
OFFPRINT

Surface effects on the elasticity of nanosprings

Jian-Shan Wang, Yu-Hong Cui, Xi-Qiao Feng, Gang-Feng

Wang and Qing-Hua Qin

EPL, 92 (2010) 16002

Please visit the new website
www.epljournal.org



TARGET YOUR RESEARCH

WITH EPL

Sign up to receive the free EPL table of
contents alert.

www.epljournal.org/alerts



October 2010

EPL, 92 (2010) 16002 www.epljournal.org

doi: 10.1209/0295-5075/92/16002

Surface effects on the elasticity of nanosprings

Jian-Shan Wang1(a), Yu-Hong Cui1, Xi-Qiao Feng2, Gang-Feng Wang3 and Qing-Hua Qin4

1Department of Mechanics, Tianjin University - Tianjin 300072, PRC
2AML, Department of Engineering Mechanics, Tsinghua University - Beijing 100084, PRC
3Department of Engineering Mechanics, Xi’an Jiaotong University - Xi’an 710049, PRC
4 School of Engineering, Australian National University - Canberra, ACT 0200, Australia

received 19 July 2010; accepted in final form 20 September 2010
published online 28 October 2010

PACS 62.25.-g – Mechanical properties of nanoscale systems
PACS 62.20.D- – Elasticity
PACS 07.07.Df – Sensors (chemical, optical, electrical, movement, gas, etc.); remote sensing.

Abstract – Nanosprings made of metallic or semiconducting materials hold promise for a wide
range of important applications. In this letter, we extend the classical Kirchhoff rod model by
incorporating surface effects on the mechanical response of quasi–one-dimensional nanomaterials.
The refined model is then employed to derive the elastic constants of a nanospring by accounting
for the effect of surface elasticity and residual surface stresses. The results demonstrate that the
stiffness of nanosprings may exhibit remarkable dependence on their cross-sections sizes. This
study is helpful not only for understanding the size-dependent behavior of nanosprings but also
for their applications in micro/nano-electro-mechanical systems.
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Quasi–one-dimensional nanomaterials with chiral mor-
phologies such as nanosprings, helical nanobelts, and
nanotubes are found widely in both synthesized and
biological materials. Typical examples of such nanohelices
are ZnO and SiOx nanowires with helical shape [1–3], and
amorphous boron carbide nanosprings [4,5]. Due to their
asymmetric geometry and tiny size, such helical nano-
materials as nanosprings and helical nanobelts exhibit
some unusual properties and functions. They hold promise
for diverse applications in nanoengineering and biological
areas as biosensors, biological force probes, and functional
elements in nanoelectronics and nanoelectromechanical
systems.
In recent years, much effort has been devoted to the

synthesis of nanosized helical materials and understanding
the physical mechanisms underlying the formation of
their asymmetric morphologies [5–9]. As a consequence,
nanosprings made of metallic, semiconducting and poly-
mer materials have been fabricated and employed in a wide
variety of engineering applications. The identification of
the elastic property of such nanosprings is a major concern
in their applications. Seto et al. [10,11] used the nano-
indentation technique to measure the mechanical stiffness
of an array of helical nanosprings. They found that the
measured value of a single nanospring had a distinct
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difference from that predicted by the classical theory of
elasticity. The elastic properties of coiled multiwalled
nanotubes, silicon nanosprings and carbon nanocoils have
been experimentally characterized using atomic force
microscopy [12–14]. Zhang and Zhao [15] showed that the
boundary conditions can significantly affect the measured
stiffness values. da Fonseca et al. [16,17] investigated the
mechanical properties of amorphous nanosprings using
the conventional Kirchhoff rod model. Wang et al. [9]
addressed the significant effect of anisotropic surface stress
on the chiral morphology of some quasi–one-dimensional
nanomaterials, and the results were verified by recent
experiments [18].
As is well known, surface effects often play a signif-

icant role in the mechanical and physical properties of
nanomaterials due to their large surface-to-volume ratios.
Surface stress and surface energy often lead to size depen-
dences at micro- and nanoscales. Gurtin and Murdoch
developed a surface/interface theory of elasticity [19], in
which a surface/interface is modeled as a zero-thickness
layer which has different elastic properties and is ideally
bonded to the bulk material. The theory has been widely
adopted to predict the mechanical behavior of micro-
or nanosized elements, e.g., nanobeams and nanoplates
[20,21]. To consider the effect of residual surface stresses
on mechanical response, for example, Wang and Feng
developed a surface-layer model to calculate the natural
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Fig. 1: Kirchhoff rod model accounting for surface effects.
(a) The principal-axes–based Cartesian coordinate system
(O-xyz ) and the Frenet coordinate system (O-NBT ) of a
curved nanowire, (b) a circular cross-section with a surface
layer, and (c) a rectangular cross-section with a surface layer.

