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An exponential law is presented for modeling piezoelectric behavior of bone tissues. The law is estab-
lished based on experimental observation and existing empirical decay function. The model is then used
to investigate the relaxation behavior of pizeovoltages induced by external load. Piezovoltages between
the two opposing surfaces of bovine tibia bone samples under three point bending deformation are mea-
sured using an ultra high input impedance bioamplifier. The experimental results indicate that the pizeo-
voltages of bone show different relaxation behaviors during loading and unloading process. It is found
that the piezovoltage decay follows a stretched exponential law when the load increases from zero to
its maximum value, while it follows a typical relaxation exponential law when the load is kept its max-
imum value. The stretching-exponential behavior is independent of loading amplitude and rate. One pos-
sible reason for causing the stretched exponential behavior may be due to the triple helices structure of
collagen fibrils distributed randomly in bone, which can experience relatively large deformation under
external loads. The deformation process may include self-deformation and relative slipping between
the molecule chains. The relative slipping movements may change the dielectric constants and resis-
tances of bone, which can lead to multiple relaxation time behaviors during the deformation process
of bone.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Bone can change its mass, shape and density to adapt its external
environment, which is called bone remodeling, the substance of
Wolf law. There are generally three possible factors to influence
the bone remodeling process. They are piezoelectric potential
(Fukada, 1964; Bassett and Becker, 1962; Steinberg et al., 1968;
Qin and Ye, 2004; Qin et al., 2005) and streaming potentials
(Anderson and Eriksson, 1968; Yokota and Tanaka, 2005; Pienkow-
ski and Pollack, 1983) both of which are known as stress generated
potentials (SGPs). The third one is fluid-generated shear stress
(Tzima et al., 2005; Burger et al., 2003; Riddle and Donahue, 2008).
From the viewpoint of biologic evolution, though whether the
electric potential of bone has any effect on remodeling is still an open
question, bone’s mechanical–electrical coupling property may have
effects on the bone remodeling process in some way. Thus, the
piezoelectricity of bone may play a certain role in bone remodeling
process.

In the literature, piezoelectric signals were usually measured by
charge amplifier, which detected the polarized charges on bone
ll rights reserved.

: +86 22 27892213.
surfaces by transferring them to a capacitor in an instrument. This
is a relatively simple way for determining the quantitative
relationships between the electric charge and external force. How-
ever, this method cannot reveal the time-dependent variation of
the polarized charges in bone during which the magnitude of
charges may influence the bone remodeling process or osteocyte
viability.

During the past decades, various new techniques have been
developed and employed to investigate the piezoelectric properties
of bone tissue. Based on the concept of converse piezoelectric
effect (Qin, 2001), the piezoelectric coefficient d23 was determined
using a sensitive dilatometer (Aschero et al., 1999). Piezoelectric
force microscope and atomic force microscope were also employed
to measure piezoelectric properties of bone (Kalinin et al., 2005;
Minary-Jolandan and Yu, 2009). As bone belongs to an inhomoge-
neous anisotropy material, the piezoelectric coefficient matrix at a
point does not convey enough information of its piezoelectric
properties. In order to investigate in detail the piezoelectric
properties of bone, it is necessary to conduct further studies with
different methods. In this study, the piezovoltage of bone under
three-point bending deformation are measured using an ultra high
input impedance bioamplifier. The pizeovoltage of bone show dif-
ferent stretching–relaxation behaviors during loading and unload-
ing process. It also follows different exponential law during
stretching and relaxation process.

http://dx.doi.org/10.1016/j.ijsolstr.2010.10.024
mailto:hou@tju.edu.cn
http://dx.doi.org/10.1016/j.ijsolstr.2010.10.024
http://www.sciencedirect.com/science/journal/00207683
http://www.elsevier.com/locate/ijsolstr
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Fig. 2. Setup of the test system.
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2. Materials and methods

