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This paper presents a modified variational principle for the treatment of thin plate bending on an elastic 
foundation. The foundation may be of the Winkler or Pasternak type. A hybrid Trefftz (HT) finite-element 
(FE) model has been developed based on the principle and a new set of T-complete functions. The derivation 
of the new set of trial functions is based mainly on the resolution approach of the differential operator. Two 
numerical examples are considered to illustrate the correctness and accuracy of the proposed formulation. 
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Introduction 

During the past decade the HT FE model, developed 
nearly 20 years ago, ‘*’ has been considerably improved 
and is now highly efficient and well established.3 In 
contrast with more conventional models, however, the 
HT formulation is based on a hybrid method that 
includes the use of an auxiliary interelement displace- 
ment or traction frame to link up the internal 
displacement fields of the elements. Such fields, chosen 
so as to satisfy a priori the governing differential 
equations, have conveniently been represented as the 
sum of a particular integral of the nonhomogeneous 
equations and a suitable truncated T-complete set of 
regular homogeneous solutions multiplied by un- 
determined coefficients. The interelement continuity is 
enforced by using a modified principle together with an 
independent interelement displacement field. The ele- 
ment formulation, during which the internal parameters 
are eliminated at the element level, in the end leads to 
the standard force displacement relationship, with a 
symmetric positive definite matrix. As noted by Jirousek 
and Guex,4 the main advantages stemming from the 
model are: (a) the formulation only calls for integration 
along the element boundaries, which enables arbitrary 
polygonal or even curve-sided elements to be generated; 
(b) the model is likely to represent the optimal expansion 
bases for hybrid-type elements where the interelement 
continuity need not be satisfied a priori, which is 
particularly important for generating a quasi-conforming 
plate-bending element; and (c) the model offers the 
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attractive possibility of developing accurate crack, 
singular corner, or perforated elements simply by using 
appropriate known local solution functions as the trial 
functions of the intraelement displacements. So far, the 
HT FE model has been applied successfully to plane 
elasticity, 3*5 plate bending, 4*6 shells,’ axisymmetric solid 
mechanics,* Poisson’s equation,’ and to others.“- I7 

This paper extends the previous results to the case of 
a thin plate on an elastic foundation by a newly derived 
modified complementary principle and a set of 
T-complete functions. In the study, a modified 
variational principle and the condition sufficient for the 
existence of the local extreme of the corresponding 
functional are given. Specifically, we have derived, as the 
most important step of the HT FE application, a set of 
T-complete functions for plate bending on an elastic 
foundation. Two numerical examples illustrate the 
efficiency and accuracy of the model. 

Basic equations and their T-complete functions 

Basic equations 

Consider an isotropic plate resting on an elastic 
foundation occupying a two-dimensional arbitrary 
shaped region R bounded by its boundary XL We use 
a Cartesian coordinate system in which the x- and y-axes 
lie in the plate middle plane. Throughout this paper, 
repeated indices imply the summation convention of 
Einstein. The indices i, j, and k take values in the range 
{1,2}. The equilibrium equations in this case are 
given by’* 

DV4w + kw - q = 0 (1) 

the corresponding stress-displacement relations are 

Mi,j = -D[(l - V)W,ij + vGijw,kk] (2) 

0 1994 Butterworth-Heinemann 
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and the boundary conditions are 

w=w (on C,) (3a) 

awlan = w,ini = w, (on C,J (3’4 

R = Mij,jni + aM,,/as = R (on CR) (44 
M, = Mijninj - aG,w = iii, (on C,) (4’4 

where aQ = C = C, v C, = C,n v C,, M,, = MijniSj, 
tx = 0 for the Winkler-type foundation, a = 1 for 
Pasternak-type foundation, and a comma followed by a 
subscript indicates partial differentiation with respect to 
that subscript (other symbols are listed in the No- 
menclature section). 

