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In this paper, we investigate the effects of the hierarchical wavy morphology of an interface on the appar-
ent interfacial fracture toughness. First, the influence of two-level hierarchical sinusoidal geometry under
mode-I and mode-II far-field loadings on crack propagation behavior is numerically studied by using a
cohesive zone model. Second, the effects of interfacial friction on the mode-II effective fracture toughness
are examined. The results show that an interface with a hierarchical sinusoidal structure has relatively
higher fracture resistance ability, especially for mode-II cracks, than an interface with a flat or pure sinu-
soidal interface. Moreover, it is found that interfacial friction notably enhances the mode-II fracture
toughness of a hierarchical sinusoidal interfacial crack. This study is helpful not only for understanding
the superior mechanical properties of some biological materials, but also for optimal design of advanced
composites with enhanced fracture toughness.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

After a long period of evolution by natural selection, most bio-
logical materials have optimized their microstructures so that they
have superior physical properties and high synthetic efficiency to
adapt to various external environments. The optimal microstruc-
tures of biological materials have attracted considerable attention
in the past decades and have found some important applications in
structural and material design [1–4]. A typical example of biomi-
metics is the design of novel composites that mimic the ‘‘brick-
and-mortar’’ micro structure of nacre [2,3,5]. Nacre, tooth and bone
exhibit many levels of hierarchical structures and excellent
mechanical properties from macro, meso, micro to nano length
scales [1,6–8]. The materials thus bio-inspired, manufactured from
laminated aluminum oxide and polymethyl methacrylate, have a
fracture toughness of 30 MPa m1/2, which is about 300 times that
of its constituents and much higher than its natural counterpart
[9]. Furthermore, it has been found that many biological materials
with superior mechanical properties have a wavy laminated struc-
ture as a common feature [1]. Keratin is one such biological mate-
rial, which is widely found in hair, hooves, horns and scales of
vertebrates [10]. For example, the sheathes of bovine horns, a kind
of typical biological keratin composite, are composed of intermedi-
ate filaments embedded in the matrix of keratin-based proteins
[10]. They have an apparent hierarchical wavy laminated structure
ll rights reserved.
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of about 1–2 lm in thickness, as shown in Fig. 1a [11]. The wavy
lamina is composed of stacked keratinocytes 30–80 lm in diame-
ter, and has a rough surface with maze patterns (Fig. 1b) [11]. In
addition, it is also noticed that the mineral platelets of nacre also
have wavy surfaces or surface roughness. Functioning as a strong
armor and weapon, the crustacean exoskeleton of lobster (Homarus
americanus) also has a wavy laminated structure, called Bouligand
layers [12]. Therefore the feature of wavy interfaces seems a criti-
cal microstructure that contributes to the relatively large inelastic
deformations and high strength, as well as the fracture toughness
of the materials [13]. On one hand, laminated structures and hier-
archical wavy interfaces are found in nature and they play an
important role in the toughening of biological materials. On the
other hand, a number of experimental and numerical analyses
have shown that surface roughness can enhance the fracture resis-
tance of interfaces [14–19]. Some techniques have been developed
to obtain controllable interface morphology [20,21]. Therefore, it is
of great interest to investigate the fracture or delamination behav-
ior of wavy laminated structures.