2.1. Sample preparation

Cortical bone samples used are harvested from mid diaphysis of
dry bovine tibias (age 2–3 years), and machined into rectangular
beams (Fig. 1(a)) with a dimension range as shown in Table 1.
Six samples were prepared and were dried in air for at least two
weeks till the resistance or impedance between the two lateral sur-
faces was over 109 Ohm, while the maximum resistance of com-
plete dry bone is usually in the order of 1010 Ohm (Singh and
Saha, 1984; Tzukert et al., 1983). Then, the conductive silver adhe-
sive (5001, SPI, USA) was painted on both sides of each specimen as
electrodes whose dimensions are of 3 � 3 mm (Fig. 1(b)). After the
electrodes being painted, the samples were kept in an environment
with relative humidity 52–56% and temperature 22–25 �C. The two
electrodes were placed in the same axial position and at the same
mid-height from the neutral axes of the samples, where the bone
samples are subjected to both normal stress and shear stress.

2.2. Experimental set-up

The pair of electrodes and the bone tissue sandwiched between
them is equivalent to a capacitor and let C be its capacitance (Singh
and Saha, 1984; Johnson et al., 1980). Once the piezoelectric charge
Q induced by the load accumulates on the electrodes, a corre-
sponding piezovoltage V (V = CQ) can be observed. Because the
piezovoltage is a linear function of piezocharge, the variation of
the voltage is consistent with that of the charge.

The experimental setup of the measurement system is illus-
trated in Fig. 2. It can be seen from Fig. 2 that the electrode on
the lateral side facing medullary cavity (Fig. 1) was taken as zero
potential (or reference potential). While the measured piezovolt-
age was input into a Bioamplifier (BMA-931, CWE Inc., USA) via
an ultra high input impedance (over 1012 X) Head Stage (Super
Z, CWE Inc., USA), whose input impedance is at least two orders
higher than that of bone and is able to prevent the charges accu-
mulated on the electrodes leaking through the head stage. In the
measurement, the amplified voltage signals were recorded by a
Electrode 
Load 

Medullary cavity 

(a) (b)

Fig. 1. (a) The geometry of the sample; (b) three-point test.

Table 1
Size of samples.

Span (mm) Width (mm) Height (mm)

85 4.0 ± 1.0 19 ± 3.0
computer. Loads were applied using an Instron 1343 closed-loop
servo-hydraulic machine controlled by 8800 Control Tower, and
the loading signals in Control Tower were also input into the com-
puter for recording.

The testing sample and the Head Stage are enclosed in a double
electromagnetic shield with the outer shield connecting to ground
and the inner to the Head Stage common terminal. This arrange-
ment can keep the electric field distribution to be constant in the
device (Fu et al., 2006).

2.3. Experimental procedure and characteristic of piezovoltage

Fig. 3 shows a trapezoidal loading configuration applying to the
samples in our experiment. It has equal loading and unloading time
To (To = 0.25, 0.5 and 1 s is employed). Having reached its maximum
Fo (Fo = 50, 100 and 150 N in our experiment), the load is kept to be
constant for 6 s and then the load decreases to zero (see Fig. 3). It
is noted that the cortical bone has a weak viscoelasticity especially
dry bone (Yamashita et al., 2002). In order to reduce the effect of vis-
coelasticity, the maximum compressive stresses in the samples,
caused by the maximum Fo, are between 12 and 23 MPa which is
much less than 80 MPa below which no irrecoverable deformation
occurs in cortical bone (Fondrk et al., 1988) and the stress and strain
has a linear relationship for cortical bovine (Hoc et al., 2006).

