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a b s t r a c t

A new hybrid finite element formulation is presented for solving two-dimensional orthotropic elasticity
problems. A linear combination of fundamental solutions is used to approximate the intra-element
displacement fields and conventional shape functions are employed to construct elementary boundary
fields, which are independent of the intra-element fields. To establish a linkage between the two
independent fields and produce the final displacement-force equations, a hybrid variational functional
containing integrals along the elemental boundary only is developed. Results are presented for four
numerical examples including a cantilever plate, a square plate under uniform tension, a plate with
a circular hole, and a plate with a central crack, respectively, and are assessed by comparing them with
solutions from ABAQUS and other available results.

� 2010 Elsevier Masson SAS. All rights reserved.

1. Introduction

Orthotropic composite materials are now used extensively in
the manufacturing of automobile parts and aerospace structures
due to their high strength to weight and stiffness to weight ratios.
The research to develop efficient numerical methods for accurately
predicting the stress and failure behavior of structures containing
orthotropic materials has attracted many research engineers and
scientists (Jirousek and N’Diaye, 1990; Ochoa and Reddy, 1992).

In contrast to isotropic elastic material that has only two inde-
pendent elastic constants, in orthotropic solids there are nine inde-
pendentmaterial constants for three-dimensional (3D) problems and
four for two-dimensional problems (2D). The increase in the number
of material constants means that solutions for orthotropic elastic
problems are difficult to derive theoretically. As an alternative to
analytical solutions and experiments, numerical simulations like the
finite element method (FEM) and the boundary element method
(BEM) play an important role in the process of designing and
analyzing composite engineering structures, andmuch literature can
be found in the field of orthotropic elastic materials including, for
instance Jirousek andN’Diaye (1990),Huanget al. (2004), Pervez et al.
(2005), Rao and Rahman (2005), Wang and Sun (2005), Asadpoure
et al. (2006), Sladek et al. (2006), Sladek et al. (2007), Zhou et al.
(2007), Ferreira et al. (2009), Danas and Ponte Castañeda (2009), as
well as a book (Ochoa and Reddy, 1992) and the references therein.

However, as indicated by Qin (2000), Qin andWang (2008) and
Wang and Qin (2009), existing methods including conventional
finite element formulation, the boundary element approach,
meshless methods, and the hybrid Trefftz finite element method
(HT-FEM) have some disadvantages in solving engineering struc-
tures with composite materials and local effects. For instance, in
FEM it is necessary to evaluate time-consuming domain integrals
and refined meshes near the local effects; moreover, conventional
FEM may not guarantee satisfaction of the traction continuity
condition on the common boundary of two adjacent elements. In
contrast to the FEM, the BEM can reduce the computing dimensions
by one, which may significantly reduce computing time. It is,
however, time-consuming and tedious for the treatment of
singular/supersingular integrals. Additionally, for multi-material
problems, BEM requires extra equations to satisfy the interfacial
continuity conditions. On the other hand, HT-FEM (Jirousek et al.,
1995, Jirousek and Qin, 1996, Qin, 1995, 1996, 2003, 2004)
inherits the advantages of FEM and BEM and can develop special
elements for handling local effects. The drawbacks of HT-FEM are
due to the construction of T-complete functions, the choice of
truncated terms of T-complete functions, and the complex coordi-
nate transformation required to keep the approach stable. Thus
there is a need to develop new computational models that over-
come those disadvantages. Through use of fundamental solutions
rather than the T-complete functions in HT-FEM, a novel hybrid
finite element formulation, called HFS-FEM, which is constructed
using special fundamental solutions, was presented and success-
fully used for thermal analysis of a plate with special-purpose hole
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or fiber elements (Qin and Wang, 2008, Wang and Qin, 2009). In
HFS-FEM, arbitrarily-shaped elements can be constructed by
proper intra-element approximation with fundamental solutions,
and source points are placed outside the element for removing the
singularity of fundamental solutions. Combining the intra-element
approximation, the independent element boundary interpolation
and the new hybrid functional, the algorithm involves boundary
integrals only. At the same time, the fundamental solutions used in
HFS-FEM usually have simpler expression than the T-complete
functions in HT-FEM, so that HFS-FEM discards the complicated
coordinate transformation required in HT-FEM.