Delamination is a major failure mode in laminated materials
and has attracted significant attention from scientists and engi-
neers [22–24]. Over recent decades some methods have been
developed to enhance interfacial bonding efficiency, including
increasing the strength of the matrix or fiber phase, increasing
the interface bonding strength by using high-quality glue, using
mechanical fastening (e.g., bolt fastening, and rivet bond) and z-
pinning [25,26]. Study of interface delamination dated back to
1930 when Obreimoff [27] studied the interface strength of mica.
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Fig. 1. Microstructure of bovine horn sheath: (a) wavy layers, and (b) keratinocytes
with surface patterns [11].
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Since then, delamination problems have been extensively investi-
gated [23,24,28]. Further, there are numerous reports on non-pla-
nar interfacial cracks [29–37]. Cotterell and Rice [29] presented the
first-order approximate solution of the stress intensity factors
(SIFs) at the tip of a slightly curved or kinked two-dimensional
crack, using a perturbation procedure. Ballarini et al. [30,31] stud-
ied the stress field in the vicinity of a crack tip on a saw-tooth
interface subjected to a far-field load. They found that the crack
evidenced both mode-I and mode-II fracture, and that surface wav-
iness and interfacial friction could apparently enhance the fracture
toughness. Lu and Comninou [32] studied the effects of mixed
Fig. 2. Finite element model of crack propagation along
mode and partial crack closure due to the curvature of a sinusoidal
interfacial crack. Yang and Qu [33] investigated the influence of the
periodic undulation interface in terms of SIFs. Their study indicated
that the non-planarity of a crack surface can strongly influence the
crack tip stress field by shielding the interface crack and reducing
the crack tip stress concentration [33]. Gao et al. [34–36] studied
the problem of crack propagation of an interface crack with sinu-
soidal waviness between two semi-infinite solids under a mode-I
far-field load using finite element method. They used a cohesive
element to simulate interfacial bonding, using the Xu–Needleman
exponential cohesive law. They concluded that the waviness of a
crack surface has evident distinct effect of toughening against
crack propagation. Waters et al. [37] studied the delamination of
a rigid sphere from an elastic body with a wavy surface, based
on the Johnson–Kendall–Roberts (JKR) adhesion model. Their study
showed that the presence of surface roughness induces instability
and resultant energy dissipation, and thus the interfacial strength
and toughness are enhanced [37].

As aforementioned, hierarchical structures and wavy interfaces
are two important features of biological materials, and previous
studies have indicated that surface roughness can enhance interfa-
cial toughness. Most previous studies have focused on the influ-
ence of roughness on interface delamination. To date however,
the quantitative relation between the geometry and the fracture
toughness of an interfacial crack with hierarchical wavy morphol-
ogy has not been investigated. In this paper, we investigate the
delamination of two semi-infinite elastic bodies with hierarchical
interfaces under both mode-I and mode-II far-field loads by using
a numerical method. In particular, the relationships between the
apparent fracture toughness and surface geometry are examined.
A bilinear traction-separation relation is used to simulate the inter-
face property. A comparative study is conducted of interfacial
delamination with straight, pure sinusoidal and two-order hierar-
chical sinusoidal surface morphology.
2. Method

2.1. Computational model

Here we consider the plane-strain problem of interfacial crack
propagation between two semi-infinite elastic bodies. This prob-
lem can be simplified as a model with two planar adjacent semicir-
cles with radius R, which is taken to be sufficiently large such that
its value does not affect the calculation result (Fig. 2). To empha-
size the effect of interface morphology the two elastic bodies are
assumed to have equal Young’s modulus E and Poisson’s ratio m.
The interface on the right side of the center point is glued with
cohesive surfaces, whereas on the left side of the center point the
interface is free of any contacts and constraints. In other words,
an interface with hierarchical sinusoidal geometry.
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there is a semi-infinite pre-crack with its tip positioned at the cen-
tral point. The interfaces between the two elastic bodies have a
two-order sinusoidal hierarchy. The first-order structure is a sinu-
soidal wave of amplitude A and wavelength k, and the second-or-
der structure is a sinusoidal wave with amplitude A0 and
wavelength k0. Since the value of R is much greater than the char-
acterized size of the interface roughness (A, k), we consider the
elastic bodies to be infinite. Furthermore, it is assumed that A0 � A
and k0 � k. After some mathematical manipulation, the parametric
equation of the crack surface can be obtained and given in Appen-
dix A. After generating the hierarchical sinusoidal wavy morphol-
ogy of the interface, we choose the point at the wave trough to
be the crack tip.

