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Abstract A computational model is proposed for short-fiber reinforced materials with
the eigenstrain formulation of the boundary integral equations (BIE) and solved with
the newly developed boundary point method (BPM). The model is closely derived from
the concept of the equivalent inclusion of Eshelby tensors. Eigenstrains are iteratively
determined for each short-fiber embedded in the matrix with various properties via the
Eshelby tensors, which can be readily obtained beforehand either through analytical or
numerical means. As unknown variables appear only on the boundary of the solution
domain, the solution scale of the inhomogeneity problem with the model is greatly re-
duced. This feature is considered significant because such a traditionally time-consuming
problem with inhomogeneity can be solved most cost-effectively compared with existing
numerical models of the FEM or the BEM. The numerical examples are presented to
compute the overall elastic properties for various short-fiber reinforced composites over
a representative volume element (RVE), showing the validity and the effectiveness of the
proposed computational modal and the solution procedure.

Key words short-fiber, equivalent inclusion, eigenstrain, Eshelby tensor, representative
volume element, boundary integral equation, boundary point method

Chinese Library Classification O241
2000 Mathematics Subject Classification 74S15, 74S05

Introduction

The determination of elastic states of an embedded inclusion is of considerable importance
in a wide variety of physical and engineering problems. Since the pioneering work of Eshelby[1],
inclusion and inhomogeneity problems have been a focus of solid mechanics for several decades.
In the terminology of Eshelby and Mura[2], an inclusion denotes a sub-domain subjected to
an eigenstrain or a transformation strain in a solid. On the other hand, an inhomogeneity
is a region with properties distinct from those of the surrounding material and subjected to
an applied stress. However, it is noted that in the literature, the term “inclusion” has been
referred to as “inhomogeneity” in the sense of Eshelby. In the paper, the original terminology of
Eshelby is employed. Following Eshelby’s idea of equivalent inclusion and eigenstrain solution,
a significantly diverse set of research work has been reported[3–12]. The eigenstrain solution can
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represent various physical mechanical problems where eigenstrain may correspond to thermal
strain mismatches, strains due to phase transformation, plastic strains or fictitious strains
arising in the equivalent inclusion problems, overall or effective elastic, quantum dots, as well
as the intrinsic strains in the residual stress problems[13].

The analytical models can offer a basis for understanding and predicting the stress/strain
distribution either within or outside the inhomogeneity and for further research on the prob-
lem. However, these analytical solutions were generally obtained for simple geometries such
as ellipsoidal, cylindrical and spherical in an infinite domain. Therefore, numerical simulations
using finite element methods (FEM), volume integral methods (VIM) or boundary element
methods (BEM) have been used in the analysis with various shapes and materials. The FEM
may yield results for whole composite materials, including inhomogeneity[7]. The solution scale
would be large since both the matrix and every inhomogeneity should be discretized. In the
VIM[8−9], the zones of inhomogeneity are represented by volume integrals, which will essen-
tially simplify construction of the final matrix of the system of linear algebraic equations to
which the problem is reduced to some extent after the discretization. However, as the interfaces
need to be discretized for unknown variables, only small scale problems have been studied for
a few inhomogeneities. The situation in the application of the BEM, often coupled with the
VIM[10−11], is much the same as that of the VIM in which the problems of simple arrays of
inclusions were solved in small scales owing to a similar reason that the unknown appears in
the interfaces. For large scale problems in the context of the BEM[12], special techniques of
fast multipole expansions [14] should be employed so that the solution complexity increases. It
seems even more difficult to find a suitable model for the simulation of short-fiber reinforced
materials numerically[15].

Following Eshelby’s idea of the equivalent inclusion, a computational model is proposed in
the paper for short-fiber reinforced materials with the eigenstrain formulation of the BIE and
solved with the BPM [16]. The eigenstrains are determined iteratively for each short-fiber em-
bedded in the matrix with various properties via the Eshelby tensors, which are determined
beforehand through numerical means. As the unknowns appear only on the boundary of the
solution domain, the solution scale of the inhomogeneity problem with the model is signifi-
cantly reduced. The numerical examples show the validity and effectiveness of the proposed
computational model.

