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Abstract
Using the theory of surface elasticity, we investigate the mechanical properties of nanoporous
materials. The classical theory of porous materials is modified to account for surface effects,
which become increasingly important as the characteristic sizes of microstructures shrink to
nanometers. First, a refined Timoshenko beam model is presented to predict the effective elastic
modulus of nanoporous materials. Then the surface effects on the elastic microstructural
buckling behavior of nanoporous materials are examined. In particular, nanoporous gold is
taken as an example to illustrate the application of the proposed model. The results reveal that
both the elastic modulus and the critical buckling behavior of nanoporous materials exhibit a
distinct dependence on the characteristic sizes of microstructures, e.g. the average ligament
width.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Nanoporous materials have many attractive physical and
mechanical properties, e.g. high yield strength, good
electrocatalytic performance, strong surface-enhanced Raman
scattering, charge-induced reversible strain, surface-chemistry-
driven deformation and very small electrical resistance
in external magnetic fields [1–7], and therefore hold
great promise for a diversity of technologically important
applications. In addition, the mechanical behavior of some
nanoporous materials shows an evident dependence on the
characteristic sizes of the microstructure [8–10]. All these
features of nanoporous materials are, more or less, attributed
to their nanosized structure consisting of either open or closed
pores. In the classical theory for porous materials, however,
the mechanical properties are assumed to be independent of
the structure scale. In other words, porous solids with the same
statistically averaged characteristic parameters (e.g. relative
density, pore distribution and bulk material modulus) would
exhibit identical mechanical properties, no matter whether

their average ligament size is at the macro-, meso-, micro- or
nanoscale [11, 12]. Therefore, although the classical theory
of porous materials has been widely used to design their
microstructures and to predict the corresponding mechanical
properties, it becomes inaccurate or invalid in dealing with the
same problems for nanoporous materials.

Recently, much effort has been directed towards
understanding the size-dependent elasticity of porous materials
with very small ligament or pore size. In particular, the
surface effects on their unusual mechanical behavior have
been examined [13–15]. These previous studies provided a
reasonable explanation for some relevant experimental results.
However, the existing theoretical models based on the Euler–
Bernoulli beam model are valid mainly for porous materials
with a very low relative density [1–10]. When the average
aspect ratio between the length to width of ligaments is
relatively small, the effects of transverse shear force and rotary
inertia will have a pronounced influence on the deformation of
microstructures and should be taken into account [16]. In this
case, the Timoshenko beam model can be used to analyze the
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mechanical behavior of ligaments in nanoporous materials with
a comparatively high mass density [17]. Recently, therefore,
the Timoshenko beam theory and its various modified forms
have been employed to predict the size-dependent mechanical
properties of nanobeams and nanotubes [18–20]. To date,
nevertheless, there is still a lack of theoretical investigation on
the properties of nanoporous materials.

In this paper, we investigate the influences of surface
effects on the mechanical properties of nanoporous materials
by using the theory of surface elasticity. The modified
Timoshenko beam theory is first formulated by incorporating
surface effects and then used to predict the effective elastic
modulus of high-density nanoporous materials. The elastic
buckling of nanoporous materials with surface effects is also
analyzed.

2. Theory of surface elasticity

In the past few decades, several theories have been developed
to theoretically explore the size effects of small-scale materials.
For example, the strain gradient theory, proposed by Mindlin
and Eshel [21] and expanded by Fleck and Hutchinson,
can reasonably explain some size-dependent experimental
phenomena with large plastic strain gradients [22]. The
microcontinuum theory elaborated by Eringen [23] has a
simpler type with a micropolar continuum. It treats the
microrotations as independent degrees of freedom in addition
to the usual linear displacements. Using this scale-based
model, size effects in the bending deformation of nanowires
and carbon nanotubes have been elucidated [24]. The nonlocal
elasticity theory initiated by Eringen and Edelen [25] has
also been adopted to predict the size-dependent phenomena
of small-scale structures, by assuming that the stresses at
a point depend not only on the strain at that point but
also on the strain field in the whole body. This theory
has been successfully applied to study wave propagation,
dislocations, crack propagations, vibration, buckling and other
micro/nanoscale devices [20, 26, 27]. The theory of surface
elasticity, proposed by Gurtin et al [28], is another efficient
continuum theory for analyzing size-dependent problems,
especially those observed at the nanoscale. Recently, this
continuum theory has been employed to interpret many
size-dependent phenomena of nanoscale materials, observed
in experiments and atomistic simulations [29–34]. For
completeness, the theory of surface elasticity will be briefly
reviewed in this section and it will be used to investigate the
mechanical behavior of nanoporous materials.