2.2. Cohesive law of interfaces

The literature provides different ways to simulate surface cohe-
sion and delamination of laminated composites, such as the virtual
crack closure technique (VCCT) [38,39], element-based [40,41] and
surface-based [42] cohesive zone model (CZM) methods, and an
extended finite element method (XFEM) [43,44]. Unlike the VCCT
method which induces self-similar crack propagation, CZM meth-
ods are superior in that they can simulate the whole process of
crack initiation, damage and softening. In this study, the surface-
based cohesive model defined in the commercial software ABAQUS
is employed. With the cohesive zone model, the initial crack sur-
faces are associated with cohesive constitutive relations, and the
interface gradually degrades under external loading. Generally,
the cohesive element method needs to implant a layer of elements
governed by the cohesive constitutive law and to define the thick-
ness of the elements, which may affect the precision of the results.
However, the surface-based cohesive method can eliminate this
‘‘thickness effect’’, and it is convenient for defining complex surface
morphology as well as interface friction behavior [45].

The cohesive constitutive law can be expressed as a traction-
separation relation. Different functions have been adopted for the
traction-separation relation, e.g., bilinear, linear-parabolic, expo-
nential and trapezoidal laws [46]. However, the use of different
cohesive laws has little effect on the results in most cases, and
the bilinear law is thought to be a satisfactory selection, consider-
ing the balance between computational precision and cost [46].
Therefore, the bilinear cohesive law, which assumes initially linear
elastic behavior and linear damage evolution (Fig. 3), is used in this
study. For two-dimensional linear elastic crack initiation problems,
the interfacial normal and tangential traction-separation relations
can be written as [47,48]

Tn ¼

rmax
dc

dn d � dc

rmax
d

d�df

dc�df
dn dc < d � df

0 d > df

8>><
>>: ð1Þ
Fig. 3. Bilinear cohesive law of interfaces.
and

Tt ¼

rmax
dc

dt d � dc

rmax
d

d�df
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where Tn and Tt are the normal and tangential tractions, and dn and
dt are the normal and tangential separations, respectively. d is the
effective opening displacement, which is defined as

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

n þ d2
t

q
ð3Þ

where rmax and dc are the interfacial strength and the correspond-
ing separation (normal and tangential interfacial strength), respec-
tively, df is the separation when the cohesive contact fails, and G is
the fracture energy or work of separation which can be derived by
calculating the area under the traction–separation curve of the
cohesive law (Fig. 3).

In the process of interfacial crack propagation, the SIF may in-
crease along with an increase in the external load. During this pro-
cess, the crack is ready to initiate and damage begins when the
maximum stresses Tn and Tt near the crack tip satisfy the relation-
ship [45]:

max
hTni
rmax

;
Tt

rmax

� �
¼ 1 ð4Þ

where the Macaulay brackets hi mean that the pure compressive
interfacial separation or pure compressive stress state does not con-
tribution to crack initiation.

2.3. Computational method

A far-field mode-I or mode-II load is applied to the elastic solids
in Fig. 2. The load is applied around the boundaries of the circle do-
main, and the value of the load is set to be of the form of a crack tip
displacement field, which is controlled by the SIF, KI or KII. The dis-
placement field of the mode-I load is [49]

ux ¼ 2K Ið1þmÞ
E

ffiffiffiffi
R

2p

q
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2 1� 2mþ sin2 h
2

� �
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E
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2p

q
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2 2� 2m� cos2 h
2

� � ð5Þ

where h = tan�1(y/x) is the phase angle of the domain, ux is the dis-
placement along the x direction, and uy is the displacement along
the y direction. The displacement field of the mode-II load is [49]

ux ¼ 2K IIð1þmÞ
E

ffiffiffiffi
R
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q
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2

� �
uy ¼ � 2K IIð1þmÞ
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2
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As the load increases, the crack begins to propagate and the SIF KI or
KII at first continue to increase. When the SIF reaches its critical va-
lue KC, the crack propagation will become unstable but the SIF keeps
at its critical value (namely KIC or KIIC). In the linear elastic fracture
mechanics, the SIF can be calculated via the J-integral of the near
crack-tip region. The critical SIFs KIC and KIIC are usually determined
by experiments, and they depend on the material properties and the
interfacial geometry.