Piezovoltages of the bone samples are measured under three-
point bending in an environment with relative humidity of 52–
56% and temperature of 21–26 �C. Fig. 3(b) shows a typical plot of
variation of piezovoltage with time under the loading profile shown
in Fig. 3(a). It has a negative and a positive pulse corresponding to the
loading and unloading durations respectively. The peak of first pulse
(negative) is just corresponding to the loading endpoint and the sec-
ond pulse peak corresponds to the unloading endpoint. The ampli-
tudes of the peaks are of the order of several millivolts. The
pattern of the pulses indicates that once the loading or unloading
ends the piezovoltage starts to decay towards zero, which looks like
an exponential relaxation process. The corresponding physical pro-
cess is that once the piezocharge appears on the two electrodes, it
begins to discharge through the impedance of the bone. Then, the
variation of the piezocharge with time is associated with mechanical
loads and physical properties of bone such as impedance.

3. Results

The piezovoltage–time curves (Blue)1 of all the samples (Fig. 4)
are similar in shape under three point bending. Figs. 4 and 5
1 For interpretation of color in Figs. 3–5 and 7, the reader is referred to the web
version of this article.



(a) Loading waveform (b) Piezovoltage waveform 

-50

200

0 4000 8000

Time (ms)

L
oa

d 
(N

)

Fo

to to -4

0

4

0 4000 8000

Time (ms)

Pi
ez

o-
V

ol
ta

ge
 (

m
V

)

Fig. 3. Loading and piezo-voltage wave form.

(a)  Measured voltage and fitted curve at Fo=150 N and To=250 ms 
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(b)  Measured voltage and fitted curve at Fo=150 N and To=500 ms 
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(c)  Measured voltage and fitted curve at Fo=150 N and To=1000 ms 
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(d)  Measured voltage and fitted curve at Fo=100 N and To=250 ms 
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(e)  Measured voltage and fitted curve at Fo=50 N and To=250 ms 
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Fig. 4. Fitting functions at different Fo and To for sample No. 1.
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(a)  Measured voltage and fitted curve at Fo=150 N and To=250 ms 
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(b)  Measured voltage and fitted curve at Fo=150 N and To=500 
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(c) Measured voltage and fitted curve at Fo=150 N and To=1000 
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(d) Measured voltage and fitted curve at Fo=150 N and To=250 ms for unloading 
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(e) Measured voltage and fitted curve at Fo=150 N and 

To=500 ms for unloading 
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(f) T Measured voltage and fitted curve at Fo=150 N and 

To=1000 ms for unloading
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Fig. 5. Fitting functions at different Fo and To for sample No. 2.
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illustrate two groups of these curves for samples 1 and 2, respec-
tively, with different loading conditions.

After many trials of curve fittings on the measured curves, it
was found that the pizeovoltages show different relaxation behav-
iors in loading (or unloading) and load holding processes (details of
fitting scheme can be found in Appendix A). During loading, the
piezovoltage decays followed a non-exponential or stretched expo-
nential law e�ðt=sdÞb (Williams and Watts, 1970), while they follows
a typical exponential law (b = 1, known as Debye exponential
relaxation) in the load holding duration. Eq. (1) below represents
the fitting function for the measured piezovoltage V(t),

VðtÞ ¼ KFðtÞe
� t

sd

� �b

ð1Þ
where t is the time, F(t) the load function, K a proportional coeffi-
cient between load F(t) and piezovoltage, sd is time constant or
relaxation time, and b (0 < b 6 1) is a stretching exponent. In our
experiment, the first stage of the loading process F(t) is given as

FðtÞ ¼ F0
t

T0
ðt 6 ToÞ ð10 Þ

Eq. (1) indicates that the piezovoltage is generated in proportion to
the load F(t), and it decays in the stretched exponential law
simultaneously.