Since near-surface atoms of a material reside in a local
environment different from that in the interior, the surface
layer, typically with a thickness of ∼1 nm, has mechanical
properties and an energy density different from its bulk
counterpart [35]. In the theory of surface elasticity [28],
a surface is normally viewed as a two-dimensionally
heterogeneous thin film attached to its bulk. The fundamental
equations in the bulk are identical to those in the classical
theory of elasticity, except that the boundary conditions need to
be modified to account for the effects of surface stresses. The
surface layer and the bulk material are assumed to be bonded

perfectly so that their displacements are continuous across the
interface. Thus, the equilibrium equation and its non-classical
boundary conditions can be written as [29, 33]

ταβ,β + tα = 0, ταβkαβ = σi j ni n j , (1)

respectively, where ni is the unit normal vector of the surface
layer, tα the tangential component of the traction σi j n j along
the α direction, kαβ the curvature tensor of the surface and
ταβ the surface stress tensor. Throughout this paper, Einstein’s
summation convention is adopted for all repeated Latin indices
(1, 2, 3) and Greek indices (1, 2).

It can be seen from equation (1) that the volume stress
has a jump at the surface but the condition of displacement
continuity holds true. In an Eulerian framework, the surface
stress tensor ταβ and the surface energy density λ satisfy the
Shuttleworth equation:

ταβ = λδαβ + ∂λ

∂εαβ

, (2)

where εαβ is the in-plane component of the bulk strain tensor
at the surface. Equation (2) provides a two-dimensional
constitutive relation of a surface. For simplicity, suppose that
both the surface layer and the bulk material are isotropic and
linearly elastic, and that the surface layer has the uniform
thickness t0 and Young’s modulus Et . Hence the constitutive
relation of a surface can be written as

ταβ = τ 0
αβ + Sαβγ δεγ δ, (3)

where εγ δ is the surface strain tensor, Sαβγ δ is the surface
elastic constant tensor and τ 0

αβ is the residual surface stress
tensor when the bulk strain is zero. For a one-dimensional
problem, equation (3) reduces to [29, 34]

τ = τ0 + Esεx, (4)

where τ is the surface stress, εx is the surface stress in the x
direction, Es = Et t0 is the effective surface Young’s modulus
and τ0 is the residual surface stress.

3. Timoshenko’s beam model with surface effects

According to the well-known Gibson–Ashby foam the-
ory [11, 12], an open-cell nanoporous foam can be considered
as a three-dimensional structure consisting of a large number
of identical unit cells periodically arranged along three
dimensions. Further, the unit cell can be viewed as a nanoscale
structure composed of a certain number of nanobeams. To
explore the elastic properties of such a nanoporous material,
a theoretical approach is developed based on the bottom-
up methodology in this paper. First, we present a refined
Timoshenko’s beam model to account for both the effects of
surfaces and shear deformation. This model allows us to
analyze the deformation of the ligaments in the unit cells of
a nanoporous material.
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Figure 1. (a) Timoshenko nanobeam model accounting for surface
effects. (b) Unit-cell model for open-cell nanoporous materials.

3.1. Surface effects on the bending of a Timoshenko nanobeam

Recently, the size-dependent elastic behavior of nanowires has
been successfully interpreted by accounting for the effects
of surface stresses and surface elasticity. In these previous
studies, the classical Euler–Bernoulli beam model was often
used, which assumes a large length l to width t ratio and
only considers the influence of bending deformation. When
the nanobeam has a relatively small aspect ratio of l/t , it is
necessary to include both the pure bending and the additional
effect caused by shear deformation [16]. Thus, we will adopt
the Timoshenko nanobeam model in this study.

