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a b s t r a c t

A novel computational model is presented using the eigenstrain formulation of the boundary integral

equations for modeling the particle-reinforced composites. The model and the solution procedure are

both resulted intimately from the concepts of the equivalent inclusion of Eshelby with eigenstrains to be

determined in an iterative way for each inhomogeneity embedded in the matrix. The eigenstrains of

inhomogeneity are determined with the aid of the Eshelby tensors, which can be readily obtained

beforehand through either analytical or numerical means. The solution scale of the inhomogeneity

problem with the present model is greatly reduced since the unknowns appear only on the boundary of

the solution domain. The overall elastic properties are solved using the newly developed boundary point

method for particle-reinforced inhomogeneous materials over a representative volume element with

the present model. The effects of a variety of factors related to inhomogeneities on the overall properties

of composites as well as on the convergence behaviors of the algorithm are studied numerically

including the properties and shapes and orientations and distributions and the total number of

particles, showing the validity and the effectiveness of the proposed computational model.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The determination of elastic states of an embedded inclusion is
of considerable importance in a wide variety of physical and
engineering problems. Since the pioneer work of Eshelby [1,2],
inclusion and inhomogeneity problems have been a focus of solid
mechanics for several decades. In the terminology of Eshelby and
Mura [3], an inclusion denotes a sub-domain subjected to an
eigenstrain or a transformation strain in a solid. On the other
hand, an inhomogeneity is a region with properties distinct from
those of the surrounding material and subjected to an applied
stress. However, it is noted that in the literature, the term
‘inclusion’ has been referred to as ‘inhomogeneity’ in the sense of
Eshelby. In the present work, the original terminology of Eshelby
is employed. Following Eshelby’s idea of equivalent inclusion and
eigenstrain solution, quite a diverse set of research work has been
reported analytically [4–8] and/or numerically [9–16], to name a
few. The eigenstrain solution can represent various physical
problems where eigenstrain may correspond to thermal strain
mismatches, strains due to phase transformation, plastic strains or
fictitious strains arising in the equivalent inclusion problems,
ll rights reserved.

.

overall or effective elastic, plastic properties of composites,
quantum dots, microstructural evolution, as well as the intrinsic
strains in the residual stress problems [17].

The analytical models available in the literature can afford
basis for understandings to predict the stress/strain distribution
either within or outside the inhomogeneity and for the further
research of the problem. However, these analytical solutions were
obtained generally for simple geometries such as ellipsoidal,
cylindrical and spherical in an infinite domain. Therefore,
numerical simulations using the finite element methods (FEM),
the volume integral methods (VIM) or the boundary element
methods (BEM) have been used in the analysis of the inhomo-
geneity problems with various shapes and materials. The FEM
may yield results for the whole composite materials, including
within the inhomogeneity [10], the solution scale would be
large since both the matrix and every inhomogeneity should
be discretized. The VIM and the BEM seems more suitable for
the solution of the inhomogeneity problems in comparison with
the FEM. In the VIM [11–13], the zones of inhomogeneity are
represented by the volume integrals, which will essentially
simplify the construction of the final matrix of the system of
linear algebraic equations to which the problem is reduced to
some extent after the discretization. However, as the interfaces
need to be discretized for the unknowns, only small-scale
problems have been studied for a few inhomogeneities.

www.sciencedirect.com/science/journal/eabe
www.elsevier.com/locate/enganabound
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The situation in the application of the BEM, often coupled with the
VIM [14,15], is much the same with that of the VIM in which the
problems of simple arrays of inclusions were solved in small
scales owing to the similar reason that the unknown appears in
the interfaces. For large-scale problems of inhomogeneity in the
context of the BEM [16], special techniques of the fast multipole
expansions [18] should be employed so that the solution
complexity increases.

It seems that the Eshelby’s idea of equivalent inclusion and
eigenstrain solution has not yet been fully followed in the regime
of numerical study of the inhomogeneity problems, for example in
Ref. [19], which constitutes the stimulation in the present study. A
novel computational model and solution procedure are proposed
for inhomogeneous materials with eigenstrain formulation of
boundary integral equations (BIE) stemmed intimately from the
concepts of the equivalent inclusion of Eshelby with eigenstrains,
which can be determined in an iterative way for each inhomo-
geneity embedded in the matrix with various shapes and material
properties via the Eshelby tensors. As the unknowns appear only
on the boundary of the solution domain, the solution scale of the
inhomogeneity problem with the present model can be greatly
reduced, a significant feature because such a traditionally time-
consuming problem with inhomogeneity can be solved efficiently
compared with the existing numerical models of the FEM or
the BEM.

