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Abstract This paper presents our new development of
parallel finite element algorithms for elastic–plastic prob-
lems. The proposed method is based on dividing the original
structure under consideration into a number of substructures
which are treated as isolated finite element models via the
interface conditions. Throughout the analysis, each proces-
sor stores only the information relevant to its substructure and
generates the local stiffness matrix. A parallel substructure
oriented preconditioned conjugate gradient method, which is
combined with MR smoothing and diagonal storage scheme
are employed to solve linear systems of equations. After
having obtained the displacements of the problem under
consideration, a substepping scheme is used to integrate
elastic–plastic stress–strain relations. The procedure outlined
controls the error of the computed stress by choosing each
substep size automatically according to a prescribed toler-
ance. The combination of these algorithms shows a good
speedup when increasing the number of processors and the
effective solution of 3D elastic–plastic problems whose size
is much too large for a single workstation becomes possible.

1 Introduction

The finite element analysis of elastic–plastic behaviour is a
subject of great importance for fundamental and practical
reasons. Elastic–plastic modelling can help us make a more
complete use of the strength resources of solids and leads to
an efficient method for calculating details of machines and
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structures as regards to their load-bearing capacity. However,
as increasingly large-scale three-dimensional finite element
models are currently being used in various disciplines for
realistic simulation of engineering problems, the use of such
complex models raises a number of questions in relation to
accuracy and efficiency. On the issue of accuracy, an accurate
algorithm for integrating the stress–strain relations is a key
factor. On the issue of efficiency, recent advances in parallel
supercomputer technology provide the most promising way
to reduce the computing time for large-scale elastic–plastic
applications. The combination of both thus makes it feasi-
ble to analyse some extremely complicated and large-scale
structures accurately and efficiently.

The analysis of nonlinear elastic–plastic problems must
proceed in an incremental manner since the solution at any
stage may not only depend on the current displacement of
the structure, but also on the previous loading history. A sim-
plified depiction of sequential program structure is given in
Fig. 1. The diagram on the right-hand side of Fig. 1 indicate
the bulk of the computing time which is spent on each part
of the program. For extremely large three-dimensional prob-
lems the overall CPU time is more and more dominated by the
solution of system of equations. The only other parts of the
program that require significant computational resources are
the computation of the stiffness matrices for each element and
evaluation of strains and stresses for each integration point.
For large-scale three-dimensional problem, the integration of
strain–stress relations and the solution of equations form two
important stages in finite element elastic–plastic analysis.

The aim of the present research is to develop the effective
algorithms which exploit all the possibility of reducing CPU
time on parallel processing systems for the elastic–plastic
modelling. Previous researchers, [1–6] have implemented
such non-linear analysis on parallel computer systems, but
the integration schemes they employed are based on the
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Fig. 1 Program structure for elastic–plastic analysis

conventional finite element method in which no measure is
used to control the error in the integration process. It is well-
known that the error in the computed stresses is crucial for
the non-linear elastic–plastic analysis, since too large error
can cause a prolonged iteration to converge or even lead to a
diverged solution. For this purpose, Polat et al. [7], Wissmann
et al. [8] and Pezeshk et al. [9] introduced several algorithms
for accurate integration of elastic–plastic constitutive rela-
tions. It is especially worthy noting that two explicit schemes
with adaptive substepping developed by Sloan [10], the mod-
ified Euler scheme and the Runge–Kutta–England scheme,
in which the difference between the solutions obtained via
two integration procedures with truncation errors of differ-
ent order is used to determine the substep size. This idea
has been further adopted and extended in a series of papers
by Luccioni et al. [11], Sloan et al. [12], Tamagnini et al.
[13], Jakobsen et al. [14] and Fellin et al. [15]. Based on
all these previous works, we will introduce a modified sub-
stepping scheme for elastic–plastic stress integration process.
This method is applicable to any type of constitutive model
with the ability to control the error in the integration process
by adjusting the size of each substep automatically. However,
some kind of stress correction is still required when the strain
(work) hardening model is considered.

It has been widely realized that the calculation of the
displacements can become a bottleneck for parallel imple-
mentation, since the global matrix and vector need to be
assembled at this stage. It would be desirable from a par-
allel processing viewpoint that the assembly of the global
equations could be avoided, that is, the selected numerical
algorithm could be operated at the element level. Technique
to solve the linear system of equations may generally be
classified into direct and iterative methods. In selecting a
solution scheme from a multi-processing system, iterative
methods are usually preferred for solving large sparse

systems of linear equations. The advantage of the iterative
method employed in the finite element analysis is that it does
not change the structure of stiffness matrix and maintains its
sparsity. Hence, the computational costs and memory space
associated with zero fill-ins can be greatly reduced by using a
suitable storage scheme. Some researcher have successfully
brought some new algorithms into the practical use, such as
King et al. [16], Hughes et al. [17], Law [18], Farhat et al.
[19]. Thus, this paper will also focus on the establishment of
algorithm which can be used to implement parallel comput-
ing on the solution of the linear system of equations. A com-
bination of preconditioned conjugate gradient method with
minimal residual (MR) smoothing will be employed. In the
resulting parallel algorithm, assembling of the global system
matrix is not performed, but the displacements for each sub-
structure are computed directly. We use a diagonal storage
scheme to store the stiffness matrix of each substructure in
order to reduce the computational costs and memory usage.
A number of other techniques, including element number-
ing and optimization of interprocessor communication, have
been implemented into our parallel program developed via
message passing interface (MPI).

We will present the utility of these algorithms in two typi-
cal elastic–plastic problems. The program performance anal-
ysis will be provided which indicates the advantage of the
algorithms developed in this research work.

This paper chronicles our experience with parallel finite
element analysis in the context of non-linear elastic–plastic
finite element simulation over the past 2 years. An outline
of the paper is as follows. Section 2 presents a fundamental
elastic–plastic stress–strain formulation used in the elastic–
plastic finite element computations. In Sect. 3, we will discuss
an advanced substepping scheme. Summary of the precon-
ditioned conjugate gradient technique (PCG) and minimal
residual (MR) smoothing is also presented in Sect. 4. A new
parallel algorithm for solving the system of equations is
presented in Sect. 5. This algorithm is based on the pre-
conditioned conjugate gradient method combined with MR
smoothing. In Sect. 6, we will induce the complete paral-
lel program structure. Numerical experiments are reported
in Sect. 7 and concluding remarks are offered in Sect. 8.