The governing equation for a bending Timoshenko beam
is given as

w′ = θ + γ (5)

where w is the deflection, θ the slope of the beam centerline
and γ the shear angle. The shear force against the internal
shear loading is

Q = −κG Aγ = −κG A(w′ − θ) (6)

where κ is the shear coefficient, G the shear modulus and A the
cross-sectional area. For a beam with a square section, one has
A = t2 and κ = 5(1 + v)/(6 + 5v), where v is the Poisson
ratio of the material [17].

Now we consider a doubly clamped Timoshenko
nanobeam by accounting for the effects of surface stresses and
surface elasticity, as shown in figure 1(a). In the case of small
displacements, the residual surface tension can be treated as
a distributed transverse loading p(x) along the longitudinal
direction of the nanobeam according to the Laplace–Young
equation [30–32]:

p(x) = Hw′′, (7)

where H is a constant determined by the surface stress and the
cross-sectional shape. H is approximately taken as H0 = 2τ0t

for a rectangular cross section [14, 30, 31]. Assume that the
surface layer thickness t0 is much smaller than the thickness t
of the bulk layer. The effective bending moment of nanobeam
(E I )∗ is [30, 31]

(E I )∗ = 1
12 E0t4 + 2

3 Est
3, (8)

where E0 is the Young’s modulus of the bulk material.
When a doubly clamped nanobeam is subjected to a

concentrated load F at its middle, the corresponding energy
functional 
 is written as
∏

=
∫ l/2

0
(E I )∗(θ ′)2 dx +

∫ l/2

0
V (w′ − θ)2 dx

− 2
∫ l/2

0
p(x)w dx − Fw(l/2) (9)

where V = αGt2 is the shear stiffness. The variation of
equation (9) gives

δ
∏

= 2
∫ l/2

0
(E I )∗θ ′δθ ′ dx + 2

∫ l/2

0
V (w′−θ)(δw′−δθ) dx

− 2
∫ l/2

0
p(x)δw dx − Fδw(l/2) = 2[(E I )∗θ ′δθ ]l/2

0

−
∫ l/2

0
(E I )∗θ ′′δθdx + [V (w′ − θ)δw]l/2

0

− 2
∫ l/2

0
V (w′′ − θ ′)δw dx − 2

∫ l/2

0
V (w′ − θ)δθ dx

− 2
∫ l/2

0
p(x)δw dx − Fδw(l/2). (10)

According to the principle of minimum potential energy,
i.e. δ

∏ = 0, the Euler–Lagrange equations of the deformed
nanobeam are obtained as

V (w′′ − θ ′) + p(x) = 0, (E I )∗θ ′′ + V (w′ − θ) = 0.

(11)
Due to the action of the concentrated force, the shear force
Q(x) has an abrupt change at the midpoint of the nanobeam.
We get the force equilibrium condition

V [w′
(l/2) − w′

(l/2)+] = F. (12)

The symmetry of the nanobeam system leads to

Q±(x) = V [w′
(l/2)± −θ(l/2)], Q−(x) = −Q+(x). (13)

Using equations (13), the force equilibrium condition in
equation (2) for a Timoshenko nanobeam is simplified as

2V [w′
(l/2) − θ(l/2)] = F. (14)

The natural boundary conditions are w(0) = θ(0) = θ(l/2) = 0.
Solving equations (11) under the corresponding boundary

conditions, the displacement function of a doubly clamped
nanobeam with the coupling effects of surface stress (H0 �= 0)

and shear deformation is derived as

w(x) = F

2H0V ξ

[
(H0 + V )ξx − V tanh(lξ/4)

+ V
sinh(lξ/4 − xξ)

cosh(lξ/4)

]
, (x ∈ [0, l/2]), (15)
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Figure 2. Comparison of the deflection curves predicted by
Euler–Bernoulli model and Timoshenko model for a nanobeam with
a high length–width ratio of 20 and the width (a) t = 10 nm and
(b) t = 1 μm.

where ξ = 1/
√

(E I )∗(1/H0 + 1/V ). If the surface stress
effects are negligible (i.e. H0 = τ0 = 0), the solution in
equation (15) reduces to

w(x) = Fx

[
(3l − 4x)x

48(E I )∗
+ 1

2V

]
, (x ∈ [0, l/2]).