T-complete functions 

The T-complete functions play an important role in 
the derivation of the HT FE formulation. In this 
subsection the construction of the T-complete functions 
for plate bending on an elastic foundation will be 
discussed in detail. As noted earlier, the foundation can 
be of the Winkler type or the Pasternak type. l9 To obtain 
the functions consider the following equation: 

DV”f + kf = D(V2 + C,)(V’ - C,)f = 0 

where 

(5) 

C, = C, = iJ(k,/D) 

for the Winkler-type foundation 

(6) 

C, = -G,/2D - J(G,12D)2 - k,/D (7) 

C, = G,/2D - ,/(G,/2D)’ - k,/D (8) 

for the Pasternak-type foundation, and where i = J - 1. 
To find the solution of (5), we set 

(V’- C,)f = A (9) 

It follows from (5) that 

D(V2 + C,)A = 0 (10) 

Equation (10) is a Bessel equation and the T-complete 
solutions can be generated in the following sequence: 

A, = J,(Jc,u) cos(m6J: 

A m+l = J,(&r) sin(m8) (m=0,1,2...) (11) 

in which J,() is a Bessel function of the first kind with 
order m. In the same manner, let 

B = (V2 + C,)f (12) 

Then we have 

D(V2 - C,)B = 0 (13) 

This is a modified Bessel equation and the T-complete 
solutions can be generated from the following sequence: 

B, = Z,(&r) cos(mQ B,, 1 = Z,(&r) sin(m0) 

(m = 0, 1, 2 . . .) (14) 

where I,( ) is a modified Bessel function of the first kind 
with order m. 

Subtracting (9) from (12) and using (11) and (14), the 
complete solution of (5) can be given as 

f k 0) = aofo(r) + 2 hf,(r) cos(me) 
WI=1 

+ b, f,(r) sin(mQ) (15) 

where f, = Z,(&r) - J,C&r), and the T-complete 
family of solutions corresponding to expression (15) can 
be given as 

J- = {fo(r), f,(r) cos(m@, f,(r) sin@@ = {Fi} (16) 

where F, = fo(r), Fi = f,(r) cos(m@, Fi+ 1 = f,(r) sin(m0). 

HT FE analysis 

A modzjied variational principle 

The HT FE formulation for a thin plate on an elastic 
foundation can be developed by way of a modified 
variational principle. The functional corresponding to 
this principle can be written in the form 

p=r- r (A - M,)dw/dndc 
Jc, 

- s (R - R)wdc (17) 

with 

r=jja:fi+j. M,w,dc - 
s 

Rwdc (18) 
C% C*, 

where equation (1) is assumed to be identical and where 
I/ is the complementary energy density. In the case of 
plate bending on an elastic foundation, V has the 
following form: 

v = {(M,, + M22)’ + W + vU4:2 - M,,M,,)) 

t 2D(l - v2) + I/* (19) 

in which M,, = M,, M,, = M,, M,, = M,, and V* = 
k,w2/2 for the Winkler-type foundation, or V* = 
(k,w2 + G,,wiwi)/2 for the Pasternak-type foundation. In 
the followmg we discuss some properties and their proof 
of the functional. To this end, we present 

Property: 

(a) The modified complementary principle 

K”’ = 0 = (3) and (4) (20) 

The theorem on the existence of the extremum can be 
stated as: If the following expression 

/IQ a2v dn + jcM GM,G(dw/dn) dc 

(‘4 

- s 6R6w dc 
c, 

(21) 
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is uniformly positive (or negative) in the neighbor- 
hood of wO, where w0 is a value such that P(w,J = rz, 
and where l-l; represents the stationary value of P, we 
have 

particular element: 

rm 2 r; (or rm I r;) (214 
Proof: (a) Taking the variation of r” and noting 

that (1) holds a priori by assumption, we see 

6rm $ _ 

s 
(&/an - ti,)6M, dc 

C,” 

- 1 (W - w)dQ,, dc 
JC, 

- 1 (Al - Mp(aw/an) dc 
JC, 

-s 
(R - l?)Gwdc 

CR 

where the constrained equality 

(22) 

(1) 
= represents (1) is 

satisfied a priori. Equation (20) may thus be obtained 
by setting 6P = 0. 