frequency of microbeams and the critical buckling load
of nanowires [22,23]. He and Lilley examined the influ-
ence of surface effects on the static bending behavior of
nanowires [24]. However, how residual surface stresses and
surface elasticity can influence the mechanical properties
of nanosprings is still an unsolved question.
In this letter we investigate the elastic properties of

nanohelices with surface effects incorporated. Atomistic
simulations have shown that the classical elastic theory of
beams cannot well predict the stiffness of nanosprings [25].
To circumvent this problem, we introduce a refined rod
model which can describe both the static and dynamic
responses of nanosprings and other quasi–one-dimensional
materials. This model considers a slender quasi–one-
dimensional nanomaterial (e.g., a curved nanowire or a
nanospring) of length l, as shown in fig. 1(a). Making
use of Kirchhoff’s elastic theory, the nanowire is treated
as an inextensible elastic rod. The rod can be assumed
to have a circular cross-section of diameter D (fig. 1(b))
or a rectangular cross-section of width b and thickness h
(fig. 1(c)). Nanowires with other cross-sectional shapes can
be analyzed similarly.
We refer to a principal axes-based Cartesian coordinate

system (O-xyz ) and a local Frenet coordinate system
(O-NBT ) to describe the spatial geometry of the
nanowire, as shown in fig. 1(a), where the origin O is
located on the center-line. The x and y axes are along the
principal axes of the cross-section of the nanowire, the z
and T axes along the tangent direction of the center-line,
and the N and B axes are the normal and binormal
vectors of the center-line, respectively. Let χ designate
the angle measured from the x-axis to the N-axis.
We here employ Gurtin and Murdoch’s theory of surface

elasticity [19] to account for the effects of surface residual
stresses and surface elasticity. For the sake of simplicity,
all surfaces are assumed to be homogeneous, isotropic,
and linearly elastic. Thus, the surface stress tensor σsαβ
is related to the surface strain tensor via the relation [19]

σsαβ = τ
0
αβ +Sαβγδε

s
γδ, (1)

where τ0αβ is the surface stress when the bulk is
unstrained, Sαβγδ the surface stiffness tensor, and ε

s
γδ the

surface strain tensor. Throughout this letter, Einstein’s
summation convention is adopted for all repeated Latin
indices (1, 2, 3) and Greek indices (1, 2). The equilibrium
conditions of surface stresses and the stress jump across
a surface can be given by the following generalized
Young-Laplace equation [19]:

σsαβ,α−σηjnj = 0, (2)

〈

σ+ij −σ
−

ij

〉

ninj = σ
s
αβκαβ , (3)

where σ+ij and σ
−

ij denote the stresses over the upper
and lower face of the surface, respectively, ni is the unit
outward normal vector to the surface, and καβ is the
surface curvature tensor.
For the nanobelt with a long and narrow rectangular

cross-section (b≫ h), the warping stress function can be
written as [26]

φ=Gω3

(

h2

4
−x2
)

. (4)

Then according to the Kirchhoff’s theory of rods [27], the
strain components of bulk materials of the nanobelt can
be given as

ε11 = ε22 =−v(ω1y−ω2x), ε12 = ε13 = 0,

ε23 = ω3x, ε33 = ω1y−ω2x,
(5)

where G is the shear modulus, ν is the Poisson ratio. ωi
denote the components of the twisting vector ω in the x,
y and z directions and are expressed as [28]

ω1 = κ sinχ, ω2 = κ cosχ, ω3 = τ +
dχ

ds
. (6)

where κ denotes the curvature of the center-line at point
O, and τ is the twist angle per unit length of the nanowire.
For the nanowire with a circular cross-section, the warp

stress function φ= 0 and we have

ε11 = ε22 =−v(ω1y−ω2x), ε12 = 0,
(7)

ε23 = −
1

2
ω3y, ε23 =

1

2
ω3x, ε33 = ω1y−ω2x.