In contrast to the work in Qin and Wang (2008) and Wang
and Qin (2009), this paper focuses on developing a fundamental-
solution-based FEM for plane orthotropic elasticity. The formula-
tion is based on a new hybrid variational functional and two groups
of independent approximations to displacements which are
defined within the element and on the element boundary,
respectively. The Gaussian theorem is used to convert the domain
integral appearing in the hybrid functional into the boundary
integral, and the stationary condition of the hybrid functional is
applied to produce the final solving equations and to establish the
linkage of the assumed internal displacement field and boundary
displacement field. Finally, several numerical results are presented
to assess the performance of the proposed element formulation.

2. Basic equations in plane orthotropic elasticity

Let ui, 3ij and sij be the components of displacement, strain and
stress fields, respectively, with the subscripts i and j having the
range (1,2). For homogeneous and orthotropic materials with two
mutually orthogonal axes of elastic symmetry in the plane, the
plane problem of classical elasticity is governed by the kinematic
equations, the elastic constitutive expressions relating the in-plane
stresses and strains, and the equilibrium equations without the
body forces, that is (Lekhntiskii, 1963; Ting, 1996)8<:

311
322
g12

9=; ¼
24 v;1 0
0 v;2
v;2 v;1

35�u1
u2

�
(1)

8<:
s11
s22
s12

9=; ¼

264~c11 ~c12 0
~c12 ~c22 0
0 0 ~c66

375
8<:

311
322
g12

9=; (2)

�
v;1 0 v;2
0 v;2 v;1

�8<:
s11
s22
s12

9=; ¼ 0 (3)

where g12¼ 2312 denotes the engineering strain, the subscript
comma represents the differential to the spatial coordinate
component, i.e. v,i¼ v/vXi, v,ij¼ v2/vXivXj, and

~c11 ¼ ~s22
L

; ~c22 ¼ ~s11
L

; ~c12 ¼ �~s12
L

; ~c66 ¼ 1
~s66

L ¼ ~s11~s22 � ~s212

with

~sij ¼ sij ði; j ¼ 1;2Þ

~s66 ¼ s66

for the case of plane stress, and

~sij ¼ sij � si3s3j=s33 ði; j ¼ 1;2Þ

~s66 ¼ s66

for the case of plane strain. sij(i,j¼ 1,2) and s13, s23, s66 are inde-
pendent material compliance constants which can be expressed in
terms of the engineering elastic constants.

In the material constants mentioned above, the subscripts 1 and
2 refer to the principal directions of material symmetry, which
coincide here with the X1 and X2 reference axes.

Substituting Eqs. (1) and (2) into Eq. (3), we can obtain the
following basic equations expressed in terms of displacement
components ui"
~c11v;11 þ ~c66v;22

�
~c12 þ ~c66

�
v;12�

~c12 þ ~c66
�
v;12 ~c22v;22 þ ~c66v;11

#�
u1
u2

�
¼ 0 (4)

Moreover, appropriate boundary conditions should be com-
plemented to keep the problems complete; that is, on the boundary
of the domain of interest, we have�
t1
t2

�
¼
�
s11 s12
s12 s22

��
n1
n2

�
¼
�
t1
t2

�
(5)

or�
u1
u2

�
¼
�
u1
u2

�
(6)

where overbar denotes specified values.

3. Fundamental solutions for plane orthotropic elasticity

The fundamental solution or Green’s function plays an impor-
tant role in the presented approach and is used to convert the
domain integral into a boundary integral. It is necessary, therefore,
to describe the fundamental solutions for plane orthotropic elas-
ticity in order to provide a common source for reference in later
sections.