1 The boundary integral equations

The perfect adhesion between the fiber (inhomogeneity) and the matrix, both of them being
isotropic materials, are assumed so that the displacement continuity and the traction equilib-
rium remain along their interface in the computational model. The problem domain considered
is a bounded region Ω filled with the matrix surrounded by the outer boundary Γ. The fiber
zones in the domain are denoted by ΩI, with interface ΓI and ΓI = ΩI ∩ Ω. The displacement
field of the problem can be described by the basic BIE as follows:

C(p)ui(p) =
∫

Γ

τj(q)u∗
ij(p, q)dΓ(q) −

∫
Γ

uj(q)τ∗
ij(p, q)dΓ(q) +

∑
II, (1)

where u∗
ij is the Kelvin solution, or the displacement in j direction at the field point q under a

unit force acting in i direction at the source point p; τ∗
ij is the corresponding traction kernel;

and C represents a term depending on the position of the source point and the boundary
geometries[17].The last term in the equation represents the effect of all the fibers summed by
the boundary integrals along the interfaces:

II =
∫

ΓI

τj(q)u∗
ij(p, q)dΓ(q) −

∫
ΓI

uj(q)τ∗
ij(p, q)dΓ(q). (2)
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It is noted that II locally describes an exterior problem. For a complete solution, there
should be complementary equations corresponding to each of the integrals (2) as follows:

C(p)uI
i(p) =

∫
ΓI

τ I
j (q)u

I
ij(p, q)dΓ(q) −

∫
ΓI

uI
j(q)τ

I
ij(p, q)dΓ(q), (3)

where the superscript “I” denotes those state quantities corresponding to fibers. In contrast
to that of the integral (2), each of the complement equations (3) locally describes an interior
problem. The basic BIE (1) together with (3) can be solved simultaneously with the conven-
tional BEM. However, this will make the solution scale very large since the unknowns appear
on both the outer boundary Γ and the interfaces ΓI, making the two equations serve only as the
starting point in the paper. As the interfaces bounded perfectly, the following relations hold
because of the displacement continuity and the traction equilibrium:

uj = uI
j, τj = −τ I

j , τ∗
ij = −τ I

ij . (4)

Let p ∈ Ω in both (2) and (3), i.e., p does not belong to any of the fiber zones. Notice
that (3) describes an interior problem, there is C = 0. With the interface relations (4) and
the complementary equations (3), the exterior problem (2) can then be transformed into an
equivalent interior problem written as follows:

II = −
∫

ΓI

τ I
j(q)u

∗
ij(p, q)dΓ(q) +

∫
ΓI

τ I
j (q)u

I
ij(p, q)dΓ(q). (5)

Note that the first integral at the RHS of (5) describes a state of ΩI filled with the matrix
material, while the second integral describes a state of domain ΩI filled with the fiber material.
Both of the integrals describe interior problems. At this stage of derivation, the integral iden-
tities need to be introduced. It can be shown that the following integral identities hold for any
homogeneous domain Ω with boundary Γ, i.e.,

Cui +
∫

Γ

ujτ
∗
ijdΓ(q) =

∫
Γ

τju
∗
ijdΓ =

∫
Ω

εjkσ∗
ijkdΩ =

∫
Ω

σjkε∗ijkdΩ, (6)

where σ∗
ijk and ε∗ijk are the corresponding stress and strain kernels, respectively, to the Kelvin

solution. The integral identities (6) can be seen as an integral form of the reciprocity theorem
in elasticity. By invoking (6), Eq. (5) can be rewritten as

II = −
∫

ΩI

εC
jk(q)σ∗

ijk(p, q)dΩ(q) +
∫

ΩI

εI
jk(q)σI

ijk(p, q)dΩ(q), (7)

where εC
jk denotes the fictitious matrix strain in domain ΩI under the action of interface trac-

tions but filled with the identical material of the matrix without the fiber, or the so called
equivalent inclusion, while εI

jk represents the strain of fiber under the same interface tractions.
By introducing the concept of eigenstrain ε0

jk = εI
jk − εC

jk and noticing that the kernel relation
σ∗

ijk = σI
ijk exists, the integral II in (7) can be written as

II =
∫

ΩI

ε0
jk(q)σ∗

ijk(p, q)dΩ(q). (8)

