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Spurious high-frequency responses resulting from spatial discretization in time-step algorithms for struc-
tural dynamic analysis have long been an issue of concern in the framework of traditional finite difference
methods. Such algorithms should be not only numerically dissipative in a controllable manner, but also
unconditionally stable so that the time-step size can be governed solely by the accuracy requirement. In
this article, the issue is considered in the framework of the second-order scheme of the precise integration
method (PIM). Taking the Newmark-β method as a reference, the performance and numerical behavior of
the second-order PIM for elasto-dynamic impact-response problems are studied in detail. In this analysis,
the differential quadrature method is used for spatial discretization. The effects of spatial discretization,
numerical damping, and time step on solution accuracy are explored by analyzing longitudinal vibrations
of a shock-excited rod with rectangular, half-triangular, and Heaviside step impact. Both the analysis and
numerical tests show that under the framework of the PIM, the spatial discretization used here can provide
a reasonable number of model types for any given error tolerance. In the analysis of dynamic response, an
appropriate spatial discretization scheme for a given structure is usually required in order to obtain an accu-
rate and meaningful numerical solution, especially for describing the fine details of traction responses with
sharp changes. Under the framework of the PIM, the numerical damping that is often required in traditional
integration schemes is found to be unnecessary, and there is no restriction on the size of time steps, because
the PIM can usually produce results with machine-like precision and is an unconditionally stable explicit
method. © 2007 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 23: 1301–1320, 2007
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I. INTRODUCTION

After spatial discretization using finite difference, finite element, or boundary element methods,
equations of motion for structural dynamic problems become second-order ordinary differential
equations with respect to time. Time integration schemes are usually then used to obtain the time
history of transient responses of the structure, which is of great practical engineering importance.
Traditionally, there are many different types of finite difference-based time-step integration algo-
rithms, including implicit methods such as the Newmark-β, Wilson-θ , or Houbolt schemes, and
explicit methods such as the central difference scheme. Recently, a precise integration method
(PIM) was proposed by Zhong and Williams [1,2] for the time integration of structural dynamics.
In the PIM, after transforming the second-order equation into a first-order equation, the solu-
tion of the homogeneous part is expressed by the matrix exponentials, which can be computed
precisely using the so-called 2N algorithm. The PIM is considered to be a numerical method
rather than an analytical one, with which physical precision of computers can be achieved for the
solution of homogeneous part on any ordinary computers [1,2]. It has been shown in a variety of
research publications [3–7] that the PIM is an unconditionally stable explicit method, exhibiting
high precision and efficiency in comparison with traditional methods such as the Newmark-β.
Recently, Ma and Qin [8] proposed a second-order PIM with which computational efficiency can
be further improved by reducing the size of system matrices in the algorithm, where the sine and
cosine matrix functions involved in the second-order algorithm are also calculated using the 2N

algorithm. In addition to the reduction of matrix size, the efficiency derives mainly from the fact
that the time step can be as large as 100 without loss of accuracy using the proposed second-order
PIM. However, it is generally considered that the high-frequency behavior in the spatial-discrete
model is already in error when compared with the actual physical continuum model. This means
that spatial discretization will introduce spurious high-frequency numerical noise. The numerical
dissipation must be taken into account in the traditional finite difference-based time-step integra-
tion algorithms in order to damp out the effect of the high-frequency noise [9–11], as the responses
of interest are in principle provided mainly by the low-frequency modes.

On the other hand, the high-frequency modes play an important role in relation to the responses
of the structure in the spatial-discrete model. Based on this understanding, Chen and Tanaka [12]
indicated that the PIM is inapplicable for the analysis of shock-excited dynamic problems when
using the dual-reciprocity boundary element method for spatial discretization. This is due to the
lack of numerical damping. For the analysis of shock-excited dynamic responses in the frame-
work of the PIM, the questions is: What effect of spatial-discrete format is on the high-frequency
modes? How the high-frequency modes influence the numerical results produced from the PIM?
If the high-frequency mode causes the spurious responses, how the numerical dissipation can be
introduced into the PIM algorithm and how is the effect of this introduction?