The interfacial fracture problem is solved by the commercial
software ABAQUS/Standard, and the full Newton iterative method
is used to handle nonlinear terms. Because in delamination prob-
lems with cohesive surfaces the stresses near a crack tip are usually
highly concentrated and the problem is highly nonlinear, conver-
gence is a major issue to be considered. In recent years, many
numerical algorithms have been developed to improve the conver-
gent performance of highly nonlinear problems. For example, a gen-
eral method was developed to solve snap-through problems [50].
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Among them the most common and efficient method, which is also
used in this paper, involves the use of energy dissipation and con-
structive damping [34,51,52]. An adaptive automatic stabilization
scheme is used to produce a suitable damping factor at each itera-
tion step to make sure that the ratio of the energy dissipated by vis-
cous damping to the total energy is less than 1% in order to obtain
an accurate result with minimal computational effort [45].

Because of the square root singularity of the stress and strain
fields in the region near the crack tip, the interface is simplified
as a straight surface beyond five wavelengths from the center point
and the density of element mesh is significantly increased around
the crack-tip region to obtain meaningful results (Fig. 4). To ensure
the validity of the cohesive zone model method, the minimum
mesh size h near the crack tip is much less than the cohesive zone
length, lcz, defined by [53]

lcz ¼
9p
32

KC

rmax

� �2

ð7Þ

Moreover, when the crack begins unstable propagation, the critical
SIF is reached and at this time the crack length may not exceed one
period of the first-order sinusoidal wave. Therefore the minimum
mesh size h near the crack tip is set to be less than A0/20. To ensure
that the results are reliable and convergent, the finite element mesh
is refined in the vicinity of the crack tip and the size is reduced to h/
2. The results indicate that the error of the critical SIF KC (KIC or KIIC)
with different meshes is within 1%, which can be considered to be a
convergent result.
Fig. 4. Typical element meshes at different length scales.
From the dimensional analysis of the parameters in the cohe-
sive zone model and interfacial geometry, the local critical SIF KC

can be written as a function of the following parameters:

KC

K0
¼ C

rmax

E
;
dc

k
;v ; f ;g;g0;A

0

A

� �
ð8Þ

where f is the interface frictional coefficient. The reference SIF K0 is
set to be the critical SIF of a straight crack surface, i.e.,

K0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EG=ð1� m2Þ

q
ð9Þ

The parameters rmax/E and dc=k in the computational process are
set to be 0.01 and 0.001, respectively. The dimensional analysis en-
ables us to investigate how the interfacial toughness is affected by a
group of dimensionless parameters. In Section 3, the effects of some
key parameters in the brackets in Eq. (8) on the critical SIF will be
numerically examined.

In this study, the Poisson’s ratio m is set to be 0.3 and thus its
effect on the SIF will not be examined. The geometric parameters
to be discussed include the aspect ratio of the first-order sinusoidal
wave, g ¼ A=k, the aspect ratio of the second-order sinusoidal
wave, g0 ¼ A0=k0, A0 and A. The influence of frictional coefficient f
on the apparent SIF will also be investigated.
3. Results and discussion

3.1. Influence of interface morphology on crack propagation under
mode-I load

To study the effect of the dimensionless geometric parameters
g ¼ A=k and g0 ¼ A0=k0 of the interface on the fracture toughness,
the apparent critical SIF KIC is plotted as a function of g in Fig. 5 un-
der three sets of parameter g0 = 0, 0.1 and 0.2. For all cases, the
same interface constitutive relation and elastic properties are used
in the finite element calculation and the material is subjected to a
far-field mode-I load defined in Eq. (5). Then the critical SIF is ob-
tained by identifying the critical value at the occurrence of unsta-
ble propagation.