Therefore the original BIE (1) becomes

C(p)ui(p) =
∫

Γ

τj(q)u∗
ij(p, q)dΓ(q)−

∫
Γ

uj(q)τ∗
ij(p, q)dΓ(q) +

∑ ∫
ΩI

ε0
jk(q)σ∗

ijk(p, q)dΩ(q). (9)
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It can be seen that the BIE (1) together with (3) have been reduced to a single BIE (9) with
a sum of domain integrals for fibers, namely the eigenstrain formulation of the BIE in the paper.
Each domain integral describes an equivalent inclusion made of the identical material with the
matrix containing eigenstrains, an idea originated from Eshelby[1] and developed by Mura[2] and
other authors. The eigenstrains are defined as the stress-free strains of the equivalent inclusion,
which will cause the same traction state at the interfaces and the stress state in the matrix as
the fiber. If ε0

jk = 0, Eq. (9) describes an elastic state of a homogeneous problem. Therefore, it
can be seen that the key step for the solution of the BIE (9) turns out to be how to determine
the eigenstrains in each of the fibers. This issue will be discussed in the next section.

In the solution procedure, the stress equation which is derived from (9) is also indispensable:

C(p)σij(p) =
∫

Γ

τk(q)u∗
ijk(p, q)dΓ(q) −

∫
Γ

uk(q)τ∗
ijk(p, q)dΓ(q)

+
∑ ∫

ΩI

ε0
kl(q)σ

∗
ijkl(p, q)dΩ(q) + ε0

kl(p)O∗
ijkl , (10)

where
O∗

ijkl(p, q) = lim
Ωε→0

∫
ΔΓε

xlτ
∗
ijk(p, q)dΓ(q) (11)

and Ωε surrounded by the boundary Γε is a infinitesimal zone within ΩI when the two points
q and p coincide[18−19], and xl = xl(q) − xl(p). The derivation procedure can be found in the
BEM book[17].

In certain cases such as dealing with crack problems with inhomogeneity, it is desirable to
use the traction equation, which can be derived with the Cauchy relation τi = σijnj directly
from the stress equation (10) by making p ∈ Γ:

Cτi(p) = nj(p)
∫

Γ

τk(q)u∗
ijk(p, q)dΓ(q) − nj(p)

∫
Γ

uk(q)τ∗
ijk(p, q)dΓ(q)

+ nj(p)
∑∫

ΩI

ε0
kl(q)σ

∗
ijkl(p, q)dΩ(q) + nj(p)ε0

kl(p)O∗
ijkl , (12)

where nj is the unit outward normal at point p. The traction equation (12) is a hypersingular
BIE. The domain integrals in (9), (10) and (12) can be evaluated by using the corresponding
boundary type integrals[18−19] to be discussed later.

It needs to be pointed out that the present model for composite materials is based on the
eigenstrain formulation of the BIE. With this formulation, the system unknowns appear only
on the outer boundary Γ but not on the interfaces ΓI, which contribute to most of the solution
scale. This means that the solution scale of the problem with the proposed model will remain
fairly small, an outstanding feature compared sharply with the traditional numerical models
using the FEM or the BEM.

2 Solution procedures

In this section, the outline of the solution procedures and related issues will be shown for the
eigenstrain formulation of the BIE. The eigenstrains in each fiber depend on the applied stresses
or strains, the geometries as well as the material constants. Following the idea of Eshelby[1],
the eigenstrains in an inclusion with identical material to the matrix without applied stress
correlate the constrained strains εC

ij by a tensor Sijkl, i.e., the Eshelby tensor, as follows:

εC
ij = Sijklε

0
kl. (13)

The Eshelby tensor is only geometry dependent and generally takes the form of integrals. For
simple geometries, the components of Sijkl are available in literature[5]. It needs to be pointed
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out that (13) is generally applicable for a single inclusion with a homogeneous eigenstrain in
infinite space. For a finite domain, the condition of applying homogeneous eigenstrains should
be that the volume of inclusions is sufficiently small and maintain certain distances among
themselves, which is the case in the present work. For an inhomogeneity under applied strains
εij to be replaced by an equivalent inclusion without altering its stress state, the following
relation should be held via Hooke’s law:

μI{(εC
ij + εij) +

νI

1 − 2νI
δij(εC

kk + εkk)}

= μ{(εC
ij + εij − ε0

ij) +
ν

1 − 2ν
δij(εC

kk + εkk − ε0
kk)}, (14)

where μ and ν are the shear modulus and Poisson’s ratio, respectively. The subscript “I”
denotes those of the fiber. By defining the ratio of modulus β = μI/μ and supposing νI = ν
and cancelling εC

ij by using (13) and (14), the eigenstrains ε0
ij can be obtained from the applied

strains εij by the following equations:

ε0
ij =

1 − β

1 − 2(1 − β)Sijij
εij (i �= j), (15a)

ν

1 − 2ν
(1 − β)Skkmnε0

mn + (1 − β)Sijmnε0
mn +

ν

1 − 2ν
ε0

kk + ε0ij

= − (1 − β)(
ν

1 − 2ν
εkk + εij) (i = j). (15b)

Obviously, the applied strains or the applied stress at each fiber will be disturbed by other
fibers, especially those in the adjacent zone surrounding the concerned fiber. As a result, the
applied strains to the eigenstrains should be corrected iteratively in the computation. After
discretization and incorporated with the boundary conditions, either Eq. (9) or Eq. (12) can be
written in the matrix form as

Ax = b + Bε, (16)

where A is the system matrix, B the coefficient matrix related to the kernels in the domain
integrals in (9) or (12), b the right vector related to the known quantities with the outer
boundary and the corresponding kernels, and x the vector unknowns of the outer boundary,
ε is the vector of eigenstrains of all the fibers to be corrected in the iteration. It needs to be
pointed out that all of the coefficients in A, B and b are constants and need to be computed
only once. At the starting point, the vector ε is assigned an initial value, with the applied
strains via (15) at each position of fibers in the elastic state computed irrespective of the fiber.
The unknown vector x can then be computed by the following simple iterative formulae:

x(k+1) = A−1(b + Bε(k)), (17)

where k is the iteration count. Defining the maximum iteration error as

εmax = max |{ε(k) − ε(k−1)}|, (18)

which is the maximum difference of the eigenstrain components between the two consecutive
iterations. The convergence criterion in the present study is chosen as follows:

Eεmax ≤ 10−3, (19)

where E is the Young’s modulus of the matrix. If the criterion (19) is not met, then the stress
states at each fiber are computed using (10) with the renewed vector x, and then with the
applied strains to renew the values of the eigenstrains. It should be addressed here that in
the use of equation (10), the domain integral for the current fiber must be excluded from the
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computation because the stress states at the due place represent the disturbance of all the
other inhomogeneities in the problem domain under the prescribed boundary conditions. If the
criterion (19) is met, we proceed to the next steps, including the computation of the stresses
interested or the overall properties, etc.

The principal steps in the solution procedures can be summarized as follows:
(a) Compute the constant coefficients in A, B and b in Eq. (16).
(b) Assign vector ε with the initial value of the applied strains via Eq. (15) at each position

of the inhomogeneities at the elastic state computed without the current inhomogeneity.
(c) Compute the unknown vector x using the iterative formulae (17) with the current eigen-

strain vector ε.
(d) Check the convergence criterion (19).
(e) If the criterion (19) is not met, perform the following computation and then return to

the step (c). Otherwise, go to step (f).
i) Compute the current applied stresses at each place of inhomogeneity using Eq. (10) with

the current inhomogeneity at the due place excluded.
ii) Compute the current applied strains at each place of inhomogeneity via Hooke’s Law.
iii) Renew the eigenstrain vector ε using Eq. (15).
(f) Compute the stresses interested or the overall properties.
It can be seen that the determination of eigenstrains in each of the fibers is the crucial

step where the Eshelby tensor plays an essential role. Although some explicit expressions exist
in the literature for the simple cases, in general the Eshelby tensor can always be obtained
conveniently via numerical means. Consider a single equivalent inclusion with eigenstrains in
an infinite medium under stress-free conditions, Eqs. (9) and (10) are, respectively, reduced to
the following form:

ui (p) =
∫

ΩI

ε0
jk (q)σ∗

ijk (p, q) dΩ (q), (20)

σij (p) =
∫

ΩI

ε0
kl (q) σ∗

ijkl (p, q) dΩ (q) + ε0
kl (p)O∗

ijkl. (21)