When the loading keeps constant, the fitted piezovoltage func-
tion is

VðtÞ ¼ Voe�
t
sc ð2Þ
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where sc is a time constant, V0 is the peak voltage when the first
stage of the loading process ends. Let t = To and substituting Eq.
(1
0
) into Eq. (1) yields

Vo ¼ K � Fo � e
� To

sd

� �b

ð20 Þ

Eq. (2) represents that the piezovoltage decays in a typical exponen-
tial law. The fitted functions for the piezovoltage of sample 1 are,
then, written as

VðtÞ ¼
�0:271Fo

t
To

e�
t

11:79ð Þ0:2993

ðt 6 ToÞ

�0:271Foe�
To

11:79ð Þ0:2993

� e� t
94ð Þ ðt > ToÞ

8<
: ð3Þ

In Fig. 4 (a)–(e) the red curves represent the fitting function (3) with
different Fo and To and the blue curves are the corresponding mea-
sured piezovoltages. Fig. 4(a)–(c) shows three fitting curves with
Fo = 150 N and To = 250, 500, 1000 ms, respectively. Fig. 4(d) and
(e) shows two fitting curves with To = 250 ms and Fo = 50, 100 N,
respectively. It is evident that the fitted functions coincide well with
the measured curves. The values of K, sd, b and sc, are listed in Table 2.

The fitted functions for sample 2 are as following

VðtÞ ¼
�0:295Fo

t
To

e�
t

12:74ð Þ0:302

ðt 6 ToÞ

�0:295Foe�
To

12:74ð Þ0:302

� e� t
93ð Þ ðt > ToÞ

8<
: ð4Þ

Again, in Fig. 5(a)–(f) the red curves represent the fitting function
(4) with different Fo and To and the blue curves are the correspond-
ing measured piezovoltages. Fig. 5 (a)–(c) shows three fitting curves
with Fo = 150 N and To = 250, 500, 1000 ms, respectively, while
Fig. 5(d)–(f) shows the same three measured curves but corre-
sponding to the unloading portion, in which the red curves are ob-
tained using the same fitting functions as those in Fig. 5(a)–(c). The
coincidence of the curves in Fig. 5(d)–(f) imply that the piezovoltage
curves during unloading process have the similar waveforms as
those in loading process.

It was found that all the piezovoltage curves of the six samples
have the same form of fitting function. The first part (stretched
exponential term) of the fitting function is characterized by three
parameters: the proportional coefficient K, stretching exponent b,
and time constant sd. While the second part (typical exponential
term) is characterized only by one parameter: time constant sc,
which is easy to be determined. These parameters are independent
of holding load Fo and loading time To. To determine the three
parameters in the first part at least five piezovoltage–time curves
are measured for each sample corresponding to different holding
load Fo and loading time To, as shown in Fig. 4. We obtained the
three parameters by fitting any three of the five curves to Eq. (1)
using trial-and-error method on a computer. Then the other two
curves were fitted by the three determined parameters, with corre-
sponding values of Fo and To, for checking the adequacy of fitting. It
was found that once the three parameters were determined by any
three curves, they are available for the remaining two curves. This
Table 2
Fitting parameters.

Sample no. Fitting parameters

b K sd (ms) sc (ms)

1 0.299 �0.272 11.79 94
2 0.302 �0.295 12.74 93
3 0.305 �0.212 10.98 60
4 0.276 �0.190 11.44 115
5 0.286 �0.214 9.30 81
6 0.291 �0.213 11.42 88

Mean ± SD 0.293 ± 0.01 �0.233 ± 0.038 11.28 ± 1.037 88.5 ± 16.4
proved the uniqueness of the fitting. Namely, the stretched expo-
nential behavior represents merely bone’s inherent property. The
fitting parameters of the six samples are listed in Table 2.

The time constant sd, in loading process, is about one order of
magnitude smaller than the sc, in loading hold process. The signif-
icance of the stretched exponent b(0.276 < b < 0.305) is that the
relaxation mechanism in loading process is different from that in
load holding process. The fitting functions (3) and (4) and the mea-
sured piezovoltage curves in Figs. 4 and 5 show that the peaks of
piezovoltage are proportional to the maximum load Fo and inver-
sely proportional to loading interval To. Making use of the mean va-
lue of the fitting parameters listed in Table 1, the fitting function
(1) of the bone can be further written as