To further clarify the abovementioned matters, the performance and numerical behavior of the
second-order PIM for elasto-dynamic impact-response problems were studied by means of spatial
discretization using the differential quadrature method [13, 14]. In section II, both the first-order
and the second-order PIM for time-step integration are briefly reviewed. In section III, with the
aid of mode decomposition, the eigenvalue and spectral radius of amplification matrices of the
second-order PIM are analyzed and a numerical damping is introduced into the PIM. In section IV,
various numerical tests are conducted on the shock-excited longitudinal vibrations of a rod, which
are used to study the effect of spatial discretization, numerical damping, and the magnitude of
time step on the accuracy of the numerical results. The Newmark-β method is also employed in
the numerical tests for the purpose of comparison with regard to the efficiency and accuracy of
computations. In section V, some concluding remarks are briefly presented.
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II. DESCRIPTION OF THE PIM

In this section, both the first-order and the second-order PIM for time-step integration are briefly
described. The equation of motion of a discretized structural model can be written as second-order
ordinary differential equations in conjunction with the initial conditions written in matrix form,
as follows:

Mü + Bu̇ + Ku = f(t) (1)

u(t0) = u0, u̇(t0) = u̇0 (2)

where M, B, and K represent time-invariant mass, physical damping, and stiffness matrices of
order n of the structure, respectively, with M being assumed positively definite. f(t) represents
the excitation vector. The superscript dot indicates differentiation of state variable with respect to
time.

A. The first-order PIM

In the first-order PIM, by introducing the new variable v = {uT , (Mu̇ + Bu/2)T }T , Eq. (1) is first
transformed into the form of first-order differential equations as follows:

v̇ = Hv + r (3)

where

r =
{

0
f

}
, H =

[ −M−1B/2 M−1

BM−1B/4 − K −BM−1/2

]
(4)

The general solutions of Eq. (1) for the first-order PIM are obtained analytically, and can be
written as

v(t) = exp[H(t − t0)]v(t0) +
∫ t

t0

exp{H(t − η)}r(η)dη (5)

where v(t) and v(t0) represent the values of the solution vector at the time t and the initial time
t0, respectively. Letting �t be the length of a constant time step and denoting τ = t − η, then
the explicit recursive formula for the general solutions of Eq. (1) at the (j + 1)th time step, i.e.
t = t0 + (j + 1)�t , can be written as

vj+1 = exp(H�t)vj +
∫ �t

0
exp(Hτ)r(tj + �t − τ)dτ , (0 ≤ τ ≤ �t) (6)

In Eq. (6), exp(H�t) is known as the amplification matrix, or system matrix. However, in the
first-order scheme, the system matrix is relatively large. For example, if the size of M, B, and K in
Eq. (1) is n×n, then the size of H becomes 2n×2n. This drawback can be overcome by introduc-
ing the second-order scheme described in the following subsection, and then the computational
efficiency of the method can be further improved with the second-order scheme.
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B. The second-order PIM

In the second-order PIM [8], the differential equation in matrix form is also solved analytically.
The homogeneous solutions, uh, with f(t) = 0 of Eq. (1) can be written as

uh(t) = exp[−D(t − t0)]{[cos �(t − t0) + �−1D sin �(t − t0)]u0 + �−1 sin �(t − t0)u̇0} (7)

u̇h(t) = − exp[−D(t − t0)]{(� + �−1D2) sin �(t − t0)u0

+ [�−1D sin �(t − t0) − cos �(t − t0)]u̇0} (8)

where the matrices in (7) and (8) are represented by D = 1
2 M−1B, �2 = �2

0−D2, and �2
0 = M−1K.

Taking the notations C = cos(��t), S = sin(� �t), and E = exp(−D�t), then the recursive
formula for the homogeneous solutions at the (j + 1)th time step, i.e. t = t0 + (j + 1)�t , can be
written explicitly as

uh,j+1 = E[(C + �−1DS)uh,j + �−1Su̇h,j (9)

u̇h,j+1 = E[−(� + �−1D2)Suh,j + (C − �−1DS)u̇h,j ] (10)

The particular solutions, up, of Eq. (1) can be written as

up = M−1�−1

∫ t

t0

exp[−D(t − η)] sin �(t − η)f(η) dη (11)

u̇p = M−1

∫ t

t0

exp[−D(t − η)][cos �(t − η) − �−1D sin �(t − η)]f(η) dη (12)

