straight configuration, and its elasticity
is dominated by the axial deformation. After unloading, the
nanohelix can recover its original shape, undergoing these
three domains. The superelasticity of nanohelices is mainly
manifested by the large elongation, the break force Fbreak and
the tensile strength Ss

break during the loading and unloading
processes.

To illustrate the superelasticity behaviors of nanohelices,
we consider an aluminum nanohelix as an example. The
elastic properties of bulk material are E = 70.29 GPa and
G = 26.13 GPa, and the surface properties are taken as Es

=

5.1883 N m−1 and Gs
= −1.2868 N m−1 [11, 19]. Take the

shape parameters of the nanohelix as θ0 = 80◦, the helical

Figure 3. The force–elongation relationships of a nanohelix during
loading and unloading.

Figure 4. Elastic constant of a nanohelix during loading and
unloading.

angle α0
h = 90◦ − θ◦ = 10◦, R0 = 120 nm and the radius of

the wire of the nanohelix r = 12 nm.
For various residual surface stresses, the force–elongation

relationships of the nanohelix during the loading and
unloading processes are plotted with respect to the helical
angle αh (αh = 90◦ − θ) in figure 3. It is seen that surface
effects evidently affect the relationship between the force and
the elongation. The positive residual stress makes nanohelices
stiff, while the negative residual stress makes nanohelices soft,
compared to those without surface effects.

Figure 4 shows the variation of elastic constant Ks
ten of

a nanohelix with respect to the elongation in terms of the
helical angle αh. In the calculation, r = 12 nm and τ s

0 =

0.9108 N m−1, and other parameters remain unchanged from
those in figure 3. Ks

ten is very small in the linear domain
S-I, and increases nonlinearly in S-II, while Ks

ten increases
dramatically in S-III. When the elongation of the nanohelix
reaches its maximum (i.e., αh = 85◦, θ = 5◦), Ks

ten is about
two and half times that at the beginning of S-III (i.e., αh =

80◦). The large variation of Ks
ten in S-III demonstrates the

superelasticity of a nanohelix.
When surface effects are taken into consideration, the

elastic behavior of a nanohelix depends also on the absolute
size of its cross-section. Figure 5 shows the elastic constant
of a nanohelix versus its cross-sectional radius, in which Kb

ten

5
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Figure 5. Variation of the normalized elastic constant of a
nanohelix with respect to its cross-sectional radius.

Figure 6. Young’s modulus of a nanohelix during loading and
unloading.

denotes the elastic constant without surface effects, and θ0 =

80◦ and R0 = 100 nm. It is shown that the residual surface
stresses with positive values can increase the elastic constant
of the nanohelix and vice versa.

Together with the elastic constant, the Young’s modulus
Es

hel can also represent the elastic properties of nanohelices,
especially the superelasticity. For different residual surface
stresses, we also plot the variation of Es

hel with respect to
the helical angle αh in figure 6, where the helical radius
R0 = 90 nm and θ0 = 80◦. It is seen that the Young’s
modulus increases remarkably in the high strain region S-III,
and surface effects have a similar influence on the Young’s
modulus of the nanohelix as on the elastic constant, as shown
in figure 7.

The tensile strength Ss
break is another important mechani-

cal quantity characterizing the superelasticity of nanohelices.
For θb = 20◦, 10◦ and 5◦, the variations of the normalized
tensile strength with the cross-sectional radius are plotted in
figure 8, in which Sb

break is the tensile strength without surface
effects and θ0 = 80◦ and R0 = 120 nm. With the decrease
of the curvature of the nanowire, the induced distributed
force decreases. Thus, the effect of surface on the tensile
strength of nanowires decreases with the decrease of θb. It is
found that a positive residual surface stress strengthens the

Figure 7. Variation of the normalized Young’s modulus of a
nanohelix with respect to its cross-sectional radius.

Figure 8. Variation of the normalized tensile strength of a
nanohelix with respect to its cross-sectional radius.

nanohelix, while a negative residual surface stress weakens
the nanohelix.