In this paper, the inhomogeneity problem of Eshelby is
addressed in Section 2 with the eigenstrain formulation of the
BIE model while the inclusion problem of Eshelby is introduced in
Section 3 for the solution procedures together with the determi-
nation of Eshelby tensors. The numerical features related to the
one-point computing for domain integrals in the boundary point
method (BPM) [20] are discussed in Section 4 with the computer
program verification. The numerical examples are presented in
Section 5 for various particle-reinforced composite materials over
representative volume elements (RVE). The eigenstrain formula-
tion of the BIE is solved with the newly developed BPM. The
influences of inhomogeneities with a variety of properties and
shapes and orientations and particle distributions on the overall
properties of composites are computed and compared, showing
the validity and the effectiveness of the proposed computational
model. The convergence behaviors of the solution procedure are
also studied and shown numerically. The conclusions are
presented in Section 6.
2. The boundary integral equations

In the present model, the perfect adhesion between the
inhomogeneity and the matrix, both of them being isotropic
materials, are assumed so that the displacement continuity and
the traction equilibrium remain along their interfaces. The
problem domain considered is a bounded region O filled with
the matrix surrounded by the outer boundary G. The inhomoge-
neous zones in the domain are denoted by OI with the interface GI

(GI ¼ OI\O). This is the inhomogeneity problem of Eshelby in a
bounded region. The displacement field of the problem can be
described by the basic BIE as follows:

CðpÞuiðpÞ ¼

Z
G
tjðqÞu

n
ij ðp; qÞdGðqÞ �

Z
G

ujðqÞt�ijðp; qÞdGðqÞ þ
X

II ,

(1)

where un
ij is the Kelvin solution, or the displacement in j direction

at the field point q under a unit force acting in i direction at the
source point p. tnij is the corresponding traction kernel and
C represents a term depending on the position of the source point
and the boundary geometries [21]. The last term in the equation
represents the effect of all the inhomogeneities summed
by the boundary integrals along the interfaces, namely the
inhomogeneity integral:

II ¼

Z
GI

tjðqÞu
n
ij ðp;qÞdGðqÞ �

Z
GI

ujðqÞtnij ðp; qÞdGðqÞ. (2)

It is noted that each of the inhomogeneity integrals II describes
locally an exterior problem. For the completeness of the
solution of the problem, there should be complement equations
corresponding to each of the inhomogeneity integrals (2) as
follows:

CðpÞuI
iðpÞ ¼

Z
GI

tI
jðqÞu

I
ijðp; qÞdGðqÞ �

Z
GI

uI
jðqÞt

I
ijðp; qÞdGðqÞ, (3)

where the superscripts I denotes those state quantities corre-
sponding to inhomogeneity and GI represents the boundary of the
domain OI, or the interface. In contrast to that of the inhomo-
geneity integral, each of the complement equations describes
locally an interior problem. The basic BIE (1) together with Eq. (3)
can be solved simultaneously with the conventional BEM
generally named as the domain decomposition method [21], or
called the sub-domain method [15]. However, this procedure by
domain decomposition will make the solution scale very large
since the unknowns appear on both the outer boundary G and the
interfaces GI so that the two equations serve only the starting
point in the present study. At the interfaces bounded perfectly, the
following relations hold resulted from the displacement con-
tinuity and the traction equilibrium:

uj ¼ uI
j ; tj ¼ �tI

j ; tnij ¼ �t
I
ij. (4)

Let pAO in both Eqs. (2) and (3), that is, p does not belong to any
of OI. It is noticed that Eq. (3) describes an interior problem,
there is C ¼ 0 in Eq. (3). With the interface relations (4) and the
complement Eq. (3), the exterior problem (2) can then
be transformed into an equivalent interior problem written in
the form as follows:

II ¼ �

Z
GI

tI
jðqÞu

n
ij ðp; qÞdGðqÞ þ

Z
GI

tI
jðqÞu

I
ijðp; qÞdGðqÞ. (5)

It is noticed that the first integral at the RHS of the inhomogeneity
integral describes a state of domain OI filled with the matrix
material while the second integral describes a state of domain OI

filled with the inhomogeneity material, both of them describing
interior problems. At this stage of derivation, the integral relations
need to be introduced. It can be shown that the following integral
relations holds for any homogeneous domain O with boundary G,
that is

Cui þ

Z
G

ujtnij dGðqÞ ¼
Z
G
tju

n
ij dG ¼

Z
O
�jksn

ijk dO ¼
Z
O
sjk�nijk dO,

(6)

where sn
ijk and �nijk are the corresponding stress and strain kernels,

respectively, to the Kelvin solution. The integral relations can be
looked as an integral form of the reciprocity theorem in elasticity.
By invoking the integral relations (6), each of the inhomogeneity
integral (5) can be rewritten as

II ¼ �

Z
OI

�C
jkðqÞs

n
ijkðp; qÞdOþ

Z
OI

�I
jkðqÞs

I
ijkðp; qÞdOðqÞ, (7)

where �C
jk denotes the fictitious matrix strain in domain OI under

the action of interface tractions but filled with the identical
material to the matrix without inhomogeneity, or the so-called
equivalent inclusion, while �I

jk represents the strain of inhomo-
geneity under the same action of interface tractions. By introdu-
cing the concept of eigenstrain �0

jk ¼ �
I
jk � �

C
jk and noticing that the

kernel relation sn
ijk ¼ sI

ijk exists, the inhomogeneity integrals II in
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Eq. (7) can be written as

II ¼

Z
OI

�0
jkðqÞs

n
ijkðp; qÞdOðqÞ. (8)