2 Fundamental elastic–plastic stress–strain formulation

In the present study, The elastic–plastic model employed is
based on an elastic and isotropic hardening plastic model in
[20]. Starting from the assumption that there is an additive
relationship between following strain increments:

�ε = �εe +�εp (1)

where �ε is the total strain increment, �εe and �εp are,
respectively, the increments of elastic and plastic strains.
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The elastic strain rate increment is governed by Hooke’s law

�εe = De
−1 : �σ (2)

and it is assumed that the plastic strain increment is propor-
tional to the stress gradient of a quantity termed the plastic
potential Q, so that

�εp = �λ
∂ Q

∂σ
(3)

where λ is a non-negative plastic scalar. So we can rewrite
Eq. (1) as

�ε = De
−1 : �σ + ∂ Q

∂σ
�λ (4)

It is quite generally postulated that yielding can occur only
if the stress σ satisfy the general yield criterion

F(σ, κ) = 0 (5)

where κ is a hardening parameter, which is dependent on
the plastic loading history. A typical hardening parameter
commonly used in practice is the effective plastic strain ε̄p

defined by

ε̄p =
√

dεp : dεp (6)

The effective plastic strain is seen as the accumulation of
plastic strain. Another commonly used hardening parameter
is the plastic work Wp defined by

Wp = σ : dεp (7)

The plastic work physically represents the energy dissipation
associated with plastic deformation.

Equations (6) and (7) together with the flow rule of Eq. (3)
indicate that the increment of the hardening parameter �κ

can be expressed in general as

�κ = �λh (8)

where h is a scalar function defined by:

h =
{∥

∥
∥ ∂ Q

∂σ

∥
∥
∥ Strain hardening

σ
∂ Q
∂σ

W ork hardening

When plastic yielding is occurring the stresses are on the
yield surface given by Eq. (5). Differentiating this we can
therefore write

d F = ∂ F

∂σ
�σ + ∂ F

∂κ
�κ = 0 (9)

Equations (5) and (9) are known as consistency conditions,
which must be maintained when plastic yielding occurs.

By using Eqs. (1)–(9), we obtain, after some transforma-
tion, the complete elastic–plastic incremental stress–strain
relation to be as

�σ = (De − Dp) : �ε = Dep : �ε (10)

and

Dep = De − De :
{

∂ Q

∂σ

}
:
{

∂ F

∂σ

}T

: De

[

H +
{

∂ F

∂σ

}T

: De :
{

∂ Q

∂σ

}]−1

(11)

where H is the hardening modulus, which is generally
assumed to be a function of the hardening parameter κ . For
associated plasticity, which is adopted in this project, the
plastic potential Q is assumed to be consistent with the yield
function F . So we can simply write Dep as

Dep = De − De : a : aT : De

H + aT : De : a (12)

in which

aT = ∂ F

∂σ
=

[
∂ F

∂σx
,

∂ F

∂σy
,

∂ F

∂σz
,

∂ F

∂τxy
,

∂ F

∂τyz
,

∂ F

∂τzx

]
, (13)

H = − 1

�λ

∂ F

∂κ
�κ (14)

Usually, we write Eq. (10) in the following form which is
convenient for numerical computation

�σ = De : �εe −�λDe : aT (15)

where

�λ = 1

H + aT : De : a aT : De : �εe (16)

It is well-known that in the course of integrating
elastic–plastic stress–strain relation the integration process
is divided into several substeps and the corresponding stress–
strain response over each substep is then computed. Its
accuracy increases, of course, along with an increase in the
number of substeps. But the computation for each substep
is time-consuming, since the flow vector and elastic–plastic
matrix have to be calculated at each substep. Clearly, a
balance must be solved. Traditionally, the number of sub-
steps is determined from an empirical rule and each substep
is assumed to be of the same size. Such integration will
generally result in the stress change departing from the yield
surface, and a proportional scaling of stresses have been fre-
quently used to restore them to the yield surface. Although
this method has been used widely in the finite element codes,
it have following disadvantages:

1. If the correction-step is applied after each substep, the
computational time will increase drastically. However, if
it is done at the end of integration, it does not significantly
affect the accuracy [8].

2. Since the number of substeps is usually determined by
an empirical rule which is formulated by trial and error,
the inappropriate choice of the number of the substeps
usually leads to lose of either accuracy or efficiency [21].
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In the following section, we will introduce a substepping
scheme which can be used to integrate the elastic–plastic
stress–strain relation with a aim to control the error by adjust-
ing the size of each substep automatically. With the help of
this integration scheme, the integration process can be prop-
erly controlled to avoid the situation which the number of
substeps is increased blindly just for a moderate accuracy.

3 Substepping scheme for integrating stress–strain
relation

Compared with implicit methods which are dominant in cur-
rent FEA software, explicit methods can be used to imple-
ment a general integration for any elastic–plastic models as
it only needs first derivative of the yield function and plas-
tic potential. However, to achieve a better accuracy of the
integration, the strain increment that constitutes an elastic–
plastic response is usually divided into a number of substeps.
Since the determination of the number of substeps are com-
pletely based on trial and error approach and there is no error
control in the whole integration process, some forms of the
stress correction are often used to return the stress state to
the yield surface. Based on previous works we use explicit
Runge–Kutta–Dormand–Prince (RKDP) method induced by
Dormand and Prince [22] which has been successfully used
in elastic–plastic computations [12,14]. One of its advan-
tages is that high order estimate, σ̂ , for the solution can
be obtained without any extra function evaluations. Runge–
Kutta–Dormand–Prince is a seven-stage scheme, but effec-
tively uses only six function evaluations.

The integration of stress–strain relations requires the solu-
tion of the initial value problem like

dσ

dT
= Dep�ε, T ∈ [0, 1] (17)

where σ(T = 0) corresponds to the stress state which already
satisfied the yield criterion, and σ(T = 1) denotes the stress
state at the end of a load increment (iteration). For the
Runge–Kutta–Dormand–Prince method, the solutions of
stress and hardening parameter to Eq. (17) at the end of a
substep �Tk are given by

σk+1 = σk + 35

384
�σ1 + 500

1113
�σ3 + 125

192
�σ4 − 2187

6784
�σ5

+11

84
�σ6

κk+1 = κk + 35

384
�κ1 + 500

1113
�κ3 + 125

192
�κ4 − 2187

6784
�κ5

+11

84
�κ6

in which

�σi = Dep(σi−1, κi−1)�ε

�κi = �λ(σi−1, κi−1,�ε)hi−1

with

σ1 = σ0 + 1

5
�σ1

κ1 = κ0 + 1

5
�κ1

σ2 = σ0 + 3

40
�σ1 + 9

40
�σ2

κ2 = κ0 + 3

40
�κ1 + 9

40
�κ2

σ3 = σ0 + 44

45
�σ1 − 56

15
�σ2 + 32

9
�σ3

κ3 = κ0 + 44

45
�κ1 − 56

15
�κ2 + 32

9
�κ3

σ4 = σ0 + 19372

6561
�σ1 − 25360

2187
�σ2 + 64448

6561
�σ3

−212

729
�σ4

κ4 = κ0 + 19372

6561
�κ1 − 25360

2187
�κ2 + 64448

6561
�κ3

−212

729
�κ4

σ5 = σ0 + 9017

3168
�σ1 − 355

33
�σ2 − 46732

5247
�σ3 + 49

176
�σ4

− 5103

18656
�σ5

κ5 = κ0 + 9017

270
�κ1 − 355

33
�κ2 − 46732

5247
�κ3 + 49

176
�κ4

− 5103

18656
�κ5

A more accurate estimate of σk+1 may be obtained from
sixth-order Runge–Kutta–Dormand–Prince method, which
is