Then the stress tensor σij can be easily obtained if
an isotropic and linear elastic constitutive relation is
employed for the bulk materials of nanowires.
Making use of eq. (1), the surface stress of a sender

nanowire can be given as

σs11 = τ
s
0 +E

sεs11, σs12 = 2G
sεs12, (8)

where τ s0 denotes the residual surface stress, and E
s and

Gs the surface elastic modulus and surface shear modulus,
respectively.
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Considering the effect of surface stresses, the bending
moments M1 and M2 of a nanowire cross-section in the x
and y directions and the twisting moment M3 are

M1 =

∫

S

σ3y dxdy=A
∗(ω1−ω

0
1),

M2 = −

∫

S

σ3x dxdy=B
∗(ω2−ω

0
2), (9)

M3 =

∫

S

(σ23x−σ31y) dxdy=C
∗(ω3−ω

0
3),

where “S” denotes the cross-section of the nanowire, ω0i
are the initial components of the twisting vector ωi, A

∗ and
B∗ denote the effective bending stiffnesses with respect to
the x and z axes, respectively, and C∗ the effective twisting
stiffness. They can be written as

A∗ =
1

12
Eb3h+

1

2
Esb2h+

1

6
Esb3,

B∗ =
1

12
Eh3b+

1

2
Esh2b+

1

6
Esh3, (10)

C∗ =
1

3
Gbh3+

1

2
Gsbh2,

for a long and narrow rectangular cross-section, and

A∗=B∗=
1

64
πED4+

1

8
EsD3, C∗=

1

32
πGD4+

1

4
πGsD3,

(11)

for a circular section [22–24], where E is Young’s modulus.
It should be mentioned that for a nanobelt, the influences
of the left and right surfaces on the twisting stiffness are
neglected because their contribution is much smaller in
comparison with those of the top and bottom surfaces.
For a nanobelt, eq. (3) indicates that the surface stresses

induce an effective distributed transverse force on the
center-line, f1 along the x-direction [22–24]. It is given
by

f1 = (τ
s
t + τ

s
b)ω2b, (12)

where τ st and τ
s
b are the residual surface stresses on the

top and bottom surfaces, respectively. The residual surface
stresses τ sl and τ

s
r on the left and right surface have also

been neglected. In addition, the residual surface stresses
induce a distributed moment m2 in the y-direction:

m2 =
1

2
(τ st − τ

s
b)bh. (13)

For the circular section, one has

f1 = 2τ
s
0ω2D, f2 = 2τ

s
0ω1D. (14)

Considering the effect of surface stresses, the equilib-
rium equations for the nanosized Kirchhoff rod read

dF

ds
+f = 0, (15)

dM

ds
+T ×F +m= 0, (16)

where F andM are the internal force and moment vectors
on the cross-section, respectively, and T is the tangent
vector of the center-line of the rod. f and m denote the
force and moment vectors per unit length of the center-line
induced by the residual surface stresses, respectively.
In the principal-axes–based Cartesian coordinate

system (O-xyz ) shown fig. 1(a), F , M , f and m can be
expressed as

F = F1e1+F2e2+F3e3, M =m1e1+m2e2+m3e3,

f = f1e1+ f2e2+ f3e3, m=m1e1+m2e2+m3e3.

(17)

Using eqs. (17) and the relation dei/ds=ω×ei, eqs. (15)
and (16) become

dFi
ds
+ ǫijkωjFk + fi = 0, (18)

dMi
ds
+ ǫijkωjMk + ǫi3kFk +mi = 0, (19)

where ǫijk is the permutation tensor.
For a nanosping or a helical nanobelt with a helical angle
α′ and a helical radius R, we have

ω1 = 0, ω2 = κ0 = cos
2 α′/R, ω3 = τ0 = sinα

′ cosα′/R.

(20)

Assume τ st = τ
s
b = τ

s
0 and τ

s
l = τ

s
r = 0, then eqs. (12)–(14)

become

f1 =

{

2τ s0kb (rectangular cross-section),

2τ s0kD (circular cross-section),
(21)

f2 = f3 = 0, m1 =m2 =m3 = 0.

Now consider a nanospring with the initial state (F = 0)
described by eq. (20) and subjected to a tensile force F
and a torsion K, as shown in fig. 2. In this case, the shape
parameters of the nanospring become

ω′1 = 0, ω
′

2 = κ1 = cos
2 α′1/R1, ω

′

3 = sinα
′

1 cosα
′

1/R1.

(22)

From eqs. (18) and (19), it follows that

−F2τ1+F3κ1+2τ
s
0 bκ1 = 0, −M2τ1+M3κ1−F2 = 0.

(23)
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Fig. 2: (Colour on-line) Nanospring under tension and twisting.

Based on the equilibrium of the nanospring and eq. (23),
the force F and the torsion K are given as

F = C∗
cosα′1
R

(

sinα′1 cosα
′

1

R1
−
sinα′ cosα′

R

)

−B∗
sinα′1
R1

(

cos2 α′1
R1

−
cos2 α′

R

)

− 2τ s0b cosα
′

1,

K = C∗ sinα′1

(

sinα′1 cosα
′

1

R1
−
sinα′ cosα′

R

)

+B∗ cosα′1

(

cos2 α′1
R1

−
cos2 α′

R

)

. (24)

Due to the action of the force F and the torsion K, the
nanospring will twist an angle θ from the initial state and
its helical pitch P will change. Under the condition of small
deformation, we write R1 =R+ δR and α

′

1 = α
′+ δα′.