In an orthotropic elastic infinite plane, for a unit force acting at
xs (source point), the corresponding singular fundamental solu-
tions at a field point x are required to satisfy

"
~c11v;11þ~c66v;22

�
~c12þ~c66

�
v;12�

~c12þ~c66
�
v;12 ~c22v;22þ~c66v;11

#(
u*1k
u*2k

)
þfdk1;dk2gTdðx;xsÞ¼ 0

(7)

where the solutions u*1k andu
*
2k are given by (Rizzo and Shippy,

1970)

u*11ðx; xsÞ ¼ D
� ffiffiffiffiffi

l1
p

A2
2 ln r1 �

ffiffiffiffiffi
l2

p
A2
1 ln r2

�
u*12ðx; xsÞ ¼ u*21ðx; xsÞ ¼ DA1A2

	
arctan

r2ffiffiffiffiffi
l2

p
r1

� arctan
r2ffiffiffiffiffi
l1

p
r1

!

u*22ðx; xsÞ ¼ �D
	

A2
1ffiffiffiffiffi
l1

p ln r1 �
A2
2ffiffiffiffiffi
l2

p ln r2

!
(8)

inwhich d(x,xs) denotes the Dirac delta function, u*ik are the induced
displacement components in the i-direction at the field point x
when a unit point force is applied along the k-direction at the
source point xs, and
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D ¼ 1
2pðl1 � l2Þ~s22

l1 þ l2 ¼ 2~s12 þ ~s66
~s22

; l1l2 ¼ ~s11
~s22

Ai ¼ ~s12 � li~s22

ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lir21 þ r22

q
ri ¼ xi � xsi

Substitution of Eq. (8) into the kinematic equations (1) gives
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Subsequently, the stressestrain relations (2) produce the
following singular kernels of stress components:

s*111 ¼ ~c113*111 þ ~c123*221 ¼
�
~c11B1 � ~c12B3

�
r1

s*221 ¼ ~c123*111 þ ~c223*221 ¼
�
~c12B1 � ~c22B3

�
r1

s*121 ¼ ~c66g*121 ¼ ~c66ðB3 þ B2Þr2
s*112 ¼ ~c113*112 þ ~c123*222 ¼

�
~c11B3 þ ~c12B5

�
r2

s*222 ¼ ~c123*112 þ ~c223*222 ¼
�
~c12B3 þ ~c22B5

�
r2

s*122 ¼ ~c66g*122 ¼ ~c66ð�B3 þ B4Þr1

(10)

4. HFS-FEM formulations

In this section, a hybrid finite element model is developed for
simulating mechanical behavior in plane orthotropic elastic plates.

In the absence of body forces, the hybrid functional in a particular
element e as shown in Fig. 1 is constructed in a similar manner to
isotropic cases (Qin and Wang, 2008)

Pme ¼
Z
Ue

1
2
sij3ij dU�

Z
Gt
e

ti~ui dGþ
Z
Ge

ti
�
~ui � ui

�
dG (11)

where ui and ~ui are an independent intra-element displacement
field defined within the element and a frame displacement field
defined on the element boundary, respectively, Ue and Ge are the
element domain and element boundary under consideration. Gt

e
stands for the specified traction boundary. For the sake of conve-
nience of the following derivation, we take Gu

e and GI
e as the spec-

ified displacement boundary and inter-element boundary,
respectively. We have, then, Ge ¼ Gu

e þ Gt
e þ GI

e.
Compared to the functional employed in the conventional FEM,

the present hybrid functional is constructed by adding a hybrid
integral term related to the intra-element and element frame
displacement fields to guarantee the satisfaction of displacement
and traction continuity conditions on the common boundary of two
adjacent elements.