As in Section 2.1 denoting τ = t − η, the particular solutions at the (j + 1)th time step, i.e.
t = t0 + (j + 1)�t , can be written as

up,j+1 = M−1�−1

∫ �t

0
exp(−Dτ) sin(�τ)f(tj + �t − τ) dτ (13)

u̇p,j+1 = M−1

∫ �t

0
exp(−Dτ)[cos(�τ) − �−1 sin(�τ)f(tj + �t − τ) dτ (14)

Suppose that f(t) are smooth functions within the time step, �t , which can be expanded into
the Taylor series as follows:

f(tj + �t − τ) =
∞∑

m=0

cj
m

m! (�t − τ)m (15)

where

cj
m = f (m)(tj ) (16)

Define the integrals including the term (�t − τ)m in the Taylor series as

Im
S =

∫ �t

0
exp(−Dτ) sin(�τ)(�t − τ)m dτ (17)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Im
C =

∫ �t

0
exp(−Dτ) cos(�τ)(�t − τ)m dτ (18)

The recurrence formulae for the above integrals can be written as follows:

I0
S = (D2 + �2)−1(� − DES − �EC) (19)

I0
C = (D2 + �2)−1(D + �ES − DEC) (20)

Im
S = m(D2 + �2)−1

(
1

m
��tm − DIm−1

S − �Im−1
C

)
, (m = 1, 2, . . . ) (21)

Im
C = m(D2 + �2)−1

(
1

m
D�tm + �Im−1

S − DIm−1
C

)
, (m = 1, 2, . . . ) (22)

By combining the homogeneous solutions (9)–(10) and the particular solutions (13)–(14), the
general solutions of Eq. (1) using the second-order PIM can be written as follows:

uj+1 = E[C + �−1S(uj + u̇j )] + �−1M−1

∫ �t

0
exp(−Dτ) sin(�τ)f(tj + �t − τ) dτ (23)

u̇j+1 = −E[(� + �−1D2)Suj + (�−1DS − C)u̇j ]

+ M−1

∫ �t

0
exp(−Dτ)[cos(�τ) − �−1D sin(�τ)]f(tj + �t − τ) dτ (24)

III. SOLUTION FEATURES OF THE PIM

For the computation of sine and cosine matrices involved in the second-order PIM, the 2N algo-
rithm is used in the present work. Details of the 2N algorithm are available in Ref. [8]. In this
section, however, the mode decomposition method is used in order to show the solution features
of the PIM and to study how the damping effects can be introduced into the algorithm. To this
end, the matrix � in Eq. [7] is decomposed into the form in which the eigenvectors have to be
used.

� = Qdiag(ω1, . . . , ωn)Q−1 (25)

where ωk (k = 1, . . . , n) stands for the eigenvalues or the natural circular eigen-frequencies of the
discrete model. Suppose they are distinct from each other and have been arranged in such a way
that ω1 < · · · < ωn. The values of ωk can reflect the characteristics of the structure concerned,
although they might be affected by the manner of spatial discretization. The kth column in the
matrix Q represents the eigenvector corresponding to the eigenvalue ωk . The eigenvalues and
eigenvectors of � can be computed numerically using the subroutines described in Ref. [15].
Suppose that the system-damping matrix is diagnosable, that is

D = Qdiag(d1, . . . , dn)Q−1 (26)

where dk = ξkω
0
k (k = 1, . . . , n) stands for the physical damping related to the corresponding

eigen-frequency. ξk and ω0
k represent the coefficients of damping ratio and the intrinsic circular
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eigen-frequencies, respectively. To study the solution features of the PIM, rewrite Eq. (9)–(10) in
the form {

uh,j+1

u̇h,j+1

}
= T

{
uh,j

u̇h,j

}
(27)

where T is the amplification matrix, or the system matrix of order 2n as follows:

T =
[

E 0
0 E

] [
C + �−1DS �−1S

−(� + �−1D2)S C − �−1DS

]
(28)

It can be shown that the second matrix on the right-hand side of Eq. (28) should be symplectic.
Therefore, T is a symplectic matrix with parameters. Write its eigen-polynomial as follows:

det(T − λI2n) = 0 (29)

where I2n refers to the identity matrix of order 2n. It is noted that the eigenvalues of the symplectic
matrix will appear in pairs, and Eq. (29) can be treated by matrix partition to arrive at the form

det(�2 − 2EC� + E2) = 0 (30)

where � = diag(λ1, . . . , λn). In the deduction of (30), the relation S2 + C2 = In has been used,
where In refers to the identity matrix of order n. The eigenvalues of T can then be obtained from
(30) as follows:

λk = exp
(−ξkω

0
k�t

)[cos(ωk�t) ± i sin(ωk�t)], (k = 1, . . . , n) (31)

where i = √−1. It can be seen from Eq. (31) that the eigenvalues of T are all complex in pairs
and the spectral radius of T is smaller than unity for the structure with physical damping, i.e.