(b) In this connection taking the second variation 
of P, we know 

d2rm ‘Zexpression (21) (23) 

Thus the property (b) has been proved by using the 
condition sufficient for the existence of the local 
extreme of a functional. 2o Thus the proof is complete. 

Assumed fields 

To obtain a numerical solution of the boundary 
value problem, the region R is subdivided, as with 
the conventional FE approach, into subregions- 
finite elements C&. Unlike the conventional FE models, 
the solution over each 51, is, however, approached in 
terms of a particular solution $ and a set of 
appropriate homogeneous solutions chosen from (16): 

w, = 3 + 5 FiCi = G + IF@ (24) 

where @ are undetermined coefficients, [F trial functions 
chosen from (16), and iii is a particular solution of (l), 
that is 

DV4$ + k6 = q (25) 

The undetermined coefficients @, here, may be 
calculated in many different ways (variation approach, 
least squares, etc.) that enable the prescribed boundary 
conditions and the interelement continuity to be 
approximately fulfilled. The simplest way to enforce the 
interelement continuity and express the unknown 
coefficients @ in terms of conveniently chosen nodal 
parameters is the hybrid procedure based on using a 
frame function representing an independent displace- 
ment v”. The conforming frame field, o”, may be 
independently assumed along the boundary of a 

where d, stands for a vector of nodal parameters and 
where N, are the conventional FE interpolating 
functions. For example, along the side A-B of a 
particular element (see Figure I), a simple interpola- 
tion of the frame displacements can be given in the 
form6 

(3)~ = NIW, - (wA.~y - ~iyG54BN2/2 

+ WBNJ - (wBxny - wB,n&.dV4/2 

=N d ABl e 

(+,rhB = (‘+‘db + ~A,TJN, 

+ cwBxnx + “‘By+& = NAB2& 

where Ni are shape functions defined by 

N, = (C3 - 39 + 2)/4, 

N, = (t3 - t2 - t + 1)/4 

N, = (- t3 + 35 + 2)/4, 

N, = (t3 + t2 - 5 - 1)/4 

N, = (1 - 5)/2, N, = (1 + 5)/2 

(27) 

(28) 

(29) 

and where d, = {wa, wAx, . . . , w,,} are nodal parameter 
vectors associated with the element and the subscript q 
is the nodal number of the element. 

The generalized boundary forces and displace- 
ments can be easily derived from (2), (4), (24), and 
(25), and denote 

R = Mij,jni + aM,,/as = Q1@ + R (304 

M, = Mijninj - olG,w = Q,C + G,, (30’4 

awlan = w,ini = Q3@ + 6,, (304 

Particular solution 

The particular solution $ in (25) can be given by 
way of its source (or Green’s) function. The derivation 
of this source function is quite similar to that of Qin.” 

Figure 1. Polygonal HT plate element 
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For the sake of brevity, we will omit those details. In 
doing so, consider 

DV4w* + kw * = D(V2 + C,)(V’ - C,)w* = &P, Q) 

(3la) 

(V2 - c,)w* = A (3lb) 

(V2 + c,)w* = B (3lc) 

where 6(P, Q) is the Dirac delta function, P stands 
for the so-called source point, and Q designates the 
observing point under consideration. Following Ref. 
21, we see 

- M~~~~WDII(C 1 + G) (32) 

where r& = (xp - xa)* + (yp - ye)2, Y,() is the Bessel 
function of the second kind with zero order, and K,( ) the 
modified Bessel function of the second kind with zero 
order. 