Therefore, the original BIE (1) becomes

CðpÞuiðpÞ ¼

Z
G
tjðqÞu

n
ij ðp; qÞdGðqÞ �

Z
G

ujðqÞtnij ðp; qÞdGðqÞ

þ
XZ

OI

�0
jkðqÞs

n
ijkðp; qÞdOðqÞ. (9)

It can be seen that the original BIE (1) together with the
complement Eq. (3) have been reduced to a single BIE (9) with a
sum of domain integrals for inhomogeneities, namely the
eigenstrain formulation of the BIE in the present work. Each
domain integrals describes an equivalent inclusion made of the
identical material with the matrix containing eigenstrains, just as
the idea originated from Eshelby [1,2] and developed by Mura [3]
and many others. The eigenstrains are defined as the stress-free
strains of the equivalent inclusion, which will cause the same
traction state at the interfaces and the stress state in the matrix as
the inhomogeneity. If �0

jk ¼ 0, Eq. (9) describes an elastic state of
homogeneous problem. Therefore, it can be seen that the key step
for the solution of the BIE (9) turns out to be how to determine the
eigenstrains in each of the inhomogeneities. This issue will be
discussed in Section 3.

In the solution procedure, the stress equation derived from
Eq. (9) is also indispensable:

CðpÞsijðpÞ ¼

Z
G
tkðqÞu

n
ijkðp; qÞdGðqÞ �

Z
G

ukðqÞtnijkðp; qÞdGðqÞ

þ
XZ

OI

�0
klðqÞs

n
ijklðp; qÞdOðqÞ þ �

0
klðpÞO

n
ijkl, (10)

where

On
ijklðp; qÞ ¼ lim

O�!0

Z
DG�

xlt�ijkðp;qÞdGðqÞ, (11)

and Oe surrounded by the boundary Ge is an infinitesimal zone
within OI when the two points q and p coincide [22,23] and
xl ¼ xl(q)�xl(p). The derivation procedure can be found in the BEM
books [21].

In certain cases such as dealing with crack problems with
inhomogeneity, it is desirable to use the traction equation, which
can be derived directly from the stress Eq. (10) by putting pAG
with the aid of Cauchy relation ti ¼ sijnj:

CtiðpÞ ¼ njðpÞ

Z
G
tkðqÞu

n
ijkðp; qÞdGðqÞ � njðpÞ

Z
G

ukðqÞtnijkðp; qÞdGðqÞ

þ njðpÞ
XZ

OI

�0
klðqÞs

n
ijklðp; qÞdOðqÞ þ njðpÞ�0

klðpÞO
�

ijkl, (12)

where nj is the unit outward normal at the point p. The traction
Eq. (12) is a hypersingular BIE. The domain integrals in Eqs. (9),
(10) and (12) can be evaluated by using the corresponding
boundary type integrals [22,23] to be discussed in Section 3.

It needs to be pointed out that the present model for composite
materials is based on the eigenstrain formulation of the BIE. With
this formulation, the system unknowns appear only on the outer
boundary G but not on the interfaces GI, which contribute to the
most part of the solution scale. This means that the solution scale
of the problem with the proposed model will remain fairly small,
an outstanding feature compared sharply with the traditional
numerical models using the FEM or the BEM.
3. Solution procedures

In this section, the outline of the solution procedures and
related issues will be shown for the computational model of the
eigenstrain formulation of the BIE. The numerical solution
features such as the treatment of domain integrals and the
application of the BPM will be discussed in Section 4. As
mentioned in the previous section, the determination of the
eigenstrain in each of the inhomogeneities is the crucial step for
the solution of the BIE (9) or (12). The eigenstrains in each
inhomogeneity depend on the applied stresses or strains, the
geometries as well as the material constants of the inhomogeneity
and matrix. Following the idea of Eshelby [1,2], the eigenstrains,
or the stress-free strains, in an inclusion with identical material to
matrix without applied stress correlate the constrained strains �C

ij

by a tensor Sijkl, namely the Eshelby tensor as follows:

�C
ij ¼ Sijkl�0

kl, (13)

which is the inclusion problem in the sense of Eshelby. The
Eshelby tensor is only geometry dependent and generally takes
the form of integrals. For simple geometries, the components of
Sijkl can be given explicitly and are available in the literature [4].
For an inhomogeneity under applied strains eij to be replaced by
an equivalent inclusion without altering its stress state, the
following relation should hold:

mI �C
ij þ �ij

� �
þ

nI

1� 2nI
dij �C

kk þ �kk

� �� �

¼ m �C
ij þ �ij � �0

ij

� �
þ

n
1� 2n dij �C

kk þ �kk � �0
kk

� �n o
, (14)

where m and n are the shear modulus and Poisson’s ratio of the
matrix, respectively. The subscript I denotes those of material
properties of inhomogeneity. By defining the ratio of modulus
b ¼ mI/m and supposing nI ¼ n throughout and canceling �C

ij by
using Eqs. (13) and (14), the eigenstrains �0

ij can be obtained from
the applied strains eij by the following equations:

�0
ij ¼

1� b
1� 2ð1� bÞSijij

�ij ðiajÞ, (15a)

n
1� 2n ð1� bÞSkkmn�0

mn þ ð1� bÞSijmn�0
mn þ

n
1� 2n �

0
kk þ �

0
ij

¼ �ð1� bÞ
n

1� 2n
�kk þ �ij

� �
ði ¼ jÞ. (15b)

It needs to be pointed out that the assumption nI ¼ n is not
essential for the proposed method so that it can be removed.
Eq. (14) can be written in a general form as EI

ijklð�
C
kl þ �klÞ ¼

Eijklð�C
kl þ �kl � �0

klÞ where EI
ijkl and Eijkl are, respectively, the elastic

tensors of the inhomogeneity and the matrix. Without this
assumption for Poisson’s ratio, however, Eq. (15a) and (15b)
should be modified correspondingly.