ρ(T) = max |λk| < 1 (32)

It is noted that the spectral radius is independent of the size of time step, �t , so that the algorithm
of the second-order PIM is unconditionally stable. This is as expected, because the algorithm
can theoretically yield an analytical solution. But for a structure with physical damping, all the
vibrations will decay to zero with the progression of time. Therefore, in order to consider the
numerical behavior of the algorithm, it would be more appropriate to consider the case without
physical damping. Suppose B = 0 in Eq. (1), then the amplification matrix and its eigenvalues
become

T =
[

C �−1
0 S

−�0 S C

]
(33)

λk = cos(ωk�t) ± i sin(ωk�t), (k = 1, . . . , n) (34)

respectively. The spectral radius of T becomes unity (ρ(T) = 1) independent of �t , therefore the
algorithm of the second-order PIM is unconditionally stable. It can be seen that all the eigenvalues
are located on the circle with a radius of unity. If Eq. (27) is rewritten in the form

{
uh,j+1

u̇h,j+1

}
= Tj+1

{
uh,0

u̇h,0

}
(35)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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it is easy to see that variables (displacement and stress) at any time step, say, step j + 1, can be
evaluated using Eq. (35), and the change in the magnitude of u is obviously dependent on the
properties of matrix T. By checking Eq. (32), we see that the location of eigenvalues may move
around but it always remains on or within the circle with radius unity. The system characteristics
can thus be kept unchanged unless the system is affected by the accumulation of machine trun-
cation errors. It is also evident that for the first-order PIM, the eigenvalues and spectral radius of
the amplification matrix exp(H�t) in Eq. (6) are exactly the same as those of the second-order
PIM, so that the solution features for the two algorithms are the same except for computational
efficiency.

It can be found from Eq. (34) that the algorithm of the PIM has no numerical damping because
the absolute values of all eigenvalues equal unity (|λk| = 1, k = 1, . . . , n). However, numerical
damping is required because some spurious modes of high-frequency might be introduced by
spatial discretization. Suppose ωn is the spurious frequency to be damped out, then numerical
damping can be introduced into the algorithm by setting cos(ωn) = 0 and sin(ωn) = 0 in matrices
C and S simultaneously, that is,

C = Qdiag[cos(ω1), . . . , cos(ωn−1), 0]Q−1,

S = Qdiag[sin(ω1), . . . , sin(ωn−1), 0]Q−1 (36)

This is in fact equivalent to simultaneously multiplying C and S by a matrix
Qdiag(1, . . . , 1, 0)Q−1. In this way, the pair of eigenvalues, λn = cos(ωn�t) ± i sin(ωn�t),
in the matrix T are set to zero correspondingly and the contribution of this mode to the solution
will be eliminated. Obviously, this technique can be used to study the contribution of each single
mode to the numerical solutions. For example, if C and S are replaced by Cm and Sm, defined as

Cm = Qdiag[0, . . . , 0, cos(ωm), 0, . . . , 0]Q−1,

Sm = Qdiag[0, . . . , 0, sin(ωm), 0, . . . , 0]Q−1, (0 ≤ m ≤ n) (37)

in the computer program, then the contribution of the mth mode to the numerical solutions can be
studied. The effects of numerical damping and the contribution of some single modes are studied
and presented in the numerical examples in the next section.