When g0 – 0 and g – 0, the crack will propagate along an inter-
face with a two-order hierarchical sinusoidal wave. When g0 = 0
and g – 0, the crack surface is a pure first-order sinusoidal wave.
When g0 = g = 0, the crack surface becomes a straight crack, and
in this situation the apparent local fracture toughness is equal to
the reference SIF K0, and thus the dimensionless normalized critical
SIF KIC/K0 = 1. Therefore, the normalized fracture toughness KIC/K0
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can also be taken as the toughening ratio, which represents the rel-
ative toughness enhancement generated by the surface waviness.
The result shows that in the considered range of geometric param-
eters the dimensionless critical SIF increases linearly with the first-
order amplitude–wavelength ratio g (Fig. 5), and the same trend
has been found in the steel/steel bonding problem [35]. Moreover,
the interface toughness also increases along with an increase in the
Fig. 6. Von Mises stress fields in different types of surface waviness under mode-I load:
waves.
aspect ratio of the second-order sinusoidal interface g0. The results
in Fig. 5 show that when the ratio g increase to 1.0, the normalized
critical SIF of the pure sinusoidal crack can be as high as 2.50, and
that of the crack on a two-order sinusoidal wavy interface can
reach 2.81 (g0 = 0.1) and 3.26 (g0 = 0.2). Therefore it is concluded
that the surface waviness of both first-order and second-order
sinusoidal wave, especially the first-order waviness, have a
(a) straight crack, (b) pure sinusoidal crack, and (c) crack with two-order sinusoidal
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prominent enhancement effect on the mode-I interfacial fracture
toughness.

To explain why sinusoidal waviness can enhance interfacial
toughness, the von Mises stress field contours near the crack-tip
region are presented in Fig. 6. It can be seen from Fig. 6a that the
stress concentration is high marked in the region around the crack
tip of a straight crack (g = g0 = 0), and the stress gradient is also rel-
atively high near the crack tip (Fig. 6a). In other words, for a
straight crack the resistant force for crack extension is highly con-
centrated in a small region near the crack tip. In this situation, the
SIF will reach its critical value and the interface crack will propa-
gate unstably when the applied far-field load increases to a certain
value. As for a pure sinusoidal crack (g0 = 0 and g – 0), the stress
gradient near the crack tip is lower than that of a straight crack
(Fig. 6b), and the crack-tip region can accumulate a greater propor-
tion of strain energy. The stress singularity is reduced when the
surface has pure sinusoidal waviness, and it needs a larger far-field
loading for the crack to propagate unstably. Thus the fracture
toughness is enhanced. As for interfaces with two-order sinusoidal
structure, the distribution of the stress field near the crack tip is
further homogenized, and the stress concentration is further re-
duced (Fig. 6c). This indicates that the resistant force for crack
propagation is shared by a relatively larger region near the crack
tip, due to the deviation of the propagation direction. Therefore
the interfacial waviness can enhance interfacial fracture toughness
caused by homogenizing the distribution of crack tip stress fields.

3.2. Influence of interface morphology on crack propagation under
mode-II load

In this subsection the effects of interfacial patterns on the frac-
ture toughness of a crack under mode-II loading, which is defined
in Eq. (6), are studied. It is noted that, if the aspect ratio of sinusoi-
dal interface g ¼ A=k or g0 ¼ A0=k0 is too large, the upper and lower
parts of the material may be locked by the projecting teeth of the
interfaces, in which case the crack will not propagate unless a
tooth breaks off due to the failure of material. This is beyond the
scope of the present paper. For this reason, small values of the as-
pect ratio of sinusoidal interface (g = 0.02–0.10, g0 = 0–0.15) are
taken.

Similar to the procedure in Section 3.1, K0 is taken as the refer-
ence SIF, which is now the theoretical fracture toughness of a
straight crack under mode-II loading. The normalized critical SIF
versus the aspect ratio of the second-order sinusoidal interface g0

and the aspect ratio of the first-order sinusoidal interface g (0.02,
0.05 and 0.10) are presented in Fig. 7. It is evident that the normal-
ized critical SIF increases sharply (with an exponential trend) as g0

increases. It can also be seen that the normalized critical SIF of the
interfacial crack increases along with an increase in the value of g.

By comparing the results presented in Sections 3.1 and 3.2, it is
found that when g = 0.1 and g0 = 0.1, the normalized mode-II frac-
ture toughness under a mode-II far-field load is KIIC/K0 = 2.7, which
is much higher than the mode-I fracture toughness under a far-
field mode-I load KIC/K0 = 1.1. Therefore, surface roughness has a
more significant effect on the mode-II fracture toughness than on
the mode-I fracture toughness.