Obviously, the applied strains or the applied stress at each
inhomogeneity will be disturbed by other inhomogeneities,
especially those in the adjacent zone surrounding the concerned
inhomogeneity. The mutual effects or the disturbances among the
inhomogeneities will be discussed in the Section 5 of numerical
examples. As a result, the applied strains so as to the eigenstrains
should be corrected in an iterative way in the solution procedure.
After discretization and incorporated with the boundary
conditions, either Eq. (9) or Eq. (12) can be written in the matrix
form as:

Ax¼bþ Be (16)

where A is the system matrix, B the coefficient matrix related to
the kernels in the domain integrals in Eq. (9) or Eq. (12), b the
right-hand side vector related to the known quantities with the
outer boundary and the corresponding kernels, x the vector
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unknowns of the outer boundary. e is the vector of the
eigenstrains of all the inhomogeneities to be corrected in the
iteration. It needs to be pointed out that all the coefficients in A, B
and b are constants so that they need to be computed only once.
At the starting point, the vector e is assigned by an initial value
with the applied strains via Eqs. (15a) and (15b) at each position of
the inhomogeneities at the elastic state computed irrespective of
inhomogeneities. Then the unknown vector x can be computed by
the following simple iterative formula:

xðkþ1Þ ¼ A�1
ðbþ B eðkÞÞ, (17)

where k is the iteration count. Define the maximum iteration error
as:

�max ¼ maxjfeðkÞ � eðk�1Þgj, (18)

which is the maximum difference of the eigenstrain components
between the two consecutive iterations. The convergence criterion
in the present study is chosen as follows:

E�maxp10�3, (19)

where E is the Young’s modulus of the matrix material and Eemax

has the dimension of stress. If the criterion (19) does not meet,
then the stress states at each inhomogeneity are computed using
Eq. (10) with the renewed vector x then the applied strains to
renew the values of the eigenstrains. It should be addressed here
that in the use of Eq. (10) the domain integral for the current
inhomogeneity must be excluded from the computation because
the stress states at the due place are the disturbance of all the
other inhomogeneities in the problem domain under the
prescribed boundary conditions. If the criterion (19) meets, go to
the next step such as the computation of the stresses interested or
the overall properties, etc.

The principal steps in the solution procedures can be
summarized as the followings:
(a)
 Compute the constant coefficients in A, B and b in Eq. (16).

(b)
 Assign the vector e with the initial value with the applied

strains via Eqs. (15a) and (15b) at each position of the
inhomogeneities at the elastic state computed without
inhomogeneity.
(c)
 Compute the unknown vector x using the iterative formula
(17) with the current eigenstrain vector e.
(d)
 Check the convergence criterion (19).

(e)
 S1111
 S1122
 S2211

2b

2a

1.4

1.2

1.0
If the criterion (19) does not meet, perform the following
computing and then return to step (c). Otherwise go to the
next step (f).

(i) Compute the current stresses at each place of inhomo-
geneity using Eq. (10) with the current inhomogeneity at
the due place being excluded.

(ii) Compute the current applied strains at each place of
inhomogeneity via Hooke’s Law.

(iii) Renew the eigenstrain vector e using Eq. (15).
so
r

(f)
 Compute the stresses interested or the overall properties, etc.
0.1 1 10

 S2222
 S1212

E
sh

el
by

 te
n 0.8

0.6

0.4

0.2

0.0

Aspect ratio, b/a

Fig. 1. Eshelby tensor for elliptic inhomogeneities with various aspect ratios, b/a.
It can be seen that the determination of the eigenstrains in each
of the inhomogeneities is the crucial step where the Eshelby
tensor plays an essential role. Although some explicit expressions
exist in the literature for the simple cases, in general the Eshelby
tensor can always be obtained conveniently via the numerical
means. Consider a single equivalent inclusion with eigenstrains in
an infinite medium under stress-free condition, the first problem
of Eshelby, Eqs. (9) and (10) are, respectively, reduced to the
following form:

ui pð Þ ¼

Z
OI

�0
jk qð Þs�ijk p; qð ÞdO qð Þ, (20)
sijðpÞ ¼

Z
OI

�0
klðqÞs

n
ijklðp;qÞdOðqÞ þ �

0
klðpÞO

n
ijkl. (21)

Assuming the case of uniform distribution of all the components
of eigenstrains in the equivalent inclusion, both Eqs. (20) and (21)
can be transformed into boundary-type integrals as [22,23]

uiðpÞ ¼ �0
jk

Z
GI

xktnij ðp; qÞdGðqÞ, (22)

sijðpÞ ¼ �0
kl

Z
GI

xltnijkðp; qÞdGðqÞ. (23)

Eqs. (20) and (21) describe the displacement and the stress fields,
respectively, in both the matrix when pAO and in the equivalent
inclusion when pAOI. However, the displacement fields are
continuous but the value of stresses will have a jump when the
source point p crosses the interface GI because the kernels xktnij are
regular whereas xltnijk are strong singular when pAGI.