(16)
In addition, ignoring the effect of shear deformation and

letting the shear stiffness approach infinity (i.e. V = κG A →
∞), equations (15) and (16) will reduce to the solution for an
Euler–Bernoulli nanobeam with surface effects derived in [31].

3.2. Comparison of surface effects on Timoshenko and
Euler–Bernoulli nanobeams

To illustrate the difference between the Timoshenko and Euler–
Bernoulli nanobeam models accounting for surface effects,
a doubly clamped nanobeam subjected to a transversely
concentrated force at the middle point is taken as an example.
Nanoporous Au (NPG), as a well-known material in this
category, is a particular candidate for studying the mechanical
behavior of nanoporous metals due to its easy fabrication and
remarkable stability against corrosion and oxidation [8, 9, 30].
The material parameters of single-crystalline bulk Au are
taken as follows: bulk Young’s modulus E0 = 70 GPa,

Figure 3. Comparison of the deflection curves predicted by
Euler–Bernoulli model and Timoshenko model for a nanobeam with
a high length–width ratio of 3 and the width (a) t = 10 nm and (b)
t = 1 μm.

shear modulus G = 27.2 GPa, Poisson’s ratio v = 0.42,
surface Young’s modulus Es = 3.63 N m−1 and residual
surface stress τ0 = 1.4 N m−1 in the (001) plane [36]. In
use of equations (15) and (16), we introduce the following
dimensionless deflections of the nanobeam predicted by the
Euler–Bernoulli model and the Timoshenko model:

�E = wEuler/w(l/2), �T = w/w(l/2), (17)

respectively, where wEuler is the deflection of an Euler
nanobeam with surface effects [30] and w(l/2) = Fl3/(192E I )
is the deflection at the midpoint. The deflection predicted by
the two models are compared in figures 2 and 3, where we
set the width of the nanobeam t =10 nm and the aspect ratio
l/t = 3 and 20, respectively.

It can be found from figure 1 that the difference between
the results predicted by the two models is negligible when the
aspect ratio of the nanobeam, l/t , is larger than 3.0. Figure 3
shows that, for a smaller aspect ratio, the effect of shear
deformation has a distinct influence on the deflection of the
nanobeam. The displacement predicted by the Timoshenko
nanobeam model is larger than that by the Euler–Bernoulli
model.

In addition, figure 2 shows that the deflection of the
nanobeam decreases with the increase in the surface stress,

4
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indicating that a positive surface stress will make the nanobeam
stiffer. Therefore, both the effects of surfaces and shear
deformation distinctly affect the deformation behavior of
nanobeams with a small aspect ratio. The smaller the
characteristic sizes and the aspect ratio, the greater the
influences of surface and shear deformation effects.

4. Effective elastic modulus of high-density
nanoporous materials

4.1. Expression of effective elastic modulus

The elastic properties of nanoporous materials have been
studied recently by adopting the Euler–Bernoulli beam model,
which holds for materials with a very low mass density because
of its neglect of shear deformation effects [13–15]. However,
most practical nanoporous materials have a relatively higher
density. For example, nanoporous gold fabricated by such
techniques as alloy corrosion has a relative mass density ρ/ρ0

in the range of 0.35–0.42 [1–10]. For such materials with
a relatively higher density, the Timoshenko nanobeam model
is more appropriate for the deformation analysis of ligaments
than the Euler–Bernoulli beam model.