VðtÞ ¼
�0:233Fo

t
To

e�
t

11:28ð Þ0:293

ðt 6 ToÞ

�0:233Foe�
To

11:28ð Þ0:293

� e� t
88:5ð Þ ðt > ToÞ

8<
:

4. Discussion

Although the stretched exponential law is an empirical function
(Williams and Watts, 1970; Kawakami and Pikal, 2005; Milovanov
et al., 2008), it has been found that the function can describe the
relaxation behavior of a variety of materials with structural disor-
der such as dielectrics (Milovanov et al., 2008, 2007; Husain and
Anderssen, 2005; Fu et al., 2001), amorphous substances like
glasses (Haruyama et al., 2007; Palmer et al., 1984), and soft tissues
(June et al., 2009; MacLean et al., 2007). A natural and commonly
used interpretation of an observed stretched exponential relaxa-
tion is in terms of the global relaxation of a system containing
many independently relaxing species, each of which decays expo-
nentially in time with a specific fixed relaxation rate (Johnston,
2006). Further, the stretched exponential relaxation can be ex-
pressed as a weighted superposition of single exponential relaxa-
tion functions (Milovanov et al., 2008, 2007; Palmer et al., 1984;
Johnston, 2006; Richert and Richert, 1998)

e
� t

sd

� �b

¼
Z 1

0
pðs;bÞe� t

sð Þds

where p(s,b) is the weighting function, which can be expressed in
terms of a stable distribution of various individual relaxation with
different time constant s. Then sd is a constant which represents a
global effect of the large number of different relaxation time con-
stants, and it is sometime also known as apparent time constant.

Actually, relaxations of the piezovoltage imply that the piezo-
electric charges on the electrodes mainly discharge through the
impedance of bone between the two electrodes. Because the input
impedance of Head Stage is at least two orders higher than the
impedance of bone between the two electrodes, it can be consid-
ered that the piezoelectric charges mainly discharge through the
bone impedance. Singh and Saha, and Johnson described the elec-
trical behavior of bone in terms of an equivalent parallel combina-
tion of impedance and capacitor (Singh and Saha, 1984; Johnson
et al., 1980). Its capacitance is C = eS/d (parallel plate capacitors)
where e stands for the dielectric constant of bone between the
two electrodes, S denotes area of the electrode, and d represents
thickness of the bone sample. Therefore, the factors influence the
discharge behavior should be merely two electric properties of
bone: the capacitance and impedance or resistance. The resistance
of the bone between the two electrodes is approximately R = qd/S
where q denotes bone’s resistivity. The resistance R and capaci-
tance C form a parallel connected RC circuit. The time constant sc

can, then, be defined as sc = RC = eq, which means that the dis-
charge rate of piezocharges on the electrodes depends on dielectric
constant e and resistivity q.
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In load holding process, sc is approximately a constant and
hence the voltage relaxation follows a typical exponential decay.
In loading or unloading process, however, the voltage relaxation
shows multi-relaxation time behavior. A possible explanation is
that, during the duration of deformation, the bone’s dielectric or
the resistivity properties varies, which leads to changes of relaxa-
tion behavior. Because the piezoelectricity of bone arises from
the organic components (mainly collagen), the analysis mainly fo-
cuses on the collagen fiber structure. The structural details are
shown in Fig. 6 (Minary-Jolandan and Yu, 2009; Jager and Fratzl,
2000; Fratzl and Weinkamer, 2007; Gupta et al., 2006). A collagen
molecule is composed of a triplet of three polypeptide chains (two
a1 and one a2chains) with length about 300 nm, and diameter
about 1.5 nm (Fig. 6(a)). These molecules lie in a staggered
arrangement, and there is a 40 nm gap between one collagen mol-
ecule end and another. The adjacent collagen molecules are joined
by covalent cross-links near the gaps. Collagen molecules are filled
and coated by platelet like tiny mineral crystals, which form the
mineralized collagen fibril. A group of collagen fibrils embedded
in the mineral crystals form a hierarchical structure of collagen fi-
ber (Fig. 6(b)).