σ̂k+1 = σk + 5779

57600
�σ1 + 7571

16695
�σ3 + 393

640
�σ4

− 92097

339200
�σ5 + 187

2100
�σ6

κ̂k+1 = κk + 5779

57600
�κ1 + 7571

16695
�κ3 + 393

640
�κ4

− 92097

339200
�κ5 + 187

2100
�κ6

To estimate the local truncation error in the solution, an
‘imbedding’ technique is employed. In this technique the
local error is defined as the difference in the solutions obtained
by using two methods of different orders. Thus we obtain an
estimate of the local truncation error in σk+1 and κk+1accord-
ing to

Ek+1 = σ̂k+1 − σk+1 (18)
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As an estimate for the local error in the substep from Tk to
Tk+1 = Tk+�Tk , we define the relative error for this substep
as

Rk+1 = ‖Ek+1‖
‖σ̂k+1‖ (19)

Then Rk+1 is compared with some prescribed tolerance T O L
and the step is accepted if Rk+1 ≤ T O L , and rejected oth-
erwise. Furthermore, the value of Rk+1 allows us to make an
estimate for the asymptotically optimal substep size:

�Tk+1 = �Tk
5
√

T O L/Rk+1

In the case of rejection �Tk+1 is used instead of �Tk ; in the
case of acceptance we use �Tk+1 to continue the integration.
In order to prevent an abrupt change in the substep size, we
actually implemented in our program,

�T (k+1)=�T (k) · min

{
2, max

{
0.1, 0.9 5

√
T O L/R(k)

}}

(20)

and the safety factor 0.9 is added to increase the probabil-
ity that next substep will be accepted [23]. By controlling
the local relative error for each substep, this scheme aims
to control the global relative error in the overall solution.
The Runge–Kutta–Dormand–Prince algorithm, which incor-
porates error control and a variable step size for each inte-
gration point, may be summarized as in Table 1.

4 Summary of the preconditioned conjugate gradient
technique (PCG) and minimal residual (MR)
smoothing

The principal computational effort in a finite element analy-
sis is on the solution of the linear system of equations whose
form like

[K ] {x} = { f } (21)

in which [K ], {x} and { f } are the global stiffness matrix,
nodal displacement vector, and nodal force vector, respec-
tively.

Techniques to solve this equations system may generally
be classified into direct and iterative methods. Direct meth-
ods can be applied to any non-singular matrix, and are well
adapted to matrix inversion and solution of linear equations
with many right hand sides. These methods are especially
well suited to solving dense systems. Their usefulness for
general sparse systems is limited as more storage is wasted
on storing the zero fill-ins which cause additional computa-
tional cost. For very large, sparse matrix this can be lead to
a significant penalty in storage. In contrast, iterative meth-
ods have the advantage over direct methods of preserving

Table 1 Runge–Kutta–Dormand–Prince scheme with subincrements

1. Determine the initial state for σ , κ , substep counter k, time T and its
increment �T :

σ = σ0, κ = κ0, k = 10, T = 0, �T = 1

2. While T ≤ 1, perform 3 to 10. Otherwise go to 11.
3. Determine the substep size:

�εk = �T �ε

4. Calculate �σi and �κi for i from 1 to 6 according to:
δσi = Dep(σi , κi )�εk
δκi = �λ(σi , κi )h

5. Compute approximate solutions for σk+1 and κk+1:

σk+1 = σk + 35
384 �σ1 + 500

1113 �σ3 + 125
192 �σ4 − 2187

6784 �σ5 + 11
84 �σ6

κk+1 = κk + 35
384 �κ1 + 500

1113 �κ3 + 125
192 �κ4 − 2187

6784 �κ5 + 11
84 �κ6

σ̂k+1 = σk + 5779
57600 �σ1 + 7571

16695 �σ3 + 393
640 �σ4 − 92097

339200 �σ5

+ 187
2100 �σ6

κ̂k+1 = κk + 5779
57600 �κ1 + 7571

16695 �κ3 + 393
640 �κ4 − 92097

339200 �κ5

+ 187
2100 �κ6

6. Compute the estimate of the relative error for the current substep:

Rk+1 = ‖σ̂k+1 − σk+1‖/‖σ̂k+1‖
7. Check if the current substep is accepted or rejected:

I F Rk+1 > T O L G O T O 10

8. Update the stress, hardening parameter and integration time:

σk+1 = σ̂k+1, κk+1 = κ̂k+1, T = T +�T

9. Evaluate next substep size:

�T←�T (k+1)=�T (k) · min
{

0.9[T O L/R(k)]1/5
, 2.0

}
G O T O 2

10. If the step was rejected, compute a smaller substep:

�T ← �T (k) = �T (k) · max
{

0.9[T O L/R(k)]1/5
, 0.1

}
G O T O 2

11. Return the final stress and hardening states:

σ = σ̂k+1, κ = κ̂k+1

the sparsity of the matrix and are thus particularly attrac-
tive for solving the matrix with large sparsity. By avoiding
the operations associated with zero fill-ins, both the storage
requirement and the computational cost can be reduced.

4.1 Conjugate gradient method

The conjugate gradient (CG) method was proposed for the
solution of linear systems with a symmetric, positive definite
matrix [24]. The method can be considered as direct method
because the exact solution is obtained at most in the step n in
the absence of round-off errors. The CG method belongs to
a class of iterative methods known as minimization methods.

123



568 Comput Mech (2008) 41:563–578

An iteration of a minimization is normally of the form

{x}k = {x}k−1 + αk {p}k (22)

where αk is a scalar step size and {p}k is the direction vector.
For a given xk−1 and pk , the scalar αk is chosen to minimize
the norm of the residual vector {r} where

{r}k = { f } − [K ] {x}k (23)

and it can be determined by

α = {p}
T
k {r}k−1

{p}Tk [K ] {p}k
(24)

The residual vector need not be computed explicitly in each
iteration because it can be computed incrementally by using
its value from the previous iteration, that is,

{r}k = {r}k−1 − αk[K ] {p}k (25)

Thus, the only matrix-vector product computed in each iter-
ation is [K ] {p}k , which is already required to compute α

(Eq. (24)).
If [K ] is a symmetric positive definite matrix and

p1, p2, . . . , pn are direction vectors that are conjugate with
respect to [K ], then {x} converge to the solution of [K ] {x} =
{ f } in at most n iterations, assuming no rounding errors.
At the beginning of the CG algorithm, the set of vectors is
chosen as follows:

{x}0 = 0, {r}0 = {p}0 = { f }
and the direction vectors are chosen according to

{p}k+1 = {r}k +
{r}Tk {r}k
{r}Tk−1 {r}k−1

{p}k (26)

The algorithm terminates when the two-norm of the cur-
rent residual fails below a predetermined fraction of the two-
norm of the initial residual {r}0.