Recalling the definition of eigenstrains �0
jk ¼ �

I
jk � �

C
jk in the

derivation of Eq. (9) and comparing with that of Eshelby’s, one can
see clearly that �C

jk corresponds to the constrained strains in the
equivalent inclusion in the sense of Eshelby in the case of single
inclusion in infinite medium under stress-free condition. Now put
the source point p inside the domain OI, sij becomes the
constrained stresses in the equivalent inclusion and the bound-
ary-type integral (23) becomes regular, which can be evaluated
numerically as accurately as possible. Combining Eqs. (13) and
(23) with Hooke’s law �C

ij ¼ Cijklskl where Cijkl represents the
elastic compliance tensor of the matrix, the Eshelby tensor can
then be expressed as follows:

Sijkl ¼ Cijmn

Z
GI

xktnmnlðp; qÞdG: (24)

It can be seen from Eq. (24) that the Eshelby tensor is only
geometry dependent. It can be shown also that Eq. (24) is
equivalent to that of Eshelby’s expression for Sijkl but is more
suitable for numerical evaluations. In the present study, the
Eshelby tensor for 2-D elliptic inclusion is determined numeri-
cally as shown in Fig. 1. In the case of non-uniform distribution of
eigenstrains, the domain integrals (20) and (21) can also be
transformed into the corresponding boundary-type integrals
without difficulty by assuming the complete polynomial expan-
sion of eigenstrains [22,23]. However, this case is not considered
in the present study.
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4. One-point computing and program verification

It is well known that the kernel functions of integrals in the BIE
are two-point functions and behave singular to various
extents when the two-point distances r become zero. However,
there are properties of the kernel functions related to the
two-point distances just opposite to the singularities which have
not been fully utilized yet. For example, if a kernel has a singular
order of O(r�s), where s is an integer, then the decaying order of
the integral values of this kernel function is also s with the
increase of the distance r. Furthermore, the variation of the kernel
functions will have the order of O(r�s�1) if r is not too small. In
other words, the values of the kernel function can be well
represented by the value at the center point of the integration
domain since the variation of the kernel functions in the domain
becomes negligibly small. Based on this analysis, the one-point

computing scheme was proposed in the BPM [20] for the
evaluation of the boundary-type integrals in the cases if r is not
too small.

As mentioned previously, the domain integrals in Eqs. (9), (10)
and (12) can be evaluated by the following boundary-type
integrals [22,23]:
Z
OI

s�ijk dO ¼
Z
GI

xktnij dG, (25)

Z
OI

sn
ijkl dOþ On

ijkl ¼

Z
GI

xltnijk dG, (26)

then all the techniques in the BPM become applicable at the
interfaces GI [20]. That is, the interfaces are discretized by
interface nodes, each node having a territory and the integrals
in Eqs. (25) and (26) are evaluated by boundary-type integrals in
closed loops while the one-point computing can be used in
most of the cases when the two-point distances are not too
small. However, there are two special aspects to be addressed here
for the proposed computational model. The first is that the
purpose of evaluating domain integrals is for computing the
influences of eigenstrains in inhomogeneities on the outer
boundary unknowns but not for the system matrix itself. The
second is that the use of boundary-type integrals in closed loops is
necessary only in a few limited cases when the distances between
the source and the field points are small. In other words, the
domain integrals can be evaluated simply by the one-point

computing as follows with reasonable accuracy if the two-point
distance is not too small:
Z
OI

sn
ijk dO � sn

ijkAI , (27)

Z
OI

sn
ijkl dO � sn

ijklAI , (28)

where AI is the area of OI and On
ijkl ¼ 0 in Eq. (28) because peOI in

the range that the one-point computing would be applicable.
The comparison of integral values by the one-point computing

using Eqs. (27) and (28) and the boundary-type quadrature along
a closed loop using Eqs. (25) and (26) is shown in Fig. 2, where AI

is the area of a circular zone and r is the distance from the source
point to the center of the circular zone. It can be seen from Fig. 2
that the differences of the integral values between the two
computing methods decrease with the increase of the dimension-
less distances, r=A1=2

I . In the present work, r=A1=2
I ¼ 5 serves as the

criterion to change the computing method between the one-point

computing and the quadrature along closed loops. The distance is
crucial for the approximation of the one-point computing.
Whether to use the one-point computing or not depends on the
dimensionless distance but not on the density of the particles in
the matrix. The feasibility of one-point computing comes from the
properties of fundamental solutions and their derived functions
with the distance [20]. These properties are consistent with and
observed in the physical phenomena, the greater the distance, the
weaker the mutual effect between the stress-strain states of the
two particles, and vise versa.