When the bone is stressed, the mineral platelet transfers the
stress via adjacent collagen fibrils and cross links by shearing,
and the shear deformations of the organic fibrils are considerably
larger than the mineralized components (Gupta et al., 2006).

The triple helices structure and the considerably large deforma-
tion may well be the two main factors influencing the electric
properties of bone tissues during the deformation. During the load-
ing or unloading process, it was probable that the large deforma-
tion included self-deformations of the three collagen molecule
chains leading to piezo-polarization and continuous relative slip-
ping movement between the chains. However, in load holding pro-
cess, the slipping movements stopped. A hypothesis is then made
that the slipping movements between adjacent chains may cause
the variations of the electric properties of collagens, which in-
cludes either the dielectric constant or the resistivity or both of
them (eq). If the hypothesis holds true for collagen materials, it
may be considered that variation of electric properties of bone is
associated with geometrical distribution of collagen fibrils. If the
above analysis holds true for collagen materials, it may be consid-
ered that variation of electric properties of bone is associated with
geometrical distribution of collagen fibrils. Because the collagen fi-
brils orient randomly in various directions in bone, with the mean
direction approximately parallel to the axis of bone diaphysis
(Ascenzi and Lomovtsev, 2006; Bills et al., 1982), the variation ex-
tent of electric properties of collagen fibers may depend on their
orientation angles. In other words, the changes of the electric prop-
erties are different for the collagen fibers with different directions.
Thus, the collagen fibrils possessed multi-relaxation behaviour,
while in load holding process, there is no continuous slipping
gap Cross link Collagen fibril Mineral component 

(b)  Mineral Collagen fiber 

(a)  Triple helices structure of Collagen Molecule 

300 nm long and 1.5 nm in diameter polypeptide chains 

Fig. 6. Schematic illustration of mineral collagen fiber and triple helices structure of
molecule.
movement between chains, and they recover to typical exponential
behavior. One of the two results of variation in the dielectric prop-
erties of bone was the change of equivalent capacitance (C = eS/d)
between the electrodes. An increase in the dielectric constant e
leads to an increase in the capacitance and then the piezovoltage
between the electrodes becomes lower, with the piezocharges
stored in C remaining the same, and vice versa. The other result
is the variation of the resistivity or resistance of bone which affect-
ing the piezovoltages by changing the charge/discharge rate.

The curves in Fig. 7 illustrate the decay characteristics of the
stretching and typical exponential laws. Fig. 7 shows four curves
for the decay exponential function eðtÞ ¼ e�ðt=sÞ

b
. The Blue and

Green ones are the typical exponential relaxation curves (b = 1)
with s = 60 and 88.5 ms which corresponds to the smallest and
average time constants sc, respectively, as shown in Table 2. The
Red and Black one are stretched exponential relaxation curves with
s = 12.74 ms, b = 0.302 and s = 9.30 ms, b = 0.286 (the largest and
smallest time constant sd, see also Table 2). These curves indicate
that the stretched exponential curves decay faster than the typical
exponential curves at and before approximately 120 (Red) or 220
(Black) ms and beyond that they decay slower than the typical
exponential curves.

It is evident from the four simulative relaxation curves in Fig. 7
that the electric properties of bone are changed during the defor-
mation process. The first two (Blue and Green) and the last two
(Red and Black) curves simulate, respectively, the piezovoltage
relaxation characteristics without and with changes of the dielec-
tric constants, which are equivalent to change in the capacitance.
Because once the dielectric constant or capacitance increases, the
piezovoltage across the capacitor becomes lower. This trend is in
agreement with the Red and Black curves in Fig. 7 for the whole
duration. It is also noted that if the resistivity keeps unchanged
or increases, the equivalent relaxation time constant must increase
as predicted above. Then the overall decay becomes slower. In real-
ity, even the resistivity becomes lower, the product of eq is still
likely to increase, which making the relaxation rate slowly. Besides
the piezoelectricity, the other mechanism of SGPs is the streaming
potential in bone. The relaxation of the streaming potentials in liv-
ing bone, caused by step-load, also follows a stretched exponential
decay (Qin et al., 2002). It is possible that a certain correlation ex-
ists between the piezoelectricity and the steaming potentials in
bone.