4.2 Preconditioned conjugate gradient method

The convergence speed of CG algorithm can be increased
through introducing a preconditioned matrix C such that
K̃ = C K CT . C is chosen such that K̃ has fewer distinct
eigenvalues than K . The CG algorithm is then used to solve

K̃x̃ = f̃, where x̃= (CT )
−1

x and f̃ = Cf. The resulting
algorithm is always referred as to preconditioned conjugate
gradient (PCG) method.

The preconditioning matrix can be obtained by a variety
of methods. Given that the sparsity pattern of [K ] can be pre-
served if C is a diagonal matrix. In this paper we take [C] as
the diagonal term of the [K ] to exploit the sparsity of [K ].

4.3 Minimal residual method

It is known from practice that the norm of the residuals of
CG method may heavily oscillate. Therefore, the smoothing
algorithm was introduced in order to get a non-increasing
norm of the residuals. In each iteration the minimization is
performed following CG method according to

{s}0 = {r}0, {z}0 = {x}0
{s}k = {s}k−1 + γk({r}k − {s}k−1) (27)

{z}k = {z}k−1 + γk({x}k − {z}k−1) (28)

where {x}k and {r}k are the solution and the residual for kth
iteration, respectively, resulting from CG method. The dif-
ferent smoothing techniques vary by the determination of the
coefficient γk . In this paper, a technique which is called min-
imal smoothing method is employed. The principal of this
method is to minimize the norm of residuals according to

‖{s}k‖ = min‖{s}k−1 + δk({r}k − {s}k−1)‖ (29)

So we get

δk =
{s}Tk−1({r}k − {s}k−1)

({r}k − {s}k−1)
T ({r}k − {s}k−1)

(30)

A direct result of Eq. (29) is that the smoothed residual is a
function of the iteration index with a non-increasing norm, i. e.

‖{s}k‖ ≤ ‖{s}k−1‖ (31)

‖{s}k‖ ≤ ‖{r}k‖ (32)

when MR smoothing is used, the stopping criterion become

‖ {s}k ‖
‖ {r}0 ‖ < T olerance (33)

The sequential version of the algorithms, including PCG
and MR smoothing, can be summarized in Table 2.

5 Parallel preconditioned conjugate gradient method
combined with MR smoothing

The most commonly used method for parallel finite element
analysis is to divide the whole structure into a number of sub-
structures, called domain decomposition, according to the
processors available. As mentioned earlier, most of the com-
putations involved in a finite element analysis are carried
out at the element level. Consequently, these computations
can be carried out in parallel without any synchronization
on the substructure level. However, the assembly and solu-
tion processes involve nodal variables in the global system
and are inherently sequential. It would be very natural that
the solution of a system of equations could also be oper-
ated at the substructure level. Generally, this is the case for
iterative solution methods based on matrix-vector. Law [18]
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Table 2 PCG algorithm with MR smoothing

Initialization:

{x}0 := {0}
{z}0 := {0}
{r}0 := { f } − [K ] {x}0
{t}0 := [C]−1{r}0
{s}0 := {t}0
{p}0 := {t}0
Iterate k = 1,2,· · · If ‖{s}k‖/‖{ f }‖ < tolerance terminate

{h}k := [K ] {p}k−1
ρk−1 := {t}Tk−1{r}k−1
βk := {p}Tk−1{h}k
αk := ρk−1/βk
{x}k := {x}k−1 + αk{p}k−1{r}k := {r}k−1 − αk{h}k
{t}k := [C]−1{r}k
ρk := {t}Tk {r}k{p}k := {t}k + ρk

ρk−1
{p}k−1

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

PCG

µk := {s}Tk−1({t}k − {s}k−1)

θk := ({t}k − {s}k−1)
T ({t}k − {s}k−1)

δk := −µk/θk
{s}k := {s}k−1 + δk({t}k − {s}k−1)

{z}k := {z}k−1 + δk({x}k − {z}k−1)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

M R

developed a element-by-element parallel conjugate gradient
algorithm by using transformation relationships between the
displacement (as well as force) vectors local to each proces-
sor and the corresponding global vectors. In this paper we
modify this algorithm to a substructure-by-substructure par-
allel algorithm. We use a diagonal preconditioner and MR
smoothing method to accelerate the convergence rate.

5.1 Parallel preconditioned conjugate gradient (PPCG)
algorithm

It is well known that since the stiffness matrix [K ] is involved
in PCG algorithm only multiplicatively, it does not need to
be assembled and stored. Let {p}(s)k denote the contribution
of the sth substructure to the assembled vector {p}k

{p}k =
n∑

s=1

{p}(s)k

where n is total number of substructures and let {p}a(s)
k denote

the localization to the sth substructure of {p}k after it has been
assembled. It follows that the quantity {p}Tk [K ] {p}k can be
performed by accumulating substructure level computations
according to

β = {p}Tk [K ] {p}

=
n∑

s=1

{
pa(s)

k

}T

k

[
K (s)]

{
pk

(s)
}

k

and an inner product of two vectors can be computed
substructure-by-substructure as

γ = {r}T {r}

=
n∑

s=1

{
ra(s)

}T {
r (s)}

It is important to note that in both cases, one of the two
vectors still needs to be assembled before an inner prod-
uct operation is performed. Consequently, all matrix-vector
and scalar-vector products can be performed substructure by
structure by accumulating substructure level computation.
A detailed discussion of the theoretical basis for this algo-
rithm may be found, for example, in [18].

5.2 Parallel MR smoothing algorithm

When computing the scalar δ, two products need to be per-
formed to calculate µ and θ . The method used in PPCG algo-
rithm can be applied to parallel MR smoothing algorithm,
that is

µ =
n∑

s=1

µ(s)

=
n∑

s=1

{sa(s)}T ({t (s)} − {s(s)}) (34)

θ =
n∑

s=1

θ(s)

=
n∑

s=1

({ta(s)} − {sa(s)})T
({t} − {s}) (35)

in which sa(s) in (34) and {ta(s)} − {sa(s)} in (35) must be
the assembled vectors. After δ is determined, the local vec-
tor s(s) and the assembled vector s(s)

g need to be evaluated,
respectively, for the use in the next iteration.