It is also noted that the first-order and second-order of interfa-
cial waviness have the effect of resisting interfacial slip (Fig. 7). For
a pure mode-II crack along a planar interface, the stress concentra-
tions and stress gradient are higher than those for a crack along an
interface with waviness. In the former case, the crack can easily
propagate along a straight path. In the case of a crack with surface
waviness, however, the surface morphology causes the crack to be
in mixed mode although it is subjected to a pure mode-II load only.
A mixed-mode crack along such a wavy interface has superior
fracture resistance to that of a pure mode-II crack.
As is shown in Fig. 8, different surface morphologies result in
different distributions of the crack tip stress field. The stress field
of a straight crack has greater stress singularity, and the crack is
in the pure shear mode (Fig. 8a). However, if a crack has a wavy
surface (Figs. 8b and c), the crack surface is subjected not only to
tangential forces but also to normal resistant forces, leading to a
mixed mode. Especially for a hierarchical crack with a two-order
sinusoidal wave (Fig. 8c), the crack propagation resistance force
is dispersed to several points near the crack tip. Thus the crack is
blunted, and the fracture toughness can be greatly enhanced.
3.3. Influence of A0 and A on crack propagation

In this section, the influence of the amplitudes A and A0 in the
hierarchical sinusoidal interface on fracture behavior subjected to
mode-I or mode-II load is investigated, while the parameters g
and g0 are set to be 0.1. It is evident from Fig. 9 that the normalized
critical SIF KIC/K0 remains almost constant along with the increase
of A or A0, suggesting that the dimensional effect of the hierarchical
sinusoidal interface is of little significance on crack propagation
under mode-I loading (Fig. 9). Under mode-II loading, the normal-
ized critical SIF KIIC/K0 slightly increases with the increase of the
wave amplitude A0 of the second-order sinusoidal interface, while
it appreciably decreases with the increase of the wave amplitude
A of the first-order sinusoidal interface. However, the variation of
KIIC in the sinusoidal wavy interface is more strongly influenced
by the aspect ratios of g and g0 than that by the amplitudes of A
or A0 (Fig. 7). This indicates that the interfacial fracture toughness
is much more sensitive to the parameter of g or g0, rather than
the dimensional parameter A0 or A. Therefore, the first-order or sec-
ond-order dimensions contribute little to the interfacial toughness.
3.4. Effect of interfacial friction on crack propagation under mode-II
load

In Section 3.2, the interface between two elastic bodies has been
assumed for simplicity to be smooth and without any frictional
force. However, cracks are usually not smooth and therefore both
tangential and normal forces can be present, especially for the con-
sidered wavy interfaces. When the crack surfaces begin to slip un-
der a mode-II load, shear stresses induced by friction should be
taken into account. Slippage may occur between interfaces with
small undulations under mode-II loading. To investigate the influ-
ence of the frictional coefficient on the interfacial fracture tough-
ness a static Coulomb friction law is employed in the cohesive



Fig. 8. Von Mises stress fields in different types of surface waviness under mode-II load: (a) straight crack, (b) pure sinusoidal crack, and (c) crack with two-order sinusoidal
waves.
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element. When the friction law is defined, the following factors
should be considered: the cohesive and the compressive contact
take place independently in the normal direction, whereas in the
tangential direction the friction effect comes into play when the
cohesive contact begins to degrade. In what follows, therefore
the relationship between the fracture toughness and the interface
frictional coefficient, f, will be examined.
It is evident from Fig. 10 that the normalized critical SIF of a
crack along a planar interface remains almost constant as f in-
creases (KIIC/K0 � 1.00). The reason is that there is no normal com-
pression due to the nature of far-field mode-II loading for a flat
interfacial crack (g = 0and g0 = 0) and the frictional force is negligi-
ble. This means that the effect of surface friction on the interface
fracture toughness is of little significance for a straight crack under
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mode-II loading. Similarly, the critical mode-II SIF of a pure sinu-
soidal crack (g = 0.05 and g0 = 0) maintains an approximately con-
stant value, and is slightly higher than that of a flat crack (Fig. 10).
Interestingly, the results also show that the critical SIF of a crack
with a two-order hierarchy (g = 0.05 and g0 = 0.05) increases line-
arly with an increase in the value of the surface coefficient f
(Fig. 10). When f = 0.5, the normalized mode-II critical SIF can
reach KIIC/K0 = 1.77, which is 1.54 times larger than that in the ab-
sence of surface friction. This result is similar to that of fiber pull-
out tests with normal compression, in which the interface strength
increases linearly with the frictional coefficient f, and when f = 0.5
the interface strength is 1.6 times larger than that of an interface
with f = 0.3 [54]. The surface roughness makes it possible for sur-
face slip and normal compression to co-exist, and thus the surface
frictional coefficient can have a linear effect on interfacial tough-
ness (Fig. 10). This result also indicates that an increase of interface
friction has an enhancing effect on interfacial fracture surface
toughness.