Generally, during the deformation of bone the viscoelastic
deformation such as creep may also occur though the creep defor-
mation is relative small in dry cortical bone (Yamashita et al.,
2002). However, if this kind of deformation is indeed big enough
to influences the variations of the electric properties of collagens
to a certain extent, it would cause the variations of the electric
properties during both loading and load holding processes, and
thus the difference of the two kinds of relaxation modes,
0

0.25

0.5

0.75

1

0 100 200 300
Time (ms)

e 
(t

)

Fig. 7. Curves for the decay exponential function.
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corresponding to loading and load holding processes respectively,
will not occur. Based on this judgment, the creep does not influ-
ence the relaxation behavior.
5. Conclusions

The pizeovoltage of bone show different relaxation behaviors in
loading and load holding processes. In loading process, the piezo-
voltage decay follows a stretched exponential law, while it follows
the typical exponential law in load holding process. The stretched
exponential behavior is independent of loading amplitude and
rate. The apparent time constants of the stretched exponential
are approximately one order of magnitude smaller than the time
constants of typical exponential law.

To explain the observations, a hypothesis was proposed that the
slipping movements between adjacent collage molecules cause the
variations of the electric properties of collagens. Based on the
hypothesis the deduced main reason for the stretching-exponen-
tial behavior is the triple helices structure of collagen fibrils
distributed randomly in bone, which suffer relatively large defor-
mation, under external loads, including self-deformations and rel-
ative slipping between molecule chains. The relative slipping
movements may change the dielectric constants and resistances
of bone, which leads to multiple relaxation time behaviors during
deformation of bone.
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Appendix A. The fitting scheme for stretched exponential
function

Substituting Eq. (1
0
) into Eq. (1), we have

VðtÞ ¼ KF0
t

To
ðtÞe

� t
sd

� �b

t 6 T0 ðaÞ

As there are three unknown parameters K, sd and b in Eq. (a), three
measured piezovoltage–time curves, at different load magnitude Fo

and loading time To, of each sample are employed to determine
them.

For the convenience of calculation, without loss of generality,
the measured piezovoltage–time curves, denoted as VðtÞ, at load-
ing time To = 0.25, 0.5, 1 s, respectively, and load magnitude
Fo = 100 N were used in the fitting calculation. For simplicity, de-
note the loading time To = 0.25, 0.5, 1 s and the corresponding three
measured piezovoltages as T025, T05, T1 and V025ðtÞ; V05ðtÞ; V1ðtÞ,
respectively. Further, the time t in V025ðtÞ; V05ðtÞ; V1ðtÞ is denoted
as t025, t05 and t1, respectively Substituting the three piezovol-
tages into Eq. (a), respectively, following three equations are
obtained

V025ðt025Þ ¼ KF0
t025

T025
e
� t025

sd

� �b

t025 6 T025 ðbÞ

V05ðt05Þ ¼ KF0
t05

T05
e
� t05

sd

� �b

t05 6 T05 ðcÞ

V1ðt1Þ ¼ KF0
t1

T1
e
� t1

sd

� �b

t1 6 T1 ðdÞ

The ratio of Eq. (b) to Eq. (c) yields
V025ðt025Þ
V05ðt05Þ

¼ T05t025

T025t05
eð

t05
sd
Þb�ðt025

sd
Þb

Applying the logarithm to the equation above, we have

ln
V025ðt025Þ
V05ðt05Þ

T025t05

T05t025

" #
¼ tb

05 � tb
025

sb
d

Thus, the time constant sd equals to

sd ¼
tb

05 � tb
025

ln V025ðt025Þ
V05ðt05Þ

T025t05
T05t025

h i
8<
:

9=
;

1
b

ðeÞ

By Eq. (a), the proportional coefficient K is

K ¼ V025ðt025Þ

F0
t025
T025

e
� t025

sd

� �b ðfÞ

It is clear that once the stretching exponent b is known, sd and K are
obtained. Moreover, similar equations to Eqs. (e) and (f) can be
obtained from the ratios of the other equations. In order to distin-
guish the parameters calculated from other ratios, the sd and K in
the equations above is replaced by sd12 and k12. Thus, Eqs. (e) and
(f) can be rewritten as

sd12 ¼
tb

05 � tb
025

ln V025ðt025Þ
V05ðt05Þ

T025t05
T05t025

h i
8<
:

9=
;

1
b

ðg-1Þ

k12 ¼
V025ðt025Þ

F0
t025
T025

e
� t025

sd12

� �b ðg-2Þ

Similarly, sd23, k23, sd31 and k31 can be defined similarly:

sd23 ¼
tb

1 � tb
05

ln V05ðt05Þ
V1ðt1Þ

T05t1
T1t05

h i
8<
:

9=
;

1
b

ðh-1Þ

k23 ¼
V05ðt05Þ

F0
t05
T05

e
� t05

sd23

� �b ðh-2Þ

sd31 ¼
tb

025 � tb
1

ln V1ðt1Þ
V025ðt025Þ

T1t025
T025t1

h i
8<
:

9=
;

1
b

ði-1Þ

k31 ¼
V1ðt1Þ

F0
t1
T1

e
� t1

sd1

� �b ði-2Þ

The ideal fitting result is to find a specific value of b, which makes
sd = sd12 = sd23 = sd31 and K = k12 = k23 = k31.

Due to the presence of measurement errors, the fitting criterion
used is to find a b (0 < b < 1) which makes the error function

Error ¼ ðjsd12 � sd23j þ jsd23 � sd31j þ jsd31 � sd12jÞ � ðjk12 � k23j
þ jk23 � k31j þ jk31 � k12jÞ

minimum under the six restrictive conditions jsd12 � sd23j 6 Ds,
jsd23 � sd31j 6 Ds, jsd31 � sd12j 6 Ds, jk12 � k23j 6 Dk, jk23 � k31j 6
Dk and jk31 � k12j 6 Dk, which Ds and Dk are error threshold of
time constants and proportional coefficients, respectively. Then
the values of sd and k are defined as their average sd = (sd12 + sd23 +
sd31)/3 and K = (k12 + k23 + k31)/3. Because sd and K are not of the
same order of magnitude, the error function is configured by multi-
plying the sum of three time constant differences and the sum of
the three proportional coefficient differences.
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The Eqs. (g-1), (g-2), (h-1), (h-2), (i-1) and (i-2) imply that if a
specific b is found K, sd can be determined based on the three
pizeovoltage values of V025ðt025Þ; V05ðt05Þ and V1ðt1Þ at specific
time t.

For the performance of the curve fitting, the three pizeovoltage
of V025ðt025Þ; V05ðt05Þ and V1ðt1Þ at t025 = 0.25 s, t05 = 0.5 s and
t1 = 1 s, respectively, were used, which corresponding to the three
peak values of the three pizeovoltage–time curves.

In order to find suitable fitting results under the above criterion,
circular calculations were carried out for the above equations
when b increases from 0 to 1 step by step. The obtained parameters
K, sd and b were listed in Table 2 in the text.

It was found that if the value of Ds or Dk is set to be less than 5–
8% of the final fitting value of sd or K, the fitting calculation cannot
reach convergent results due to the presence of measurement er-
rors. Thus we use 10% of final fitting values of the two parameters
as the tolerance in the calculations, which means that the relative
difference of the final fitting value with respect to each of the cal-
culation value (such as Ds with respect to sd12 or sd23 or sd31) is be-
low 10%.
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