The combination of parallel conjugate gradient algorithm
and parallel MR smoothing algorithm forms a new parallel
algorithm for the solution of the linear system of equations.
Throughout the process, the formation of global system is not
performed. But the displacements for each substructure are
computed separately by each processor. The storage space
required for each processor only includes the substructure
matrix and vectors. A parallel substructure preconditioned
conjugate gradient algorithm with parallel MR smoothing
(PPCGMR) is described in Table 3.

6 Implementation of the parallel algorithms

To implement the developed parallel algorithms efficiently,
some important issues which need to be considered carefully
are:
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Table 3 Parallel substructure preconditioned conjugate gradient algo-
rithm combined with MR smoothing

Initialization:

1: (a) {x (s)}0 = 0
(b) {z(s)}0 = 0
(c) {r (s)}0 = { f (s)}
(d) Compute [C](s)

2: Exchange [C (s)] with neighbor j

3: (a) [Ca(s)] =∑
j∈ad j (s)[C ( j)] + [C (s)]

(b) {t (s)}0 = [Ca(s)](−1){r (s)}0
(c) {s(s)}0 = {t (s)}0

4: Exchange {t (s)}0 with neighbor j

5: (a) {ta(s)}0 =
∑

j∈ad j (s) {t ( j)}0 + {t (s)}0
(b) {sa(s)}0 = {ta(s)}0
(c) {p(s)}0 = {ta(s)}0
(d) ρ0

(s) = {ta(s)}T0 {t (s)}0

6: (Merge sum) γ0 = ρ0 =∑
ρ

(s)
0 , s = 1, . . . , p

Iterate k = 1, 2, · · · If γk/γ0 < tolerance terminate

1: (a) {h(s)}k = [K (s)]{p(s)}k−1
(b) βk

(s) = {p(s)}T k−1{h(s)}k
(c) σk

(s) = βk
(s)/γk−1

2: (Merge sum) 1/αk =∑
σk

(s), s = 1, . . . , p

3: (a) {x (s)}k = {x (s)}k−1 + αk{p(s)}k−1

(c) {t (s)}k = [Ca(s)](−1){r (s)}k
4: Exchange {t (s)}k with neighbor j

5: (a) {ta(s)}k =
∑

j∈ad j (s){t ( j)} + {t (s)}
(b) ρk

(s) = {ta(s)}T k{t (s)}k
6: (Merge sum) ρk =∑

ρk
(s), s = 1, . . . , p

7: (a) {p(s)}k = {ta(s)}k + (ρk/ρk−1){p(s)}k−1

(b) µk
(s) = {sa(s)}T k({t (s)}k − {s(s)}k)

(c) θk
(s) = ({ta(s)}k − {sa(s)}k−1)

T
({t (s)}k − {s(s)}k−1)

8: (a) (Merge sum) µk =∑
µk

(s)

(b) (Merge sum) θk =∑
θk

(s)

(c) δk = −µk/θk

9: (a) {s(s)}k = {s(s)}k−1 + δk({t (s)}k − {s(s)}k−1)

(b) {sa(s)}k = {sg
(s)}k−1 + δk({ta(s)}k − {sa(s)}k−1)

(c) {z(s)}k = {z(s)}k−1 + δk({x (s)}k − {z(s)}k−1)

(d) γk
(s) = {sa(s)}t k{s(s)}k

10: (Merge sum) γk =∑
γk

(s)

11: Go To Step 1

*Superscript a denotes the assembled vector

• parallel grid generation for dividing the whole domain in
each subdomain;
• concurrent solution of the resulting system of linear equa-

tions;
• uniformity of computations (load balance);
• complexity and efficiency of communication.

Also,

• storage requirements;
• programming complexity.

6.1 Parallel grid generation

The first step involved in the parallel finite element method
is to subdivide a finite element domain into a number of sub-
domains according to the processors available. The objective
of such partitioning is to distribute the computational work
through the assignment of individual elements or group of
elements comprising a portion of the finite element mesh
(subdomain) to each processor. To avoid communication at
this phase, We use a commonly used method for parallel finite
element analysis, that is, each processor performs identical
instructions, but on different sets of data. Separate input and
output files are thus established for each subdomain. These
files are read from and written to by local copies of the pro-
gram operating in parallel. After reading corresponding input
file, each processor generates the substructure automatically
on which it will operate without any need for communica-
tion. The advantage of this method is that, each processor
only needs to store the data it will use, and this can reduce
the storage requirement. This parallel finite element program
is depicted in Fig. 2.

6.2 Numbering of elements

In the examples illustrated in the next section, we use a special
numbering scheme introduced in [25] for use on the paral-
lel computers. The numbering is performed in such a way
that the element numbers start at the front end, sequentially
running over the entire substructure so that the far end of a
substructure is the front end of the joining one. The advanta-
ges of this numbering is that; (a) it makes the programming
relatively easy, (b) it makes the communications between two
joining substructures easy to implement.

6.3 Diagonal storage scheme

It is customary to store an n×n dense matrix in an n×n array.
However, if the matrix is sparse, storage is wasted because
a majority of the elements of the matrix are zero and need
not be stored explicitly. For sparse matrices, it is a common
practice to store only the nonzero entries and keep track of
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INCREMENT THE APPLIED LOADS

READ INPUT DATA

COMPUTE STRESSES USING SUBSTEPPING SCHEME

CHECK CONVERGENCE

OUTPUT DATA

START

N

3

Processor 1
2

Step require communication

Load increment loop

Iteration loop

COMPUTER ELEMENT STIFFNESS MATRICS

COMPUTE DISPLACEMENTS USING PPCGMR

Fig. 2 Parallel program structure for non-linear analysis

their location in the matrix. A variety of storage schemes are
used to store and manipulate sparse matrixes. These special-
ized schemes not only save storage but also yield computa-
tional savings. Since the locations of the nonzero elements in
the matrix are known explicitly, unnecessary multiplications
and additions with zero can be avoided.

In this paper, a diagonal storage scheme is used. Figure 3
gives an simple example for this storage format. Consider
an n × n matrix consisting of d diagonals with nonzero ele-
ments. These nonzero diagonals are stored in an n× d array
DARRAY. A d × 1 array OFFSET stores the offset of each
diagonal with respect to the principal diagonal. Note that,
since all diagonals other than the principal diagonal have
fewer than n elements, there will be unused locations in the
array DARRAY.

It can be seen that, if the sparsity is very high, i.e. d is
much much less than n, the considerable time wasted on the
zero fill-ins can be saved.