IV. NUMERICAL EXAMPLES

In this section, a simple example of a rod shock-excited at one end (Fig. 1) is considered using
both the second-order PIM and the Newmark-β method. The dimensionless equation governing
the longitudinal vibration of the rod without physical damping can be expressed as

∂2u(x, t)

∂t2
= ∂2u(x, t)

∂x2
, x ∈ [0, 1] (38)

with the initial and boundary conditions as

u(x, 0) = u̇(x, 0) = 0, u(1, t) = 0,
∂u(0, t)

∂x
= p(t) (39)

where u(x, t) represents the longitudinal displacement of the rod. The spatial coordinate in Eq.
(38) is discretized with the differential quadrature method (DQM) [13, 14]. In the DQM, the

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 1. A rod excited by a shock at one end (x = 0).

derivatives of u(x, t) with respect to x are approximated by a weighted sum of function values at
all discrete points within the interval x ∈ [0, 1] under consideration, i.e.

u(r)(xj , t) = dr

dxr
u(x, t)x=xj

=
n∑

k=0

A
(r)

jk u(xk , t), (j = 0, 1, . . . , n) (40)

For details of the computation of weighting coefficients A
(r)

jk (r = 1, 2) refer to Quan or Shu
[16–18]. In the quadrature formula (40), j = 0 and j = n correspond to the boundary nodes at
x = 0 and x = 1, respectively, so that n− 1 is the number of interior nodes. Equation (38) can be
transformed into second-order ordinary differential equations using Eq. (40) incorporated with
the boundary conditions. It can be written in matrix form as

ü + �2u = f(t) (41)

The initial conditions are

u(t0) = 0, u̇(t0) = 0 (42)

where

�2 = −




n∑
j=1

A
(1)

0j A
(1)

j0

n∑
j=1

A
(1)

0j A
(1)

j1 · · ·
n∑

j=1
A

(1)

0j A
(1)

j ,n−1

A
(2)

10 A
(2)

11 · · · A
(2)

1,n−1
...

...
...

A
(2)

n−1,0 A
(2)

n−1,1 · · · A
(2)

n−1,n−1




, (43a)

f(t) =




A
(1)

00

0
...
0




p(t) +




n∑
j=1

A
(1)

0j A
(1)

jn

A
(2)

1n

...
A

(2)

n−1,n




u(1, t) (43b)

Obviously, the order of the system matrix is n in Eq. (43). As it is well known that the accu-
racy of the differential quadrature method is generally sensitive to the sampling grid distribution
over the interval under consideration [14], three kinds of grid distributions, i.e., equally spaced,
Chebyshev-Gauss-Lobatto spaced and Legendre-Gauss spaced, are considered in the numerical
example. For the Chebyshev-Gauss-Lobatto distribution, the sampling grid points are placed at

xk = 1

2

[
1 − cos

(
kπ

n

)]
, (k = 0, 1, . . . , n) (44)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 2. Impact forces applied to the rod: (a) rectangular impact, (b) half-triangular impact, (c) Heaviside
impact.

The interior nodes xk(k = 1, . . . , n − 1) are the zeros of the derivative of shifted Chebyshev
polynomial T ′

n (2x − 1) within the interval x ∈ [0, 1] [19]. For the Legendre-Gauss distribution,
the interior nodes are placed at the zeros of the shifted Legendre polynomial Pn−1 (2x − 1),
computed by the subroutine presented in Ref. [20]. Three types of impact loads are considered,
rectangular, half-triangular, and Heaviside, respectively, as shown in Fig. 2. Equation (41) is
solved by the second-order PIM. The solution behaviors are studied numerically with the aid of
the eigen-frequencies and modes of the system matrices associated with the grid distributions and
numbers employed in computation as well as the damping effects.

Equation (41) is solved also by the Newmark-β method. The time integration formulae at the
(j + 1)th time step, i.e. t = t0 + (j + 1)�t , are written in the following forms incorporated with
the quadrature rule and the boundary conditions

uj = (�2 + α1In)
−1(fj + α1uj−1 + α2u̇j−1 + α3üj−1) (45)

üj = α1(uj − uj−1) − α2u̇j−1 − α3üj−1 (46)

u̇j = u̇j−1 + α4üj−1 + α5üj (47)

where α1 = (β�t2)−1, α2 = (β�t)−1, α3 = 0.5β−1 − 1, α4 = (1 − γ )�t , α5 = γ�t , and the
parameters γ = 0.5 and β = 0.25 are used in the computation.