The computer program with the present computational model,
the eigenstrain formulation of the BIE (9) or (12), is checked using
a square zone with a circular inhomogeneity under unit single
tension in x2 direction with R/B ¼ 0.025 as shown in Fig. 3.
The ratio of modulus b ¼ 0 is employed, corresponding to an
empty hole in the square zone. The eigenstrain in the
hole is computed using Eqs. (15a) and (15b) under the applied
stress and strain via Eshelby tensor. The outer boundary and the
interface are discretized by N ¼ 60 and NP ¼ 80 nodes, respec-
tively. In this simple model, there is only one circular inhomo-
geneity within the problem domain, which is solved by the BPM
with no iteration. However, as the unknowns appear only on the
outer boundary, the size of the system matrix remains 2N�2N

irrespective of the number of interface nodes NP in the eigenstrain
formulation of the BIE. The computed stresses along the interface
are compared with the exact solutions in Fig. 4, showing
the validity of the proposed computational model and the
computer program.
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5. Numerical examples

The eigenstrain formulation of the BIE is solved with the newly
developed BPM in the numerical examples using the convergence
criterion (19). Eemax in the convergence criterion (19) corresponds
to the maximum difference of the ‘stress’ components among total
equivalent inclusions between the two consecutive iterations since
E is the Young’s modulus of the matrix material. Three loading
modes, the single tension, the pure shearing and the bending are
applied on the RVE with unit applied loads in the plane strain
condition for computing the overall material properties of various
particle-reinforced composites in the numerical examples as
shown in Fig. 5. That is, Young’s modulus can be computed by
either single tension or bending; Poisson’s ratio computed by single
tension and shear modulus by shearing mode.
5.1. Verification of the proposed method

The problem in the first example is taken from Ref. [24], a
doubly periodical array of inhomogeneities of three shapes. This
problem was solved in Ref. [24] under the plane stress condition
by the BEM using quadratic boundary elements on a rectangular
cell with a single inhomogeneity cut from an infinite plate.
However, the problem is to be solved under plane train condition
by the BPM of eigenstrain formulation on the RVE with arrays of
inhomogeneities with the solution procedures of iteration
described in Section 3. As shown schematically in Fig. 6, the size
of the RVE is fixed as L ¼ 21 and H ¼ 16.8, and the ratio of the
column and row spacing of array is fixed as w/h ¼ 2.5 (Fig. 6b),
respectively. The ratio of the horizontal half radius a (the tilting
angle is set as y ¼ 0 in Fig. 6b) of the elliptic particle to the row
spacing is also fixed as a/h ¼ 0.25 but the vertical half radius b

varies from b/a ¼ 0.5 to b/a ¼ 1.5. Three arrays of particles are
considered, corresponding to the three total particle numbers,
NI ¼ 14�7 ¼ 98 (the row number times the column number),
28�14 ¼ 392, 42�21 ¼ 882 and the three horizontal half radii,
a ¼ 0.3, 0.15 and 0.1, respectively. The RVE is loaded by the single
tension and pure shearing modes as shown in Fig. 5, and the outer
boundary and each of the interfaces are discretized by N ¼ 110
and NP ¼ 40 nodes, respectively. The computed results are listed
in Tables 1 and 2 and compared with the data from Ref. [24],
where b ¼ 0 corresponds to the empty holes and b ¼ 100
corresponds to the almost rigid inhomogeneities.
In the two tables, the subscript L denotes ‘longitudinal’,
T ‘transverse’ of the RVE, respectively, and C denotes ‘composite’.
It can be seen from the two tables that overall properties
computed using the three total particle numbers are almost the
same as expected, showing the stability and reliability of the
proposed algorithm, since the geometrical parameters vary
proportionally. In addition to numerical errors, the little differ-
ences among the data in various NI’s are considered to come from
the different ‘cutting’ manners of the RVE from an infinite plate.
That is, the larger NI means that a ‘larger’ RVE is cut from the
infinite plate, and vise versa.

It is noticed from the two tables that there are a little
difference of the overall properties between the present work
and Ref. [24]. There are apparently some differences in the
computational conditions to be clarified here. In Ref. [24], the
problem is solved by the BEM using quadratic elements on a
rectangular single cell containing a single particle cut from an
infinite plate, which is displacement-loaded. In the present work,
the problem is solved by the BPM of eigenstrain formulation on
the total RVE containing arrays of particles, which is traction-
loaded. Nevertheless, it is reasonable that the materials properties
should not depend on these differences in the computational
conditions except numerical errors.

It is considered that the little differences of the overall
properties between the present work and Ref. [24] are resulted
from the different stress conditions, the plane stress condition in
Ref. [24] and the plane strain condition in the present work. Under
the plane stress condition, something would be overlooked
because the stress components in the thickness direction at
interfaces will occur and vary with the plate thickness in the plane
stress condition owing to the mismatch of the deformations in
thickness direction between the inhomogeneities and the matrix.
Definitely speaking, the overall properties of the RVE would vary
with the plate thickness in the plane stress condition. However,
this thickness effect cannot be taken into consideration in the
computational model under the plane stress condition. Therefore,
it would be more appropriate to use the plane strain condition for
the 2-D composite simulations. In conclusion, the comparison of
the results in the two tables shows the validity of the proposed
method.