Assuming the case of uniform distribution of eigenstrains in the equivalent inclusion, which
is true in the case of simple geometries[1], both Eqs. (20) and (21) can be transformed into
boundary-type integrals as[18−19]

ui (p) = ε0
jk

∫
ΓI

xkτ∗
ij (p, q) dΓ (q), (22)

σij (p) = ε0
kl

∫
ΓI

xlτ
∗
ijk (p, q) dΓ (q). (23)

Equations (20) and (21) describe the displacement and the stress fields, respectively, in both
the matrix when p ∈ Ω and in the equivalent inclusion when p ∈ ΩI. The displacement fields
are continuous, however, the value of stresses will have a jump when the source point p crosses
the interface ΓI because the kernels xkτ∗

ij are regular whereas xlτ
∗
ijk are strongly singular when

p ∈ ΓI.
Recalling the definition of eigenstrains ε0

jk = εI
jk−εC

jk in the derivation of (9) and comparing
with that of Eshelby’s, one can clearly see that εC

jk corresponds to the constrained strains in
the equivalent inclusion in the sense of Eshelby in the case of a single inclusion in an infinite
medium under stress-free conditions. If the source point p is inside domain ΩI, σij becomes the
constrained stress in the equivalent inclusion and the boundary-type integral (23) is regular,
which can be evaluated numerically and as accurately as possible. Combining Eqs. (13) and
(23) with Hooke’s law εC

ij = Cijklσkl, where Cijkl represents the elastic compliance tensor of
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the matrix, the Eshelby tensor can then be expressed as follows:

Sijkl = Cijmn

∫
ΓI

xkτ∗
mnl (p, q) dΓ. (24)

It can be seen from (24) that the Eshelby tensor is only geometry-dependent. It can be also
shown that (24) is equivalent to Eshelby’s expression for Sijkl , but is more suitable for numer-
ical evaluations. In the case of non-uniform distribution of eigenstrains, the domain integrals
(20) and (21) can also be transformed into the corresponding boundary-type integrals without
difficulty by assuming the complete polynomial expansion of eigenstrains[18−19]. However, this
case is not considered in the present study.

The domain integrals in Eqs. (9), (10) and (12) can be evaluated by the following boundary-
type integrals[18−19]:

∫
ΩI

σ∗
ijkdΩ =

∫
ΓI

xkτ∗
ijdΓ, (25)

∫
ΩI

σ∗
ijkldΩ + O∗

ijkl =
∫

ΓI

xlτ
∗
ijkdΓ, (26)

where all the techniques in the BPM become applicable at the interfaces ΓI
[16], i.e., the interfaces

are discretized by interface nodes. Each node has a territory and integrals in (25) and (26) are
evaluated by boundary-type integrals in closed loops, while the one-point computing can be used
in most cases when the two-point distances are not extremely small. However, there are two
special aspects to be addressed here. The first is that the purpose of evaluating domain integrals
is for computing the influences of eigenstrains in fibers on the outer boundary unknowns but
not for the system matrix itself. The second is that the use of boundary-type integrals in closed
loops is necessary only in a few cases when the distances between the source and the field
points are small. This means that the domain integrals can be evaluated simply by one-point
computing with reasonable accuracy if the two-point distance is not extremely small, which will
be addressed elsewhere.

3 Numerical examples

All the numerical examples are computed using the BPM in the paper. The cylindrical fibers
are approximated with elliptical inhomogeneities of large aspect ratios as shown in Fig. 1(a),
where the areas of the fiber and the elliptic are maintained as in the 2D case. To check the
validity, a single fiber problem is considered first over a rectangular zone under the unit uniform
single tension in x1 direction as shown in Fig. 1(b) with L/B = 0.1 and L/R = 10 . The outer
boundary and the interface are discretized using N = 150 and NF = 120 nodes, respectively.
The problem is solved by the combined use of Eqs. (1) and (3) as the control, namely, the
domain decomposition, since there are two (or more) zones coupled at the interfaces in the
solution domain with distinct material properties. Two shaped fiber zones, the cylindrical
(solid line) and the elliptical (dot line) in Fig. 1(a), are employed in the computation. At the
same time, the problem is solved by the eigenstrain formulation (9) for the elliptical zone. The
Eshelby tensor required for evaluating the eigenstrains in elliptical fiber is computed numerically
using Eq. (24) beforehand as shown in Fig. 2.