4. Conclusions

In this paper, we have investigated the crack propagation along
an interface with two-order hierarchical sinusoidal waves. In par-
ticular, the effects of interface morphology and friction on the
apparent critical SIFs are examined. The main conclusions are as
follows:

(i) For an interfacial crack under mode-I loading, the aspect
ratios of both the first-order and second-order sinusoidal
morphology can positively enhance the fracture toughness
of interfaces. Moreover, the first-order sinusoidal structure
has a more significant effect on the fracture toughness than
the second-order. It is found from Fig. 5 that the fracture
toughness is approximately a linear function of the parame-
ter g in the considered range of geometric parameters.

(ii) The mode-II apparent fracture toughness of an interfacial
crack with hierarchical sinusoidal structures increases expo-
nentially with the aspect ratios of the second-order sinusoi-
dal interface g0 (Fig. 7).

(iii) The critical SIF KIIC of a two-order hierarchical sinusoidal
crack increases linearly with the surface friction coefficient
under mode-II loading, but friction has a much smaller effect
on the KIIC of a flat interfacial crack (Fig. 10).

Many biological materials have interfaces with hierarchical
morphology. The results we obtained in this paper can help us to
understand the high fracture toughness of the biological materials
with the common features of laminated structure and hierarchical
wavy interfaces. Our calculations show that the waviness of inter-
faces can greatly enhance the ability of materials to resist interlam-
inar delamination and crack propagation, and many biological
materials have taken advantage of this mechanism to achieve their
superior mechanical properties and biological functions. This study
also provides clues for the design of novel biomimetic materials
with enhanced performance.
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Appendix A

The first-order sinusoidal wave C1 is pre-established in the
Cartesian coordinate system XOY:

q ¼ A sin
2p
k

p
� �

ðA:1Þ

where p and q are horizontal and vertical coordinates, A and k are
the amplitude and wavelength of C1, respectively. Then, the sine
arc length from the origin point O to an arbitrary point M(p, q) is:



Fig. A.1. Illustration of the method for generating a two-order hierarchical
sinusoidal wave.
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s ¼
Z p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdq=dpÞ2

q
dp ¼

Z p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2pA

k
cos

2p
k

p
� �2

s
dp ðA:2Þ

Then the two-order hierarchical sinusoidal wave C2 is obtained by
applying normal perturbation ð ~MNÞ on C1 (Fig. A.1). The associated
perturbation is defined as a second-order sinusoidal wave on the
curvilinear coordinate system along C1:

q0 ¼ A0 sin
2p
k0

s
� �

ðA:3Þ

where A0 and k0 are the amplitude and wavelength of the second-or-
der sinusoidal wave, respectively.

Thus, the two-order sinusoidal curve can be determined by a
parameter equation in the XOY coordinate system with p as its free
parameter:

x ¼ p� q0 sina
y ¼ qþ q0 cos a

ðA:4Þ

where a is the tangent angle at point M and given by

a ¼ tan�1ðdq=dpÞ ¼ tan�1 2pA
k

cos
2p
k

p
� �	 


ðA:5Þ
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