To predict the elastic modulus of nanoporous materials
in terms of microstructural parameters, a unit-cell model
containing a surface layer is introduced [14], as shown in
figure 1(b). In this study, the four ligaments (i , j , k, m) in
group (iii) are treated as Timoshenko nanobeams subjected to
a force F at their midpoints. Thus the transverse displacement
at the midpoint w(l/2) of a ligament can be obtained from
equations (15) and (16) as

w(l/2) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Fl

[
l2

192(E I )∗
+ 1

2V

]
, for τ0 = 0,

F

4H0V ξ

[
(H0 + V ) lξ − 4V tanh

(
lξ

4

)]
,

for τ0 �= 0.

(18)

Following the procedure in [14], the total averaged strain ε̄∗
and the effective Young’s modulus E∗ of the high-density
nanoporous material are respectively written as

ε̄∗ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fl3

192 (E I )∗ (l + t)
+ F(2lt B + 3lV + 2tV )

4V Bt
,

for τ0 = 0,

F

H0(l + t)

[
l(H0 + V )

4V
− tanh(lξ/4)

ξ

]

+ F(3l + 2t)

4Bt (l + t)
, for τ0 �= 0,

(19)

and

E∗ =⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

96(E I )∗BV

l2tV B + 48(E I )∗(2lt B + 3lV + 2tv)
, for τ0 = 0

2B H0V ξ

ξ(3lV H0+2tV H0+lt B H0+lt BV ) − 4t BV tanh(lξ/4)

×
(

t

l + t

)
, for τ0 �= 0,

(20)

Figure 4. Effective Young’s moduli of nanoporous materials
predicted by the Euler–Bernoulli model and Timoshenko model.

where B = E0t + 4Es, H0 = 2τ0t and V = αGt2. Further, it
is noted that the relation between ligament size and relative
density for a porous material with a relatively high density
ρ/ρ0 is different from that in low density (ρ/ρ0 = (t/ l)2),
which is given by [10, 12]

ρ

ρ0
= (t/ l)2(1 + 0.766t/ l)

0.766(1 + t/ l)3
. (21)

4.2. Example and discussion

To compare the effective elastic moduli predicted by the Euler–
Bernoulli and Timoshenko nanobeam models, we choose
nanoporous gold as an example. We still use the material
constants for the single-crystal Au given in section 3.2. To
illustrate the effect of the relative mass density, we give the
calculation results in figure 4 under two representative values
of ρ/ρ0 = 0.05 and 0.42.

It is found from figure 4 that for a low mass density
(e.g. ρ/ρ0 = 0.05), the elastic moduli of nanoporous gold
predicted by the two models are very close to each other,
whereas for a high density (e.g. ρ/ρ0 = 0.42), the effects
of shear deformation on the elastic modulus are significant.
It is also clearly seen from figure 3 that the effective elastic
modulus predicted by the Timoshenko nanobeam model is
always lower than that by the Euler–Bernoulli model. Their
difference is especially obvious for nanoporous gold with
a high mass density. A similar trend is observed for the
influence of surface effects. The above results suggest that the
Timoshenko nanobeam model should be applied to predict the
elastic properties of nanoporous gold with a relatively higher
mass density (e.g. ρ/ρ0 > 0.3) [11, 12], while the simpler
Euler–Bernoulli model can be used when the mass density is
lower.

5. Elastic buckling of nanoporous materials

When a nanoporous material is subjected to compressive
loading, elastic buckling may occur in its ligaments, leading
to microstructural collapse. The critical stress for an open-
cell porous material at the occurrence of collapse is given by

5
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Gibson and Ashby as [11, 12]

σ 0
el = 2π2 E0t4

3l4
≈ C4 E0

(
ρ

ρ0

)2

, (22)

where C4 = 0.05 is a proportional constant fitted by
experimental data and, sometimes, referred to as the critical
buckling strain.

The unit-cell model in figure 1 is used again. Assume
the compressive force P is acting on the ligaments in group
(i). The elastic collapse under axial compression is mainly
triggered by the elastic buckling of the four ligaments in group
(ii) [14]. When neglecting the surface effects, the critical
buckling load of the ligaments is

Pcr =

⎧
⎪⎪⎨

⎪⎪⎩

n2π2 E0 I

l2
, (Euler model),

n2π2V E0 I

V l2 + 4π2 E0 I
, (Timoshenko model)

(23)

where n is a dimensionless parameter depending on the
boundary conditions. In the case of a doubly clamped beam,
n = 2, and I is the second moment of area. Converting the
load into stress, the macroscopic average stress σel is obtained
as

σel =

⎧
⎪⎪⎨

⎪⎪⎩

4π2 E0 I

l2(l + t)2
, (Euler model),

π2V E0 I

(l+t)2(V l2+4π2 E0 I )
, (Timoshenko model).