As the unknowns appear only on the outer boundary with the
proposed computational model, the size of the system matrix
remains N2

T ¼ ð2NÞ2 irrespective of the number of particles NI and
the number of interface nodes NP used in the eigenstrain
formulation of the BIE, where NT is the number of unknowns. If
the domain decomposition method [21], or the sub-domain
method [15,24], were employed by combining Eqs. (1) and (3),
the size of the system matrix would become N2

T ¼ ð2N þ NI �

4NpÞ
2 since both the displacements and tractions are unknowns

on the interfaces, which would make it impossible to run the
program on a desk-top computer. Serious computational difficul-
ties arise also duo to the dense system matrix using Gauss
elimination, which requires OðN3

T Þ computational work. The
situation will become even worse with the increase of the number
of particles or in the 3-D case.

In this example, the convergence is achieved usually by two to
five iterations with the CPU time no more than 1 s on a desktop
computer. The maximum iteration is 11 which occurs in the case
of b ¼ 0 and NI ¼ 98 under the shearing mode with the CPU time
less than 3 s, showing the high efficiency of the proposed method.
5.2. The overall properties of the square RVE

In this subsection, the overall properties of the square RVE are
solved by the BPM with the solution procedures of iteration
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Fig. 5. Loading modes applied on the RVE. (a) Single tension. (b) Pure shearing. (c) Bending.
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Fig. 6. Representative volume elements (RVE). (a) Regularly distributed circular particles. (b) Regularly distributed elliptic particles. (c) Randomly distributed particles.

Table 1

Comparison of overall elastic properties (b ¼ 0)

b/a EL/E ET/E mC/m nL nT NI(a)

0.5 0.9264 0.8655 0.8691 0.2993 0.2828 98(0.30)

0.5 0.9262 0.8670 0.8693 0.2993 0.2830 392(0.15)

0.5 0.9263 0.8675 0.8691 0.2992 0.2831 882(0.10)

0.5 0.9268 0.8589 0.8551 0.3037 0.2815 By [24]

1.0 0.8070 0.8463 0.7446 0.2769 0.2871 98(0.30)

1.0 0.8066 0.8485 0.7435 0.2765 0.2873 392(0.15)

1.0 0.8071 0.8493 0.7427 0.2763 0.2872 882(0.10)

1.0 0.7940 0.8435 0.7251 0.2754 0.2926 By [24]

1.5 0.6415 0.8324 0.5408 0.2324 0.2868 98(0.30)

1.5 0.6408 0.8355 0.5368 0.2314 0.2866 392(0.15)

1.5 0.6417 0.8368 0.5340 0.2310 0.2862 882(0.10)

1.5 0.6012 0.8319 0.5121 0.2145 0.2958 By [24]

Table 2

Comparison of overall elastic properties (b ¼ 100)

b/a EL/E ET/E mC/m nL nT NI(a)

0.5 1.0813 1.0602 1.0596 0.2993 0.2829 98(0.30)

0.5 1.0820 1.0606 1.0591 0.3008 0.2957 392(0.15)

0.5 1.0820 1.0607 1.0591 0.3008 0.2957 882(0.10)

0.5 1.0830 1.0550 1.0532 0.3013 0.2935 By [24]

1.0 1.1387 1.1596 1.1170 0.2925 0.2965 98(0.30)

1.0 1.1403 1.1617 1.1155 0.2921 0.2963 392(0.15)

1.0 1.1404 1.1621 1.1152 0.2919 0.2963 882(0.10)

1.0 1.1271 1.1553 1.1086 0.2897 0.2970 By [24]

1.5 1.2298 1.3842 1.1630 0.2685 0.2949 98(0.30)

1.5 1.2338 1.3931 1.1605 0.2670 0.2946 392(0.15)

1.5 1.2342 1.3956 1.1599 0.2667 0.2946 882(0.10)

1.5 1.1817 1.3952 1.1547 0.2516 0.2974 By [24]
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described in Section 3. The size of the RVE is set as L ¼ H ¼ 20.
There are NI ¼ 100 inhomogeneities adopted in the RVE, except
when the effect of NI is to be studied. The particle types and
distributions in the RVE are also shown schematically in Fig. 6.
The outer boundary and each of the interfaces are discretized by
N ¼ 100 and NP ¼ 40 nodes, respectively.

The computed overall properties of the RVE as a function of
circular particle radius, R, are shown in Fig. 7 for both the regular
(Fig. 6a) and the random (Fig. 6c) distributions with the ratio of
modulus b ¼ 10 being kept constant, where the subscripts C

denotes the corresponding overall properties of composites. It can
be seen from Fig. 7 that both the Young’s (EC) and shear (mC)
moduli increase with the increase of particle sizes as expected.
There are small differences of the values of Young’s modulus
computed between the single tension and the bending. However,
the differences of the overall properties are negligibly small
between the regular and the random distributions as is expected.
The reason for this can be explained. For the case of the random
distribution, the populations of the particles in the local zone of
the RVE vary with places. The locally densely populated particles
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will make the local property change much but the locally
sparsely populated particles will make the local property
change less. However, these two effects, both contributing to the
overall properties, will more or less cancel out with one
another so that the overall properties with the random distribu-
tion have no much difference from those with the regularly
distributed particles.