6.4 Load balance

Balancing the computation works among the processors is
central to achieving high performance. The better load bal-
ance is dependent on how the whole structure is assigned to
several processors. Shown in Fig. 4 is a example of a cantile-
ver beam consisting of 8× 8× 32 elements. Three possible
partitioning schemes, namely, a vertical strip-wise, a hori-
zontal strip-wise and a box-wise decompositions, are shown
respectively in Figs. 5, 6, 7. It is easy to understand that, if
we fix the left end of the structure, and put two nodal force at

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 2 0 0 0 0
3 4 5 0 0 0
0 6 7 0 0 0
8 0 9 10 11 0
0 12 0 0 13 14
0 0 15 0 16 17

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a)

(b)

A sparse matrix

DARRAY
- - 1 2
- 3 4 5
- 6 7 0
8 9 10 11
12 0 13 14
15 16 17 -

OFFSET
-3 -1 0 1

Storage in diagonal format

Fig. 3 A sparse matrix stored in the diagonal format

the two corner of the right end. When we increase the nodal
forces, the plastic area will begin at the far left end first,
and then go through the structure along the x-axis. It can be
seen that, the first partitioning scheme in Fig. 5 can reduce
the interface nodes, but it can cause load imbalance at the
first several load increment when the right end of the struc-
ture is still elastic. On the opposite, the second partitioning
scheme in Fig. 6 can lead to better load balance since it dis-
tributes the possible plastic area evenly into each processor.
However, it will cause more communication as well, as more
interface nodes will be involved in the analysis. The vertical
strip-wise and a horizontal strip-wise partitioning are only
feasible if the maximum of available processors is less than
or equal to the number of elements along the vertical or hor-
izontal dimension. If a large number of processors are used
such that this condition is no longer satisfied, then the third
partitioning scheme, referred to as the box-wise partitioning
in Fig. 7, becomes necessary. It can be seen that this parti-
tioning scheme not only cause the load imbalance, but also
make the programming relatively complicated. Since only
eight processors are available for analysis, we only use the
first and second partitioning schemes in this paper. It should
be noted, as will be shown in the next section, that using bet-
ter load balancing partitioning to achieve better performance
must be based on the fact that such partitioning scheme will
not involve too much communication.

6.5 Interprocessor communication

For two partitioning schemes introduced above, each sub-
structure only has a left (bottom) and right (top) neighbor.
So the communication can be accomplished in two steps as
follows:
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X

Y
Z

Fig. 4 A meshed three dimensional cantilever beam (8× 8× 32)

Fig. 5 A vertical strip-wise partitioning on 4 processors

Fig. 6 A horizontal strip-wise partitioning on 4 processors

Fig. 7 A box-wise partitioning on eight processors

1. Each processor sends data for the right (top) interface to
its right (top) neighbor and then receives the correspond-
ing data associated with the left (bottom) interface being
sent from its left (bottom) neighbor.

2. Each processor repeats same process on the opposite
direction.

To implement this communication effectively via message
passing interface (MPI), we should be aware that, the sends

RECV

RECV

RECV

RECV

RECV

RECV

RECV

SENDSENDSENDSENDSENDSENDSEND SEND

RECV

P0 P1 P2 P3 P4 P5 P6 P7

Fig. 8 Sequentialization caused by sends blocking until the matching
receive is posted. The shaded area indicates the time a process is idle

SEND SEND SEND SEND

SEND SEND SEND

SEND

SEND

RECV RECV RECV RECVRECV

RECV RECV RECV

P0 P1 P3P2 P4 P5 P6 P7

Fig. 9 Optimization of communication by avoiding matching delay

do not complete until the matching receives are issued on
the destination process. We illustrate this in Fig. 8. It can be
seen that, since at the beginning, only one processor (“top”
processor) does not send to anyone, it can receive from the
processor below it, thus allowing that processor to receive
from below it. As we see, the program does run, but it does
not execute in parallel. In this paper, we implement the com-
munication in such a way that the sends and receivers are
ordered so that if one process is sending to another, the des-
tination will do a receive that matches that send before doing
a send of its own. Figure 9 shows the communication pattern
using this approach. It can be seen that the even processors
send first, and the odd processors receive first. After that,
the odd processors send and the even processors received.
That will reduce the idle time caused by the send–receive
matching.

7 Numerical results

In order to examine the performance of the algorithms pro-
posed in this research work, substepping scheme, parallel
preconditioned conjugate gradient method with parallel MR
smoothing, diagonal storage scheme, element numbering
method and technique for optimizing interprocessor com-
munication, etc., have been applied to the non-linear elastic–
plastic finite element analysis of a cylindrical shell cap and
a three dimensional cantilever beam using hill’s anisotropic
yield function and Von Mises yield function, respectively.
An associated flow rule is assumed. The Swift hardening
law between effective stress σ̄ and effective plastic strain ε̄p

is employed, i.e.,

σ̄ = K ε̄n
p (36)
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where n is the strain-hardening exponent and K are material
constants.

The parallel implementation of the code has been done
via MPI [26,27] on APAC SGI Altix 3700 Bx2 cluster at
The Australian National University. The cluster consists of
1928 1.6 Ghz Itanium2 processors with totally 5.6 Tbytes of
memory and 70 Tbytes of local scratch. As usual, the speedup
and efficiency are tested using

Speedup = T ime f or solution on 1 processor

T ime f or solution on p processors

and the efficiency by:

E f f iciency = Speedup

Number of processors

7.1 Cylindrical shell cap

Our first numerical model is a cylindrical shell cap shown
in Fig. 10 with the following dimensions: L = 300 mm,
R = 500 mm, t = 3 mm and α = 45o. A uniform pressure
of 3 MPa is applied with the aim to achieve large plastic defor-
mation. The material properties are taken as follows: Young’s
modulus E = 200GPa, Poisson’s ratio ν = 0.3, yield stress
σy = 200 MPa, strain-hardening exponent n = 0.2637 and
K = 567.29 MPa. Hill’s yield function is considered. Hill’s
stress potential is a extension of the Mises function which
allows anisotropic behaviour [26]. This function is

F(σ ) =
√

F(σy − σz)
2 + G(σz − σx )

2 + H(σx − σy)
2 + 2Lσyz

2 + 2Mσzx
2 + 2Nσxy

2 (37)

where σi j denotes the stress components and F, G, H, L , M
and N are material constants obtained by testing the mate-
rial in different directions, which are set to be F = 0.283,
G = 0.358, H = 0.642 and L = M = N = 1.288 in this
paper.

Due to uniform pressure applied on the whole surface,
we partition the whole structure along x-direction to achieve
the better load balance. We increased the problem size by
refining the finite element mesh and the models of different

Fig. 10 A cylindrical shell under uniform pressure

problem sizes were tested on different number of proces-
sors. Table 4 lists the performance of different problem sizes
on different number of processors. It can be seen that the
speed-up and the efficiency for different problem size are
adequately good, even for the smaller problem size of 5760
elements. For the problem of 23,040 elements we nearly
achieved linear speed-up using no more than eight proces-
sors. This good performance can be attributed to: a) Sub
stepping scheme can integrate the strain–stress relations more
accurately and thus uses less iterations to converge, mak-
ing the solution more efficient; b) Diagonal preconditioner
increases the convergence speed of CG algorithm; c) The
diagonal storage scheme saves the time wasted on zero
fill-ins; d) More efficient interprocessor communication is
implemented through using proposed communication tech-
nique. For this model it has been observed that the over-
all computational performance of all the parallel algorithms
improves with increase in the problem size as expected.