(24)
For nanoporous materials, we here account for the

influence of surface effects and denote the critical average
stress at the occurrence of microstructural collapse as σ ∗

el.
Based on our analysis in section 4.1, the critical load Pcr at
the occurrence of compressive buckling in the e–h ligaments
predicted by the Euler–Bernoulli and Timoshenko nanobeam
models is [34, 37]

P∗
cr =

⎧
⎪⎪⎨

⎪⎪⎩

4π2(E I )∗

l2
+ H0, (Euler model),

4π2V (E I )∗

V l2 + 4π2(E I )∗
+ H0, (Timoshenko model),

(25)
respectively, where (E I )∗ = E0t4/12 + 2Est3/3, H0 =
2τ0t , V = αGt2 and the boundary conditions are two
fixed ends. The macroscopic average stress of a unit cell
is σ ∗

el = 4Pcr/(2l + 2t)2. Thus, the critical average stress
on the unit cell of nanoporous materials at the occurrence of
microstructural collapse is

σ ∗
el =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

H0l2 + 4π2(E I )∗

(l + t)2l2
, (Euler model) ,

1

(l + t)2

[
4π2V (E I )∗

V l2 + 4π2(E I )∗
+ H0

]
,

(Timoshenko model).

(26)

Figure 5. The critical average stresses of ligament buckling
predicted by the Euler–Bernoulli model and Timoshenko model with
respect to (a) the relative mass density and (b) the ligament size.

To illustrate the difference between the critical average stresses
predicted by Euler–Bernoulli and Timoshenko nanobeam
models with surface effects, nanoporous gold with a relative
density ρ/ρ0 = 0.2 is taken as an example. The curves
of the critical average stresses predicted by the two models
are plotted in figure 5 as a function of the relative density
and the ligament size. In figure 5(a), σ 0

el denotes the critical
average stress of an open-cell foam and is defined by the
first expression in equation (24) and the relative density is
determined by ρ/ρ0 = (t/ l)2 [11]. Figure 5 shows that the
critical average stress exhibits a distinct dependence on the
ligament size of nanoporous materials and the surface effects
are more significant when the relative density is lower than 0.2.
In addition, the influence of shear deformation is prominent
for a nanoporous material with a comparatively high relative
density.

From figure 5(b), we find that the dependence of the
critical average stress on the ligament size of nanoporous gold
is similar to that of the elastic modulus depicted in figure 4.
The critical average stress shows a distinct increase as the
ligament size falls into the scope of several nanometers. Within
this scope, the rate of increase of the Timoshenko results with
decreased ligament size is much lower than that of the Euler
results.

6
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6. Conclusions

By including Gurtin–Murdoch’s theory of surface elasticity
into the classical Timoshenko beam model, we have presented
a size-dependent Timoshenko nanobeam model. Thereby,
we have investigated the surface effects on the effective
mechanical behavior of nanoporous materials. In particular,
we compared the results given by the nanoscale Euler–
Bernoulli model and the Timoshenko model. When the
average characteristic size of the ligaments in a porous
material reduces to nanometers, the effects of surface stresses
and surface elasticity become significant and should be
taken into account. For nanoporous materials with a low
density, the Euler–Bernoulli nanobeam model is appropriate to
predict the effective elastic modulus and the critical stress of
microstructural buckling, while for those with a high density,
the refined Timoshenko model should be used to account for
the effect of shear deformation. This study extends the classical
Gibson and Ashby’s theory for conventional porous materials.
In this paper, our attention has been paid mainly to the elastic
deformation behavior of nanoporous materials, and further
theoretical and experimental effort will be directed towards
their plastic properties.
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