By invoking the Gaussian theoremZ
Ue

f;i dU ¼
Z
Ge

fni dG (12)

for any smooth function f, the variation of Eq. (11) can be simplified
as
dPme ¼ �

Z
Ue

sij;jdui dUþ
Z
Gt
e

ðti � tiÞd~ui dG

þ
Z
Ge

dti
�
~ui � ui

�
dGþ

Z
GI
e

tid~ui dG (13)

from which the equilibrium equation, traction boundary condition
and inter-element continuity condition can be obtained by
considering the displacement boundary conditions to be satisfied
automatically. In the present approach, the intra-element
displacement fields are defined as a linear combination of funda-
mental solutions to make them analytically satisfy the governing
equations (4)

uðxÞ ¼
�
u1ðxÞ
u2ðxÞ

�
¼
Xns

j¼1

"
u*11


x;xsj

�
u*12


x; xsj

�
u*12


x;xsj

�
u*22


x; xsj

� #� c1j
c2j

�
¼ Nece



cx˛Ue; xsj;Ue

�
(14)

where ns is the number of source points xsjðj ¼ 1;2;.;nsÞ which
are arranged outside the element domain under consideration to
remove the singularity of the fundamental solution. The vector
ce ¼ ½ c11 c21 / c1ns

c2ns �T is unknown coefficients, and the
coefficient matrix Ne is given as

In the computation, generation of the source point xs, which is
outside the element domain (see Fig. 1), can usually be achieved by
means of the following (Wang and Qin, 2006, Wang et al., 2006):

xs ¼ xb þ gðxb � xcÞ (15)

where g is a dimensionless coefficient, xb is the element boundary
point and xc the geometrical centroid of the element. In the
following computation, the elemental nodes can be used to
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determine the location of source points, and the number of source
points is same as the number of element nodes, to prevent spurious
energy modes and to keep the stiffness equations in full rank, as
indicated in Qin (2000).

Additionally, it is obvious that the parameter g controls the
distance from the source point to the physical element boundary. If
g¼ 0, the singularity of the fundamental solution cannot be avoi-
ded due to the overlap of the source point and the field point, so the
approach usually requires g> 0 to avoid the singularity. Moreover,
if the value of g is too small, it may affect numerical accuracy due to
the near-singular disturbance of the fundamental solutions; if the
value of g is too large, it will cause instability of solution due to the
round-off error in floating point algorithms. Our previous numer-
ical experiments (Wang et al., 2006; Wang and Qin, 2009) showed
that the parameter g can be taken in the range of [2,8], and we
select g¼ 5 in the presented formulation.

Subsequently, the corresponding stress fields are expressed as

s ¼
24 s11
s22
s12

35 ¼ Tece (16)

with

The traction is then given by

t ¼
�
t1
t2

�
¼ Q ece (17)

where

Q e ¼ ATe (18)

and

A ¼
�
n1 0 n2
0 n2 n1

�
(19)

Meanwhile, the frame displacement fields are assumed to be

~uðxÞ ¼
"
~u1ðxÞ
~u2ðxÞ

#
¼ ~NeðxÞde x˛Ge (20)

where the vector de denotes nodal degrees of freedom (DOF) of the
element, and matrix ~Ne consists of conventional interpolating
shape functions widely used in the conventional finite element and
boundary element methods. For instance, at the point locating the
edge consisting of nodes 3, 4, 5, the shape function matrix ~Ne and
the nodal DOF vector de can be defined as

Fig. 1. Intra-element and frame fields in a particular element in the HFS-FEM.

Fig. 2. Square plate under biaxial uniform tension.

Table 1
Results for displacements.

Coordinates u� 10�2 v� 10�2

Exact HFS-FEM Exact HFS-FEM

(0.00,0.00) 0.000 0.000 �4.455 �4.455
(0.50,0.00) 0.757 0.756 �4.455 �4.455
(1.00,0.00) 1.514 1.514 �4.455 �4.455
(1.00,0.50) 1.514 1.514 0.000 0.000
(0.50,1.00) 0.757 0.756 4.455 4.455
(0.50,0.50) 0.757 0.758 0.000 0.000
(0.50,0.25) 0.757 0.757 �2.228 �2.229
(0.50,0.75) 0.757 0.757 2.228 2.229

Table 2
Results for stresses.