7.2 Cantilever beam model

A typical three dimensional cantilever beam shown in Fig. 11
is considered as a second numerical example. The dimen-
sions are L = 300 mm and a = 40 mm, respectively. A
uniform line pressure P of 450 N/mm is used. The material
properties are taken as follows: Young’s modulus E=200 GPa,

Poisson’s ratio ν = 0.3, yield stress σy = 250 MPa. Again
the Swift hardening law is employed with strain-hardening
exponent n = 0.2637 and constant K = 567.29 MPa.

We use the Von Mises yield criteria which has a form of:

F(σ, κ) = √3(J2
′)1/2 − σ̄ (38)

x

z

Y

L

a

p

a

Fig. 11 A typical three dimensional cantilever beam
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Table 4 Performance of different problem sizes on different number of processors for cap model

Problem size Number of Number of elements Number of interface nodes Total elapsed time (s) Speed-up Efficiency (%)
processor(s) in each substructure in each substructure

5,760 1 5,760 49 389.12 1.0 100

2 2,880 49 200.58 1.94 97

3 1,920 49 136.53 2.85 95

4 1,440 49 103.49 3.76 94

5 1,152 49 85.52 4.55 91

6 960 49 73.30 5.28 88

8 720 49 56.23 6.92 84

11,520 1 11,520 97 3,112.96 1.0 100

2 5,760 97 1,588.24 1.96 98

3 3,840 97 1,080.89 2.88 96

4 2,880 97 810.67 3.84 96

5 2,304 97 669.45 4.65 93

6 1,920 97 563.94 5.52 92

8 1,440 97 437.21 7.12 89

23,040 1 23,040 193 14,728.19 1.0 100

2 11,520 193 7,438.48 1.98 99

3 7,680 193 4,958.97 2.97 99

4 5,760 193 3,757.19 3.92 98

5 4,608 193 3,005.75 4.90 98

6 3,840 193 2,530.62 5.82 98

8 2,880 193 1,897.96 7.76 97

with

J2 = 1

2
S : S

= 1

6

[
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
]

(39)

= 1

2

[
σxx
′2 + σyy

′2 + σzz
′2]+ σxy

2 + σyz
2 + σxz

2

in which S is the deviatoric stress:

S = σi j
′ = σi j − 1

3
δi jσkk (40)

We use two partitioning schemes for this model, i.e.
vertical and horizontal partitioning methods, as discussed
previously. Tables 5 and 6 list the performance of differ-
ent problem size on different number of processors by using
vertical partitioning scheme. Tables 7 and 8 present the per-
formance for the horizontal partitioning scheme. From the
results shown in Tables 5 and 6, we can see that, although
vertical partitioning scheme does not distribute the work load
evenly into each processor, we still achieve good speedups
and efficiencies. For this application, the speedup and effi-
ciency are almost insensitive the change of the number of
processors when the problem sizes become larger than 7,680
elements. In fact, for the problem with 30,720 elements, the
speed-up and efficiency are almost linear. This good per-

formance can be again attributed to the proposed substep-
ping scheme and preconditioned conjugate gradient method
with MR smoothing. Also other techniques, optimization of
interrpocessor communication and diagonal storage scheme,
are making contributions to these. On the opposite, the hori-
zontal partitioning scheme makes every process involved in
the computation of the plastic regions, but it leads to worse
results. It can be seen from Tables 7 and 8 that the perfor-
mance could not be improved when increasing the problem
size. This is due to more communication involved in the over-
all analysis of large problems. For example, for the problem
which has 3,840 elements, the shared degrees of freedom are
549 × 3. However, for the problem which has 30,720 ele-
ments, the shared degrees of freedom become 2057 × 3. In
this case, for large problem, although considerable amount
of time is spent on computation, significant time is also spent
on interprocessor communication. The solution of equations,
known as the most time-consuming part in the finite element
analysis, requires considerable communication. Thus signif-
icant time is spent on this phase as the number of shared
nodes becomes larger. This is the reason that the speedup and
efficiency generally deteriorate when increasing the prob-
lem size. The speedup and efficiency for the problem with
15,360 elements approve it. For this model, 7,680-element
problem size and 15,360-element problem size involve same
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Table 5 Performance of vertical partitioning on fixed number of processors

Number of processor Number of elements Number of interface nodes Total elapsed time Total elapsed time Speed-up Efficiency (%)
in each substrate in each substrate on 1 processor (s) on n processor (s)

4 480 45 332.68 88.48 3.76 94

960 81 692.06 178.36 3.88 97

1,920 81 1,689.52 435.44 3.88 97

3,840 153 5,728.50 1,446.59 3.96 99

7,680 289 28,011.15 7,073.52 3.96 99

6 320 45 332.68 61.60 5.40 90

640 81 692.06 122.71 5.64 94

1,280 81 1,689.52 296.41 5.70 95

2,560 153 5,728.50 984.28 5.82 97

5,120 289 28,011.15 4,763.80 5.88 98

Table 6 Performance of vertical partitioning on different number of processors

Problem size Number of processor (s) Number of elements Number of interface nodes Total elapsed time (s) Speed-up Efficiency (%)
in each substrate in each substrate

7,680 1 7,680 81 1,689.52 1.00 100

2 3,840 81 898.20 1.98 99

3 2,560 81 611.15 2.91 97

4 1,920 81 435.44 3.88 97

5 1,536 81 378.39 4.70 94

6 1,280 81 296.41 5.70 95

8 960 81 296.41 7.20 90

30,720 1 30,720 289 28,011.15 1.00 100

2 15,360 289 14,147.05 1.98 99

3 10,240 289 9,463.23 2.96 99

4 7,680 289 7,073.52 3.96 99

5 6,144 289 5,681.77 4.93 99

6 5,120 289 4,763.80 5.88 98

8 3,840 289 3,656.81 7.66 96

Table 7 Performance of horizontal partitioning on fixed number of processors

Number of processor Number of elements Number of interface nodes Total elapsed time Total elapsed time Speed-up Efficiency (%)
in each substrate in each substrate on 1 processor (s) on n processors (s)