The computed results are shown in Fig. 3 and Fig. 4 using the ratio of modulus β = μI/μ =
10, where μI and μ are the shear modulus of the fiber and the matrix, respectively. It is seen
from Fig. 3 and Fig. 4 that the stress fields of the two fiber shapes are very similar especially
for far fields so that the cylindrical fibers can be well represented with the elliptical fibers if
the fibers are not too densely populated in the matrix. There is also almost no difference
between the results computed by the domain decomposition and the eigenstrain formulation
(9) as expected for the elliptical zone, which is not shown here.
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Fig. 1 Schematics of the single fiber problem
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Fig. 4 Computed stresses along x2 direction perpendicular to the axis of the fiber

The overall elastic properties of short-fiber composites are computed over a rectangular
RVE (Fig. 5), where NI is the number of fibers in the computational domain, with various
fiber properties and aspect ratios and quantities. The outer boundary and the interface are
discretized using N = 150 and NF = 300 nodes when necessary. This means that discretization
is only necessary for a fiber when distances between the source and field points are small so
that domain integrals need to be evaluated by the quadrature of boundary type integrations
over closed loops. The use of NF = 300 is for the fine description of the fiber with large
aspect ratios of up to L/R = 100. Otherwise, the domain integrals are evaluated by one-point
computing so that the discretization of fibers is unnecessary in most cases. Figure 6 shows
overall properties of the RVE as a function of the ratio of modulus, β, where EL and ET are the
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longitudinal and transverse Young’s moduli, respectively. The small β corresponds to the soft
fibers such as the strip-like MnS along the rolling direction in steel plates, which deteriorate
the properties of the steel in the thickness direction. It can be seen from Fig. 6 that the soft
fibers lower only the transverse modulus, while the stiff fibers increase the longitudinal modulus.
Poison’s ratios in the longitudinal direction are almost unaffected by the ratio of modulus, while
those in the transverse direction vary non-monotonically. Figure 7 shows the overall properties
of the RVE as a function of the aspect ratio of fibers with the areas of the fibers 4RL are
kept constant. It can be seen from Fig. 7 that the soft fibers have almost no effect on the
longitudinal modulus, while the rigid fibers have almost no effect on the transverse modulus.
Figure 8 gives the effect of the fiber quantities on the overall properties of the RVE, showing
that the properties correspond to the different increasing rates of fiber quantities with different
aspect ratios of fibers. The numerical examples verify the validity and the effectiveness of the
proposed computational model.

Since the unknowns at the interfaces do not appear in the system equations, the solution scale
of the problem with the proposed model is very small compared with the FEM and the BEM
models. For example, the size of the system matrix of the RVE will remain (2N)2 = 9× 104 no
matter how many fibers are included in the computational model. In sharp contrast, the size of
the system matrix will become (2N + NI × 4NF)2 = 1.45×1010, if the domain decomposition is
used by combining equations (1) and (3), 1.6×105 times of that of the present model using the
eigenstrain formulation (9). In general, the convergence can be achieved after a few iterations
with the criterion (19). The maximum iterations in the paper do not exceed ten. However,
in practice the convergence rate will decrease with an increase in the volume fraction of the
inhomogeneities. Thus, convergence behavior needs to be studied in future research.

(a)  NI = 100 (b)  NI = 400

Fig. 5 The RVE for the computation of short-fiber composites
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Fig. 8 The overall properties of the RVE as a function of the quantity of fibers

4 Conclusions

The novel computational model and solution procedure are proposed for short-fiber compos-
ite materials with eigenstrain formulation of the BIE and solved with the BPM in the paper.
As the unknown variables appear only on the boundary of the solution domain, the solution
scale of the inhomogeneity problem with the present model remains fairly small compared with
the traditional computational model using the FEM or the BEM. The model and the solution
procedure are both closely derived from concepts of the equivalent inclusion of Eshelby with
eigenstrains. These are determined iteratively via the Eshelby tensors, which can be readily
obtained beforehand through analytical or numerical means. The convergence of the algorithm
can be achieved within a few iterations. The validity and the effectiveness of the proposed
computational model and the solution procedure are demonstrated by the numerical examples.
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