Coordinates s11 s22 s12

Exact HFS-FEM Exact HFS-FEM Exact HFS-FEM

(0.50,0.50) 1 1.003 1 1.000 0 0.000
(0.50,0.25) 1 0.998 1 1.001 0 0.000
(0.50,0.75) 1 0.998 1 1.001 0 0.000

(21)

(22)
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where uki ði ¼ 1;2; k ¼ 1;2;.;10Þ is the displacement component
at the node k, and ~Njðj ¼ 1;2;3Þ represents the conventional shape
functions in terms of natural coordinate x˛½�1;1�

~N1 ¼ �xð1� xÞ
2

; ~N2 ¼ 1� x2; ~N3 ¼ xð1þ xÞ
2

(23)

Again applying the Gaussian theorem to the functional (11) we
have

Pme ¼ 1
2

264 Z
Ge

tiui dG�
Z
Ue

sij;jui dU

375�
Z
Gt
e

ti~ui dG

þ
Z
Ge

ti
�
~ui � ui

�
dG (24)

Due to the satisfaction of the equilibrium equation with the
constructed intra-element fields (14) according to the physical
property of the fundamental solutions, we have the following
expression for the HFS finite element model

Pme ¼ �1
2

Z
Ge

tiui dG�
Z
Gt
e

ti~ui dGþ
Z
Ge

ti~ui dG (25)

from which we can find that the domain integral is discarded
successfully and all integrals are boundary ones, which leads to
a reduction of the dimensionality of the problems by one.

The substitution of Eqs. (14) and (20) into the above functional
yields

Pme ¼ �1
2
cTeHece � dT

ege þ cTeGede (26)

in which

He ¼
Z
Ge

QT
eNe dG

Ge ¼
Z
Ge

QT
e
~Ne dG

ge ¼
Z
Gt
e

~N
T
et dG

(27)

To enforce inter-element continuity on the common element
boundary, the unknown vector ce should be expressed in terms of
nodal DOF de. The stationary condition of the functional Pme with
respect to ce and de, respectively, yields

vPme

vcTe
¼ �Hece þ Gede ¼ 0

vPme

vdT
e

¼ GT
ece � ge ¼ 0

(28)

from which the optional relationship between ce and de, and the
stiffness equation can be produced

Fig. 3. Orthotropic cantilever plate subjected to uniform pressure.

Fig. 4. Two mesh schemes with 9 elements (left) and 120 elements (right).

Fig. 5. Variation of vertical displacement along the top edge of the plate.
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ce ¼ H�1
e Gede and Kede ¼ ge (29)

where Ke ¼ GT
eH

�1
e Ge stands for the element stiffness matrix.

By checking the above procedure, we know that the funda-
mental solutions employed do not include any rigid-body motion
modes. However, it is necessary to reintroduce the discarded rigid-
body modes in the internal fields ue of a particular element and
then to calculate their undetermined coefficients by requiring, for
example, the least squares adjustment of ue and ~ue (Qin, 2000; Qin
and Wang, 2008). In this case, these missing terms can easily be
recovered by setting for the augmented internal fields

ue ¼ bue þ
�
1 0 x2
0 1 �x1

�
c0 (30)

where bue ¼ Nece and the undetermined rigid-body motion vector
c0 can be calculated using the least square matching of ue and ~ue at
n element nodes (Jirousek and Guex, 1986; Qin, 2000)

Xn
i¼1

��
u1i � ~u1i

�2þ�u2i � ~u2i
�2� ¼ min (31)

which finally gives

Rec0 ¼ re (32)

with

Re ¼
Xn
i¼1

24 1 0 x2i
0 1 �x1i
x2i �x1i x21i þ x22i

35 (33)

re ¼
Xn
i¼1

24 Due1i
Due2i

Due1ix2i � Due2ix1i

35 (34)

and

Duei ¼ ~uei � buei (35)

Once the nodal displacement fields are determined by solving
the obtained stiffness equation, the second equation in Eq. (29), the
coefficient vector ce can subsequently be evaluated, and then c0 is
evaluated from Eq. (32). Finally, the displacement fields ue at any
internal point in an element can be obtained by means of Eqs. (14)
and (19).