Then, it follows that [29]

δP = (l cosα′)δα′, δθ = − [(l sinα′)/R] δα′

−

[

(l cosα′)/R2
]

δR. (25)

Using the Talyor series expansion, eq. (24) becomes

F =
1

lR2
[

(B∗ sinα′+C∗ cosα′− 2τ s0DR
2 tanα′)δP

+(C∗−B∗)R sinα′ cosα′δθ]− 2τ s0D cosα
′,

K =
1

lR
[(C∗−B∗) sinα′ cosα′δP

+(C∗ sin2 α′+B∗ cos2 α′)Rδθ
]

. (26)

Fig. 3: (Colour on-line) Variation of the normalized elastic
constant of a nanospring with respect to its cross-sectional
radius. kstension and k

b
tension denote the elastic constants with

and without surface effects, respectively.

In the special case K = 0, we obtain the following force-
extension relation for a nanospring:

F =

(

B∗C∗

lR2(C∗ sin2 α′−B∗ cos2 α′)
+
2D

l
τ s0 tanα

′

)

δP

−2τ s0D cosα
′. (27)

When the surface effects are neglected, this relation
degenerates to the classical solution [29]. From eq. (27),
we can obtain the extensional elastic constant kstension and
the tension-twist constant kstension-twist of a nanospring as

kstension =
F

δP
=

B∗C∗

lR2(C∗ sin2 α′−B∗ cos2 α′)

+
2D

l
τ s0 tanα

′,
(28)

kstension-twist =
F

δθ
=

B∗C∗

lR(B∗−C∗) sinα′ cosα′

+
2D

l
Rτ s0(B

∗+C∗ tanα′).

For a helical nanobelt, the elastic constants can also
be obtained from eq. (28) except that the diameter D
should be replaced with the width b. It is seen that the
second term on the right-hand side in eq. (27) is nonzero
if δP = 0, indicating an initial extension or shortening
along the center-line direction due to the existence of τ s0.
It is worth mentioning that the effects of the boundary
conditions of nanosprings have not been considered during
the derivation of the elastic constants in eq. (28).
To illustrate surface effects on the elastic properties of

nanosprings, the bulk material of aluminum is considered
as an example. Its properties are E = 70.29GPa and
G= 26.13GPa [30]. According to the results of atomic
simulations, we use the following material parameters
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Fig. 4: (Colour on-line) Variation of the normalized elastic
constant of the nanospring under different residual surface
stresses, where we take D= 40nm and R= 130 nm.

for two representative surfaces: surface A with Es =
−7.9252N/m and Gs =−5.994N/m, and surface B with
Es = 5.1883N/m and Gs =−1.2868N/m [20]. Take the
shape parameters of the nanospring as α′ = 30◦ and R=
300 nm. Figure 3 shows that residual surface stresses
have a pronounced influence on the elastic constants
of nanosprings. For the two surfaces A (SA) and B
(SB), the residual surface stresses with positive values
increase the elastic properties of the nanospring and vice
versa. As the cross-sectional radius of the nanospring
decreases, the influence of residual surface stresses on the
elastic properties of a nanospring becomes increasingly
significant. The surface effect is negligible when the radius
is larger than 30 nm. For a nanospring under tension,
the effect of residual surface stresses is normally more
significant than that of surface elasticity. It is seen from
fig. 4 that as the helical angle α′ increases, a positive τ s0
augments the tensile stiffness of the nanospring, whereas a
negative τ s0 makes the nanospring softer. When the helical
angle is close to 90◦, the nanospring is nearly straight and
is hard to be tensioned with a positive τ s0. This is because
the bending stiffness of a nanowire is much lower than the
tensile stiffness. In addition, for a nanospring with a nearly
straight shape, buckling may occur due to the existence of
negative residual surface stresses, leading to the loss of its
morphological stability.
In summary, a refined theoretical model has been devel-

oped in this letter by extending the classical Kirchhoff
rod model to incorporate surface effects in nanosprings.
The elastic constants of nanosprings and helical nanobelts
have been derived analytically. It is shown that the elas-
tic properties of nanosprings may exhibit distinct size
dependence due to surface effects. This model can also
be utilized to analyze the vibration and other mechan-
ical responses of quasi–one-dimensional materials. The
obtained results may be useful for experimental measure-
ments of the elastic properties of nanohelices and for the

optimal design of micro/nano-elelctro-mechanical devices
and systems.
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