We further consider the potential energy of the nanohelix
induced by the superelasticity. According to equation (31),
the potential energies of the nanohelix have been plotted in
figure 9 for the loading and unloading processes with θ0 = 80◦

and R0 = 120 nm. In S-II the potential energy decreases
nonlinearly with an increase in the elongation due to the
helical shape changes and the small axial deformation of
the nanowire, while in S-III the potential energy decreases
more quickly than that in S-II, which is induced by the large
axial deformation of the nanowire. The significant variation
of potential energy in S-III indicates that the superelasticity
can be used to store or release energy of the nanohelix
effectively. Figure 9 also shows that positive residual surface
stress decreases the potential energy compared to that without
surface effects, particularly in S-II and S-III. Since the
deformation of the nanohelix is elastic in the high elongation
region S-III, the potential energy can be released completely
after unloading.

For θ0 = 80◦ and R0 = 100 nm, the variation of potential
energy 5s with respect to the wire diameter is demonstrated
in figure 10, where 5b is the potential energy without
surface effects. When surface effects are accounted for, the

6
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Figure 9. The potential energy of a nanohelix during loading and
unloading processes.

Figure 10. Variation of the normalized potential energy of a
nanohelix with respect to its cross-sectional radius.

normalized potential energy displays distinct size dependence,
and positive residual surface stresses tend to increase the
potential energy as the diameter decreases. Figures 9 and
10 indicate that surface effects can be used to tailor the
superelasticity of nanohelices.

4. Conclusions

In this paper, we have developed a nonlinear rod model
to investigate the superelasticity of nanohelices, which not
only captures the major characteristics of the superelasticity
behaviors of nanohelices, but also accounts for surface
effects at the nanoscale. It is found that surface effects have
significant influences on the superelasticity of nanohelices.
The elastic constant, the tensile strength and the potential
energy of nanohelices depend strongly on the cross-sectional
size. Our study demonstrates that the superelasticity of
nanohelices can greatly increase the efficiency of energy
storage and retrieval, and therefore is helpful for the optimal
design and fabrication of nanohelices and nanohelix-based
devices [30] for these applications. Finally, it is worth
mentioning that the elasticity of nanohelices may be
influenced by some other factors such as electrostatics and
polarization-induced surface charges [31], which deserve
further effort.
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Appendix A

The deformation measures of elastic rods such as nanowires
and nanobelts can be defined as [25]

zi = yi − R̂ · Di, κi = Fi − F0
i , (A.1)

in which

yi = r̂ · di = λr′ · di,

Fi =
1
2 eijkdk · d̂j =

1
2λeijkdk · d′j

(A.2)

and x̂ = ∂x/∂S = λx′, x′ = ∂x/∂s and di ·dj = δij. The vectors
di are

di = dii′ei′ , (A.3)

where dii′ are expressed by the Euler angles as

d11 = − sinψ sinφ + cosψ cosφ cos θ,

d12 = cosψ sinφ + sinψ cosφ cos θ,

d13 = − sin θ cosφ,

d21 = − sinψ cosφ − cosψ sinφ cos θ,

d22 = cosψ cosφ − sinψ sinφ cos θ,

d23 = sin θ sinφ,

d31 = sin θ cosψ, d32 = sin θ sinψ,

d33 = cos θ.

(A.4)

Using equations (A.2)–(A.4), we obtain

F1 = θ̂ sinφ − ψ̂ sin θ cosφ,

F2 = θ̂ cosφ + ψ̂ sin θ sinφ,

F3 = φ̂ + ψ̂ cos θ.

(A.5)

Appendix B

Q1−5 are given as

Q1 =
1

E∗3
sin 2θF + sin θ

−
1

E∗3
f1 sin θ cos 2θ − 1

E∗3
g sin θ,

Q2 =
1

E∗3
cos 2θF2

+
1

E∗3
× [2f1 sin θ sin 2θ − f1 cos θ cos 2θ

+ (E∗3 − g) cos θ ]F

+ (B∗ − C∗)ψ̂2
0 cos 2θ + B∗ψ̂2

0 sin θ sin θ0

+ C∗ψ̂2
0 cos θ cos θ0

− f1 cos 2θ − 3
E∗3

f 2
1 sin2θcos2θ

+
1

E∗3
f 2
1 sin4θ + 1

E∗3
f1g cos 2θ,

(B.1)
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Q3 =
1

E∗3
cos2θ,

Q4 =
1

E∗3
sin 2θF −

2
E∗3

f1 sin θcos2θ

+
1

E∗3
f1sin3θ +

(
1−

1
E∗3

g

)
sin θ

Q5 = (F cos θ + f1sin2θ − g+ E∗3)

× [(F cos θ + f1sin2θ − g+ E∗3) cos θ

− (f1sin2θ0 − g+ E∗3) cos θ0].

(B.2)
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