5. Numerical examples

Four numerical examples are provided to validate and assess the
proposed approach. In each case, only eight-nodal elements are
involved, and the numerical results are compared to the analytical
solution (if it is available) or those from ABAQUS. Furthermore, for
all examples, plane stress state is considered. No units have been
chosen but any consistent set could be used.

Example 1. (Orthotropic plate under biaxial tension) As the first
example, we consider a unit square plate under uniform tensions
along two coordinate directions and the applied tension is p ¼ 1 as

Fig. 6. Variation of stress component on the fixed edge of the plate.

Fig. 7. Square plate with a circular hole subjected to uniaxial tension.

Fig. 8. Different mesh schemes with 52 elements (a) and 166 elements (b).
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illustrated in Fig. 2. The material compliance parameters are taken
to be

s11 ¼ 0:02146; s12 ¼ �0:006317

s22 ¼ 0:09542; s66 ¼ 0:2469

In the process of computation, only one element with eight
nodes is utilized to model the domain. The results of displacements
and stresses at nodes and internal points are given in Tables 1 and 2,
respectively, fromwhich we can see that the HFS-FEM results agree
well with the available exact solutions (Lekhntiskii, 1963).

Example 2. (Cantilever plate subjected to uniformly distributed
load) Consider an orthotropic plate fixed along the left-side edge
ðX1 ¼ 0Þ and subjected to uniformly distributed load q ¼ 10 at the
top surface (see Fig. 3). The material constants for this problem are

s11 ¼ 0:01; s12 ¼ 0

s22 ¼ 0:01; s66 ¼ 0:04

In the calculation, two different finite element meshes (9
elements and 120 elements) are used for the purpose of

comparison, as shown in Fig. 4. In the refined mesh scheme, more
elements have been arranged on or near the fixed edge of the plate
to capture the potential dramatic variations of displacements and
stresses. It can be seen from Figs. 5 and 6 that the results obtained
by the HFS-FEM with the coarse mesh show better numerical
accuracy than those of ABAQUS with same mesh, and are in good
agreement with those of ABAQUS with a refined mesh, except for
the top and bottom points, where there are higher stress gradients.

Example 3. (Orthotropic infinite plate with circular hole) The third
example is a high stress gradient problem with a square plate
containing a circular hole in the center and under uniaxial tension p
in the X1 direction, as shown in Fig. 7. The radius of the circle is
taken to be unity, and the side length of the square plate is 10. The
materials used here are described by the four independent
parameters

s11 ¼ 0:1447; s12 ¼ �0:0171

s22 ¼ 0:2540; s66 ¼ 1:4286

Because of symmetry, only a quarter of the plate is taken into
consideration (see shadowed part in Fig. 7), and the corresponding
symmetric displacement conditions are applied along the X1 and X2
directions, respectively. In the HFS-FEM, 52 elements are employed
tomodel the computing domain (see Fig. 8a). To assess the accuracy
of the results, a numerical solution was obtained for the same
problem using ABAQUS with same mesh (52 elements, Fig. 8a), and
a refined mesh (166 elements, Fig. 8b) was used to obtain a more
accurate solution. The results in Fig. 9 illustrate the variation of the
quotient of the hoop stress sq and the applied tension p, fromwhich
we observe that the hoop stress at the top point of the circle is
much greater than anywhere else, and the value of quotient, also
called the stress concentration factor, at this point is close to 5.
Moreover, from the figure it is seen that the present HFS-FEM
results show better accuracy than those of ABAQUS with same
mesh, and closely follow the ABAQUS solution with 166 elements.
Fig. 10 displays variation of the hoop stress along the vertical line
X1 ¼ 0, and good agreement between the results from HFS-FEM
and those from ABAQUS is again observed. All the stress concen-
tration factors for four different materials are given in Table 3, and
the results show the advantages of the proposed approach over the
conventional FEM; that is, the proposed approach can produce
relatively accurate results even with a coarse mesh.