A. Effects of grid distribution and grid number

The solutions of time-displacement curves at the free end (x = 0) of the rod subjected to rectan-
gular impact are presented in Fig. 3. The results are obtained using small grid numbers (n = 20)

and different grid distributions. It can be seen from Fig. 3 that, for the PIM, both the unequally
spaced grid distributions, the Chebyshev-Gauss-Lobatto and the Legendre-Gauss, give better
results than the equally spaced grid distribution. The displacement solution with equally spaced
grid distribution has small oscillations. For the displacement curve with the Newmark-β method,
however, there is a small deviation from the exact solution using the Legendre-Gauss grid points
but a reasonable result cannot be achieved using the equally spaced grid points. For this reason,
only the Legendre-Gauss grid distributions are used for the Newmark-β method in the following
analysis. Figure 4 shows the solution of time-traction curves at the fixed end (x = 1) of the rod
subjected to rectangular impact. It is obvious from Fig. 4 that the unequally spaced grid distrib-
utions give almost the same results, which are far better than that from the equally spaced grid
distribution. It is also evident that the traction solution with the equally spaced grid distribution
has larger oscillations than those with unequally spaced grid distributions. It is seen also that using

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 3. Displacement curves at free end (x = 0) of rod subjected to rectangular impact (�t = 0.1),
with different grid distributions. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

the Legendre-Gauss grid points, the traction response with the Newmark-β method is not as good
as that with the second-order PIM. The same conclusion can be drawn from Fig. 5, where the
time-traction curves are presented at the fixed end (x = 1) of the rod subjected to half-triangular
impact. This conforms to the observation by Bert and Malik [14] and is consistent with reports
in the literature that unequally spaced grid distributions perform consistently better than equally

FIG. 4. Traction curves at fixed end (x = 1) of rod subjected to rectangular impact (�t = 0.1),
with different grid distributions. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG. 5. Traction curves at fixed end (x = 1) of rod subjected to half-triangular impact (�t = 0.1),
with different grid distributions. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

spaced grid distributions. However, the effect of grid distribution is considered in a new point
of view with respect to the modal types and its corresponding dynamic responses in the present
work. It presents in the next section under the framework of the PIM.

In the following section, only the Legendre-Gauss grid distribution is considered, since the two
unequally spaced grid distributions yield almost the same results for the second-order PIM and the
equally spaced grid points give an unacceptable result with the Newmark-β method. Use of the
Legendre-Gauss grid distribution here means that the roots of the shifted Legendre polynomials
over the internal [0,1] of concern are taken as the grid coordinates. The time-traction curves at the
fixed end (x = 1) of the rod subjected to rectangular and half-triangular impacts are presented in
Figs. 6 and 7, respectively, using various grid numbers. To show clearly the details of the curves
with sharp changes, fine time steps (�t = 0.001) are used within a small time interval in the two
figures. It can be seen from both Figs. 6 and 7 that the larger the grid number used, the better the
exact solution can be simulated using the second-order PIM. However, the traction curves with
the Newmark-β method not only fail to trace the sharp change as well as those with the PIM but
also show greater overshooting following the sharp change. In fact, it needs to be pointed out
from both Figs. 6 and 7 that the results with the Newmark-β method using larger numbers of grid
points are inferior to those with the PIM using fewer grid points. For example, the result with the
Newmark-β using n = 200 is not as good as that with the PIM using n = 100, and the result with
the Newmark-β using n = 100 is not as good as that with the PIM using n = 50, etc.

B. Eigen-frequency and mode

The rod under consideration is, in general, a continuum with a continuous distribution of eigen-
frequencies. However, the distribution of eigen-frequencies becomes discrete due to spatial
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FIG. 6. Details of traction curves around t = 1 at fixed end (x = 1) of rod subjected to rectangular impact
(�t = 0.001), with Lelendre-Gauss distribution using different grid numbers. [Color figure can be viewed
in the online issue, which is available at www.interscience.wiley.com.]

discretization with finite mode numbers. It is, moreover, affected by the manner of discretiza-
tion. Figure 8 shows variations of circular eigen-frequencies, ωm (m = 1, . . . , n) with the mode
number for different grid distributions with the PIM. It is evident that the frequency distribution
of equally spaced grid distributions is inferior to those from unequally spaced grid distributions
because of the lack of high-frequency modes, although the low-frequency modes are almost iden-
tical for the three types of grid distribution. From this result, it can be inferred that the large