Using this source function, the particular solution 
6 in (25) can be expressed by 

G(Q) = 
ss 

qV7w*(rp,) dW) (33) 

R 

Element matrix 

The variational functional Y” cannot be used 
directly as the basis for developing the HT FE 
formulation because the assumed intraelement field, 
in general, violates the interelement continuity require- 
ment. The requirement can be relaxed by introducing 
Lagrange multipliers J? and Gi,n in such a way that 

I-* = c I-: = c I-: + 
e e [ s 

(M,@,, - RKJ) dc (34) 
an: 1 

The boundary aa, of a particular element consists of 
the following parts: 

X& = an: + ang + an; = asz: + an,” + an; 

where 30: c C,,,, 80: c C,, an: c C,, 13@ c C,, 
and a@ is the interelement boundary of the element. 

By -reason of the solution properties of 
intraelement trial functions, the expression r: 
be simplified to 

r:=~SSqw~*+~a~:M.i.dc-~a~~R~~~ 
R 

+ 
s 

(M - iii,)aw/andc 
an: 

- 

s 
(h4 - &f,)awjandc 

ana 

+; 
I 

(Rw - M,w,,) dc 
m, 

+ 
s 

(Mn 6.n - R6) dc 
an: 

the 
can 

(35) 

After substituting the terms given in (24), (26), and 
(30) into (35), one gets 

r,* = -CTHC/2 + CTSd, + CTr, + d,Tr, 

+ terms without @ or d, (36) 

where 

CQTQ, + Q:Qz - Q!‘F - FTQJ dc 

- s CQTQ, + Q;QJ dc 
an: 

+ s (Qi-F + EFQJ dc 
an: 

(374 

s= s (Q2TNe2 - QTN,,) dc (37’3 
an: 

- Q,‘ti,) dc + 
s 

QT$ dc 
an: 

Q,‘&,. dc - 
s an: 

+ 
s 

Q;w, dc - QTG dc (37c) 
ani s 

aRJ 
0 

rz = 
s 

(NT2 tin - N,T, I?) dc (W 
an: 

It should be noted that all terms of r,* not 
involving @ or d, are of no significance for an 
approximate solution and are therefore not listed 
explicitly. 

An optimal relationship between @ 
sense of variation can be obtained from 

ar:/acT = -Hc + Sd, + rl 

This leads to 

and d, in the 

(38) 

C = Cd, + g 

where G = H-IS and, g = HP’r, and 
forwardly yields the expression of r,* 
of d, and other matrices: 

I-,* = d,‘GTHGd,/2 + + d:[G’Hg + 

+ terms without d, 

(39) 

then straight- 
only in terms 

r21 
(40) 

So the element stiffness matrix K, and the 
equivalent nodal force vector P, are in the form 

K, = GTHG (41) 

P,= -GTHg-r2 (42) 

Numerical applications 

As numerical illustrations of the present element 
model, some examples have been chosen for which 
analytical solutions are known. Besides the HT finite 
elements, the conventional displacement elements (C- 
DE)22 are used for comparison. 
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Example 1: A square plate on a Winkler medium Table 2. w, and M, for a square plate on the two-parameter 
(Figure 2) foundation with Kp = 200, h/a = 0.005, and v = 0.25 

A square plate with two adjacent edges fixed and 
the remaining simply supported on a Winkler-type 
foundation is subjected to a uniform load q. The 
initial data are as follows: 

a = 1 m, k, = 5 kg/cm3, h = 1 cm, v = 0.3, 

E = 2 x lo6 kg/cm2 

The plate has been analyzed with several finite- 
element meshes (N x N, N = 2, 4, and 6). Elements of 
both the present HT FE model and C-DE formulation 
have been tested. The results for the bending moments 
on a clamped boundary, say, y = 0, M, (M, = M,qa’) 
are listed in TabZe 1. It can be seen from the table that 
the difference between the two FE models diminishes 
with refinement of the element meshes. But for a small 
value of N, the HT FE formulation seems more accurate 
than conventional approaches. 

Example 2: A square plate on a two-parameter 
foundation 

The example produces the results appearing in 
Ref. 24 of a simply supported square plate on a 

c--s--l 

Figure 2. Square plate with two adjacent edges fixed and the 
others simply supported on a Winkler medium. 