Example 4. (Plane orthotropic plate with a central crack) Consider
a plane orthotropic plate with a straight interior crack. The crack
has length 2a¼ 0.4, the height of the plate is 2H¼ 2.0 and width
2W¼ 1.0. Remote applied traction is assumed to be p ¼ 10. The
elastic constants, which correspond to the average properties of
fiberglass, are

s11 ¼ 2:07� 10�5; s12 ¼ �0:60� 10�5

s22 ¼ 5:80� 10�5; s66 ¼ 14:51� 10�5

Fig. 9. Hoop stress distribution on the boundary of circular hole.

Fig. 10. Hoop stress along the line X1¼0.

Table 3
Stress concentration factors at the top point of the circle.

Material HFS-FEM ABAQUS

s11 s12 s22 s66 52a 52a 166a

0.4692 �0.2017 0.4940 1.4286 3.423 3.411 3.431
0.2855 �0.1025 0.4946 1.4286 4.108 3.974 4.087
0.1447 �0.0171 0.2540 1.4286 4.938 4.638 4.971
0.0833 �0.0059 0.1667 1.4286 5.747 5.324 5.896

a Number of elements.
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For the problem illustrated in Fig. 11a, a quarter of the solution
domain is chosen for the practical computation. The mesh in HFS-
FEM is shown in Fig. 11b with 103 elements and 352 nodes, and
a higher density of element mesh is arranged near the crack. Table
4 gives the results for the crack opening displacement (COD) from
HFS-FEM. For comparison purposes, solutions from ABAQUS with
624 elements and those from symmetric Galerkin BEM (SG-BEM)

with 76 surface linear elements (Gray and Paulino, 1996) are also
listed in the table, from which we can see that the maximum COD
obtained by the HFS-FEM is closer to that from ABAQUS than that
from SG-BEM, and the relative discrepancy of HFS-FEM and ABA-
QUS is only 1.9%, whereas that of SG-BEM and ABAQUS is 4.1%.
Note that all numerical results in Table 4 have been scaled by
a factor of 104, which shows that consistent solutions have been
obtained.

For further investigation the stress distributions along the
tensile direction are depicted in Figs. 12 and 13, respectively. It can
be observed that the results obtained by the proposed approach
agree well with those from ABAQUS.

Fig. 11. Orthotropic plate with central crack under remote tension. (a) Mechanical model. (b) Mesh division.

Table 4
Results of crack opening displacement (COD) Du2 � 10�4.

Coordinate HFS-FEM ABAQUS SG-BEM

(0.000,0.000) 4.818 4.728 4.534
(0.050,0.000) 4.677 4.577 4.391
(0.175,0.000) 2.102 2.226 2.271
(0.200,0.000) 0.000 0.000 0.000

Fig. 12. Stress distribution of s11 along the line X1¼0. Fig. 13. Stress distribution of s22 along the line X1¼0.
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6. Conclusions

A new hybrid finite element model for the solution of plane
orthotropic elastic problems is formulated. The method employs
the corresponding fundamental solutions to construct internal
element displacement fields so that the domain integral appearing
in the proposed hybrid variational functional can be removed and
only boundary integrals are involved. Another independent
boundary displacement field is defined by the conventional shape
function to guarantee the continuity of fields between elements.
The stationary condition of the variational functional can provide
the relationship between these two assumed fields and produce the
final system of force-displacement equations. Numerical results
show that the proposed approach has attractive accuracy in the
analysis of various orthotropic problems.

From the solution procedure described above we can see that
the use of two independent displacement fields within the element
level leads to dimension-reduced boundary integrals and permits
the construction of arbitrarily-shaped elements, so that special-
purpose elements can be developed for special local effect analysis,
if the corresponding fundamental solutions are available. Further-
more, extensive application of the proposed approach to 3D cases is
anticipated in forthcoming research, using 3D fundamental
solutions.
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