FIG. 7. Details of traction curves around t = 3 at fixed end (x = 1) of rod subjected to half-triangular
impact (�t = 0.001), with Legendre-Gauss distribution using different grid numbers. [Color figure can be
viewed in the online issue, which is available at www.interscience.wiley.com.]
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FIG. 8. Comparison of circular eigen-frequencies corresponding to the mode number with different
grid distributions with the PIM. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

oscillations in time-traction curves shown in Figs. 4 and 5 derive from the lack of high-frequency
responses when using an equally spaced grid distribution. However, it should be pointed out that
this situation caused by the lack of high-frequency modes cannot be improved by increasing the
grid number with the equally spaced distribution. It is also evident from Fig. 8 that the high-
frequency modes associated with the Legendre-Gauss-spaced distribution are richer than those
associated with the Chebyshev-Gauss-Lobatto-spaced distribution. It seems that the solution using
the Legendre-Gauss distribution is slightly better than that using the Chebyshev-Gauss-Lobatto
distribution. The distinction between the solutions for the two distributions is, however, rela-
tively small because the contribution of high-frequency modes to the numerical solution does not
dominate, as discussed in the next subsection.

The effect of grid number on the circular eigen-frequencies with the PIM is shown in Fig. 9.
As expected, the higher the grid number used, the greater the values of high-frequency modes.
This finding verifies the reason for the phenomenon evident in both Figs. 6 and 7. In other words,
the contribution of high-frequency responses to the solutions becomes more important along with
increases in the grid number, which is important for approximation of the traction curves. There-
fore, under the framework of the PIM, spatial discretization can yield numerically the possible
modal types for the structure to be analyzed. An appropriate spatial discretization scheme for a
given structure is usually required to obtain an accurate and meaningful numerical solution.

C. Effects of numerical damping

The process of spatial discretization may introduce spurious high-frequency numerical noise,
which can significantly affect the accuracy of the numerical solution. Therefore, numerical dissipa-
tion is essential in the time-step integration algorithms to damp out spurious high-frequency noise
[9–11]. In particular, the PIM has been shown to be inapplicable for the analysis of shock-excited
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FIG. 9. Comparison of circular eigen-frequencies corresponding to the mode number with Legendre-Gauss
distributions using various grid numbers with the PIM. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com.]

dynamic problems, because of the lack of numerical damping [12]. To address this problem, the
effect of numerical damping on the accuracy of PIM is investigated. Figure 10 shows the time-
traction curves around t = 1 at the fixed end (x = 1) of the rod subjected to a half-triangular
impact, with Legendre-Gauss distribution, using n = 200. The numerical damping is realized by

FIG. 10. Damping effects on traction curves around t = 1 at fixed end (x = 1) of rod subjected to half-
triangular impact, with Legendre-Gauss distribution, with the PIM. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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FIG. 11. Traction responses of single modes (m) with low frequencies at fixed end (x = 1) of rod subjected
to half-triangular impact, with the PIM. [Color figure can be viewed in the online issue, which is available
at www.interscience.wiley.com.]

using Eq. (36), and the numbers in parentheses in Fig. 10 indicate that the modes up to this number
are kept in the system matrix whereas modes with higher numbers are all removed from the sys-
tem matrix. For example, ‘(20)’ means that the modes with numbers 1 through 20 are kept in the
system matrix and thus contribute to the solution, while the contributions of modes with numbers
21 through 200 are all eliminated. In this case, only the low frequency modes with numbers 1
through 20 have an influence on the resulting time-traction curves. By comparing Fig. 10 with
Fig. 7, it is evident that the behavior of traction curves with different numerical damping is very
similar to that using different grid numbers. The results indicate that high-frequency responses are
required in the algorithm to describe the details of traction curves properly, especially for curves
with sharp changes. In contrast, numerical damping is unnecessary if the second-order PIM is
used together with an appropriate spatial discretization (see Figs. 6, 7, and 10).

The traction responses of some selected single modes (say mode number m) at the fixed end
(x = 1) of the rod subjected to half-triangular impact are presented in Fig. 11 for low frequency
modes and in Fig. 12 for high frequency modes. It can be seen from Figs. 11 and 12 that the
amplitude of the solution curves decreases along with the increase of mode numbers, as expected,
because the second-order PIM can provide essentially an ‘exact’ solution of the discrete system
with machine-like precision resulting from a homogeneous differential equation.