Table 1. Bending moment coefficients Mc(M, = A@$) for a 
square plate on a Winkler-type foundation at y = 0 

x 0.2a 0.4a 0.6a 0.8a 

T” 2x2 -0.01058 -0.1862 -0.2030 -0.01438 

; 4x4 6x6 -0.01113 -0.01169 -0.1914 -0.1975 -0.2085 -0.2113 -0.01489 -0.01510 

c - 
b 2x2 4x4 -0.01012 -0.01102 -0.1901 0.1799 -0.2069 -0.1988 -0.01375 -0.01463 
E 6x6 -0.01165 -0.1973 -0.2110 -0.01507 

Exact23 - 0.01193 -0.1986 -0.2122 -0.01510 

gp=5 gp= 20 
wo MO wo MO 

; 2x2 0.2133 2.3132 0.1472 1.5105 
F 4x4 0.2212 2.3965 0.1533 1.5887 
E 6x6 0.2259 2.4101 0.1562 1.6089 

c k 4x4 2x2 0.2079 0.2198 2.3603 2.2813 0.1519 0.1421 1.5696 1.4739 

E 6x6 0.2256 2.4093 0.1561 1.6080 

BEMa 0.2250 2.4066 0.1560 1.6064 
Exact24 0.2264 2.4179 0.1568 1.6129 

‘The results are obtained by the boundary element method with 32 
boundary elements.24 

two-parameter foundation with side length a and 
modulus of elastic foundation K,,( = k,a4/D) = 200. 
The plate is subjected to a uniform load q. 

Owing to the symmetry of the problem only one 
quadrant of the plate is modelled by finite meshes 
(2 x 2, 4 x 4, 6 x 6) and analyzed by both HT FE 
and C-DE codes. The results of central deflections, 
wc( = w0 x 10P2qa4/D), and central bending moments, 
M,( = M, x lo-‘qa’), are shown in Table 2 for different 
values of gp( = G,a’/D), and comparison is made with 
the results obtained by the boundary element method.24 

It can be seen from these two tables that the results 
are in good agreement with other solutions. As 
expected for both examples, it was found from the 
numerical results that the deflections and moments 
converge gradually to the analytical results along 
with refinement of the element meshes. 

Concluding remarks 

A HT FE model for a thin plate resting on an elastic 
foundation is developed based on a newly derived 
modified complementary principle and a set of 
T-complete functions. The foundation may be of the 
Winkler or Pasternak type. On the basis of the 
formulas presented and the conventional FE model, 
two numerical examples have been calculated with 
several finite-element meshes. The discrepancy between 
the two models begins to disappear and the results 
converge gradually to the analytical results when the 
mesh density N is increased. Although the proposed 
formulation and the numerical examples are confined to 
the simple HT finite elements, further extensions are 
possible and straightforward, such as the use of HT plate 
elements with p-approach capabilities, various elements 
with special functions for efficient handling of various 
local effects arising in the vicinity of obtuse corners, 
holes, cracks, etc., taking into account in each case the 
singular solution character. We hope to present the 
theoretical and numerical results of these in the near 
future. 
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Nomenclature 

a 

cu’ 

D 
E 
GP 
h 
k 

Mii 
Mij 
ni 

side length of a square plate 
a part of boundary 6R of the solution domain R, 
on which deflection w is prescribed; C,, CR, et al. 
are defined similarly 
Eh3/12(1 - v’), the plate flexural rigidity 
modulus of elasticity 
shear modulus of Pasternak-type foundation 
thickness of plate 
subgrade reaction operator 
= k, for Winkler-type foundation 
= k, - G,V2 for Pasternak-type foundation 

bending moment 
twisting moment (i #j) 
component of the outward normal to the boundary 
ac2 
lateral distributed load 
(x’ + y2)“2 
component of the tangent to boundary aR 
complementary energy density 
lateral deflection 
variational symbol 
the Kronecker delta 

arctg(ylx) 
Poisson’s ratio 
over a symbol denotes prescribed value 
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