4 480 305 318.64 88.51 3.60 90

960 549 660.35 187.60 3.52 88

1,920 1,089 1,457.73 428.74 3.40 85

3,840 1,089 4,897.86 1,302.62 3.76 94

7,680 2,057 21,148.76 8,392.37 2.52 63

8 240 305 318.64 53.11 6.00 75

480 549 660.35 107.20 6.16 77

960 1,089 1,457.73 253.08 5.76 72

1,920 1,089 4,897.86 703.72 6.96 87

3,840 2,057 21,148.76 4,557.92 4.64 58
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Table 8 Performance of horizontal partitioning on different number of processors

Problem size Number of Number of elements Number of interfacial Total elapsed time (s) Speed-up Efficiency (%)
processor (s) in each substructure nodes in each substructure

7,680 1 7,680 1,089 1,457.73 1.00 100

2 3,840 1,089 759.23 1.92 96

4 1,920 1,089 428.74 3.40 85

8 960 1,089 253.08 5.76 72

30,720 1 30,720 2,057 21,148.76 1.00 100

2 15,360 2,057 11,620.20 1.82 91

4 7,680 2,057 8,392.37 2.52 63

8 3,840 2,057 4,557.92 4.64 58

interface nodes and the speedup and efficiency of 15,360-
element problem size are much better than 7,680-element
problem. It again shows that, although idle time caused by
poor load balancing degrades performance quickly, if the
parallel analysis involves too much communication by using
such ‘perfect’ partitioning scheme, the advantage of load bal-
ancing caused by such partitioning may be offset by involving
too much communication.

It should be noted that, both speedup and efficiency are
slightly oscillatory. This is because the cluster used in this
research work is a multi-user system. So the elapsed clock
time is dependent on the system loading which changes from
time to time. When there are several parallel jobs running on
the cluster, the speed of communication would certainly slow
down.

8 Conclusion remarks

In this paper, a substepping scheme for elastic–plastic stress
analysis and a parallel preconditioned conjugate gradient
algorithm with MR smoothing for finite element solution
have been presented. The substepping scheme based on the
Runge–Kutta–Dormand–Prince method controls the error in
the integration process to within the vicinity of a specified tol-
erance. This mechanism for controlling the integration pro-
cess permits the size of each substep to vary in accordance
with the behaviour of the constitutive law. In the resulting
algorithm for solving the linear system of equations, a paral-
lel substructure preconditioned conjugate gradient method is
used. This solution algorithm does not require the assembly
of the global system equations. Each processor in the parallel
system is assigned a substructure and stores only the infor-
mation relevant to the substructure that the processor repre-
sents. The combination of these two algorithms have been
applied to two three dimensional elastic–plastic stress analy-
ses and the good speedup and efficiency have been achieved
if the partition scheme is chosen carefully, with the aid of
other proposed techniques, such as optimizing interprocessor

communication and diagonal storage scheme. The results
indicated that, although load balance is important to the par-
allel finite element analysis, some load balance scheme can
degrade the performance if it involves too much commu-
nication. In summary, the combination of these algorithms
provides a useful practical means for parallel finite element
analysis of large elastic–plastic problems.
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Appendix A: intersection with the yield surface

For all the explicit schemes, the initial yielding point is
needed for the integration process to start with. Assume that
the stress state changes from last elastic state A σa to an elas-
tic–plastic state B σb, i.e. F(σa, κ) < 0 and F(σb, κ) > 0.
In order to ensure the stress state C which lies on the yield
surface, we need to find a scalar α to determine the portion
of the stress which cause purely plastic yielding such that

F(σc, κ) = 0

where

σc = σa + (1− α)�σb

A variety of schemes are available for determining scalar α.
A simple linear interpolation method used in [20] gives:

α = − F(σa)

F(σb)− F(σa)
(41)

Sloan [10] used secant and Newton–Raphson iteration to
compute α. However in his later work [30], Sloan pointed
out that the Newton–Raphson and secant methods offer rapid
convergence but may diverge in some circumstances because
they do not constrain the solution for α to lie within specified
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bounds, and suggested Pegasus method which provides
unconditional and quick convergence.

Given that stress σ0 and strain increment �ε are known,
the trial stress state can be obtained:

�σtr ial = De�ε (42)

Then set F0 = f (σ0 + α0�σtr ial , κ0) and F1 = f (σ0 +
α1�σtr ial , κ0). The intersection point, i.e. α can be obtained
by:

α = α1 − F1 × (α1 − α0)/(F1 − F0) (43)

The yield function can be updated by

Fnew = f (σ0 + α�σtr ial , κ0) (44)

This process can be solved iteratively with replacing α0

and F0 with α and Fnew until Fnew ≤ FT O L . In the absence
of better information, the algorithms above are started by
specifying α0 = 0 and α1 = 1.

Appendix B: stress correction scheme

If the explicit integration schemes are used for updating the
stress, the stress state at the end of the increment may not
fulfill the yield criterion. The error will essentially depend
on the size of the strain increment and number of subdivi-
sions, but as the error is cumulative it is important to ensure
that the stresses are corrected back to the yield surface during
each increment. Sloan’s original work [10] suggested that the
stress correction process is not required for proposed substep-
ping schemes. But most researchers, such as Potts and Gens
[28] and Crisfield [29] strongly advocate the importance of
correcting back for explicit schemes. Potts also proposed sev-
eral methods of projecting back in [28]. In this paper, an effi-
cient and robust correction methods proposed in Sloan [30]
is used to restore the stresses to the yield surface.

Consider a point where the uncorrected stresses and hard-
ening
parameter, defined by σo and H0, violate the yield condition
so that f (σo, Ho) > FT O L . Ignoring second order terms
and above, f may be expanded in a Taylor series about this
stress point gto give:

f = fo + aT
o δσ + ∂ f

∂ H
δH (45)

where δσ is a small stress correction, δH is a small
hardening parameter correction, fo = f (σ0, H0), and A0 is
evaluated at σ0. In returning the stress state to the yield
surface, it is desirable that the total strain increment �ε

remains unchanged, since this is consistent with the phi-
losophy of the displacement finite elment procedure. From
Eq. (45), we see the imposed strain increments remain

unchanged provided that stress correction obeys the relation:

δσ = −δ�Deb0 (46)

where δ� is an unknown multiplier and b0 is evaluated at σ0.
Using Eq. (46), the corresponding hardening correction is:

δH = δ�B0 = −δ�
A0

d f/d H
(47)

where A0 and B0 are evaluated at σ0. Combining Eqs. (45)–
(47) and setting f = 0 gives the unknown multiplier as:

δ� = f0/(A0 + aT
0 Deb0) (48)

The corrections to the stresses and hardening parameter
are thus given by:

δσ = − f0 Deb0/(A0 + aT
0 Deb0) (49)

δH = f0 B0/(A0 + aT
0 Deb0)

and an improved stress state, which is closer to the yield
surface, can be obtained from:

σ = σ0 + δσ (50)

H = H0 + δH

This type of scheme, which is known as a consistent cor-
rection, may be applied repeatedly until f (σ, H) > FT O L .
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