As shown in Fig. 6b, the tilting angles, y, are defined between
the long axis of elliptic particles and the single tension direction
(Fig. 5a). The overall properties of the RVE as a function of the
tilting angles are presented in Fig. 8 with the aspect ratio
b/a ¼ 0.2, the ratio of modulus b ¼ 10 and the size a ¼ 1.3 being
kept constant, showing the non-monotonic variations of the
overall properties of the composites with the tilting angles.

The overall properties of the RVE as a function of the ratio of
modulus, b, are shown in Fig. 9 for random distributed circular
particles (Fig. 6c) with the size R ¼ 0.4 being kept constant. It
needs to be pointed out that b ¼ 10�3 behaves almost as empty
holes while b ¼ 103 corresponds to rigid particles in the matrix. It
is seen from Fig. 9 that the most effective range of the ratio of
modulus to the overall properties is between b ¼ 0.1 and b ¼ 10
while the stagnancy of the overall properties can be observed in
the range when b is very small or very large.

The overall properties of the RVE as a function of the aspect
ratio of inhomogeneities, b/a, are shown in Fig. 10 for random
distributed (Fig. 6c) elliptic particles (not shown in Fig. 6c) with
b ¼ 10 and ab ¼ 0.12 being kept constant while all the axes of the
ellipse are aligned in parallel with or perpendicular to the loading
directions. It shows from Fig. 10 the anisotropic behaviors of the
overall properties with the variation of aligned inhomogeneities
where the subscripts L and T denote the overall properties in
longitudinal and transverse directions, respectively.

The overall properties of the RVE as a function of the total
particle numbers, NI, in regular distributed particles under the
single tension mode are shown in Fig. 11, while the circular
particle radius, R ¼ 0.2, are kept constant. The maximum particle
number used is up to NI ¼ 1024. The increase of the particle
number corresponds to the decrease of the particle spacing. It is
seen from Fig. 11 that the overall properties vary monotonically
with the increase of the particle number as expected. It can be
seen from all the examples that there are no limitations such as in
the variations of the shape, the material, the sizes, the total
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number as well as the distribution of the particles, etc., to solve
the inhomogeneity problems with the proposed model.

5.3. The convergence behaviors of the algorithm

The convergence behaviors of the algorithm of iteration are
presented in Figs. 12–15, showing that the iteration times varies
with a number of factors such as the size of particles or
volume fractions, the shape of particles, the ratio of modulus,
the orientation, the particle spacing as well as the pattern of the
distributions of particles, etc., which is considered to reflect the
effects on or the disturbances to the stress states at the locations
among inhomogeneities. It is seen from Fig. 12 that the iteration
times increase monotonically with the increase of the sizes of
particles, reflecting an increased disturbance of the inhomogene-
ities to the stress states with their sizes. It is seen also from Fig. 12
that the iteration times of random distributed particles are greater
than those of regularly distributed particles since, it is considered,
that some of the distances between the random distributed
particles are smaller than those of regularly distributed particles,
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which play a greater role in the disturbance. The convergence
behaviors of the algorithm are presented in Fig. 13 with respect to
the tilting angles (see Fig. 6c) and in Fig. 14 with respect to the
ratio of modulus. It is considered that the value of the ratio of
modulus reflects the materials mismatch between the inhomo-
geneities and the matrix. It is found clearly from Fig. 14 that the
convergence speed with large values of the ratio of modulus is
greater than that with small values. It is seen from Fig. 15 that
the iteration times increase monotonically with the increase
of the numbers of particles, reflecting an increased disturbance of
the inhomogeneities to the stress states with the distances among
the particles.

It can be seen also from Figs. 12–14 that among three loading
modes, the convergence speed of the single tension is the greatest
since, it is considered, that the applied stress in the RVE is the
most uniform in the single tension mode so that the resulted
mismatches would be the smallest between the inhomogeneities
and the matrix. In summary, the two principal factors need to be
considered that influence the convergence behavior of the present
algorithm. The first would be the mutual disturbances of the
stress states among the inhomogeneities while the second would
be the mismatches between the inhomogeneities and the matrix.
It remains to be a further research to improve the convergence of
the present algorithm.
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6. Conclusions

The novel computational model and solution procedure are
proposed for particle-reinforced composites with eigenstrain
formulation of the BIE and solved with the BPM in the present
study. As the unknowns appear only on the boundary of the
solution domain, the solution scale of the inhomogeneity problem
with the present model remains fairly small compared sharply
with the traditional computational model using the FEM or the
BEM. The model and the solution procedure are both resulted
intimately from the concepts of the equivalent inclusion of
Eshelby with eigenstrains to be determined in an iterative way
via the Eshelby tensors, which can be readily obtained beforehand
through either analytical or numerical means. The validity and
the effectiveness of the proposed computational model and the
convergence behaviors of the solution procedure are demon-
strated by the numerical examples. It is considered that the
mutual disturbances of the stress states among the inhomogene-
ities and the mismatches between the inhomogeneities and
the matrix affect the convergence behaviors, which remains to
be a further research for the present algorithm.
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