D. Effects of time step with regard to accuracy and efficiency

The effect of the time step used on the accuracy of the PIM is investigated in this section using
a grid number n = 100. As a comparison, the results with the Newmark-β method are also pre-
sented using a grid number n = 200. The results with the PIM are presented in Figs. 13 and 14.
Figure 13 shows the displacement at the free end of the rod versus time for several time steps,
while Fig. 14 displays the corresponding traction at the fixed end. It can be seen that the computed
results with the PIM are in good agreement with the exact results in both Figs. 13 and 14. In fact,
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FIG. 12. Traction responses of single modes (m) with high frequencies at fixed end (x = 1) of rod sub-
jected to half-triangular impact, with the PIM. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

it is possible to use very large time steps with the second-order PIM without loss of accuracy. In
comparison, the results with the Newmark-β method are presented in Figs. 15 and 16. It can be
seen from Fig. 15 that even for a small time step (�t = 0.1) the details of the displacement curve
cannot be traced satisfactorily with the Newmark-β method. The result becomes unacceptable
when a large time step (�t = 1) is used. A similar conclusion can be drawn from Fig. 16 for

FIG. 13. Displacement curves at free end (x = 0) of rod using different time steps, �t , subjected to
Heaviside impact, with the PIM. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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FIG. 14. Traction curves at fixed end (x = 1) of rod using different time steps, �t , subjected to
Heaviside impact, with the PIM. [Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com.]

the traction responses where over-shooting is observed, which is considered to stem from the
spurious mode imbedded in the Newmark-β method.

Chen and Tanaka have pointed out that the computational efficiency of the first order PIM is
very low compared with traditional time integration schemes [12]. The efficiency of the PIM is
improved with the second-order scheme since the size of system matrices is reduced in the algo-
rithm [8]. It is well known that there are generally two stages to be performed in a time-integration

FIG. 15. Displacement curves at free end (x = 0) of rod using different time steps, �t , subjected to
Heaviside impact, with the Newmark-β method using n = 200. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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FIG. 16. Traction curves at fixed end (x = 1) of rod using different time steps, �t , subjected to Heaviside
impact, with the Newmark-β method using n = 200. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com.]

scheme. The first stage is the preparation of the system matrix or the transmission matrix. The
second stage is time-marching computations step by step to obtain the desired results. As the 2N

algorithm must be used in the first stage of the PIM, the efficiency is much lower than that of the
Newmark-β method if accuracy is not an essential consideration. In the second stage, by roughly
comparing equations (23) and (24) with Eqs. (45)–(47), it is evident that the operation counts of
the PIM would be three to four times those of the Newmark-β method in a single time step if the
same number of grid points is used. However, the opposite conclusion could be drawn if accuracy
is an essential consideration, by comparing Figs. 13 and 14 with 15 and 16. In addition to less
restriction in selecting a time step, the results of the PIM using a lower grid number n = 100 are
far better than those of the Newmark-β method using a much greater grid number n = 200. The
CPU times in the two stages are compared in Table I for the two algorithms taking the accuracy
into consideration, where 10,000 steps are computed in the second stage. Figure 17 shows the
displacement and traction responses of the rod using single time steps of very large size from
�t = 100 to �t = 104 with the PIM. It can be seen from Fig. 17 that the computed results are
in good agreement with the exact ones. These findings verify the exactness of the second-order
PIM, where very small differences in time steps are used to accurately describe the sharp changes
of the traction curve at times around t = 101 and t = 103, respectively. In contrast, there is a
phase shift in the displacement response and over-shooting in the traction response represented
by dotted lines in Fig. 17, computed using the Newmark-β method with �t = 0.1 and n = 200.

TABLE I. Comparison of CPU times (µs).

Algorithm Newmark-β PIM

Grid number 100 200 100
1st stage 32 294 297
2nd stage 516 2237 1532
Total 548 2531 1829
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FIG. 17. Displacement and traction responses of rod using single time steps with very large sizes subjected
to Heaviside impact (dotted lines are computed using Newmark-β method with �t = 0.1 and n = 200).
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Obviously, the second-order PIM is capable of using a large time step without loss of accuracy,
which can significantly save computing time. This is particularly true for long-term integration.

V. CONCLUDING REMARKS

This study reveals that, in the analysis of elasto-dynamic impact problems under the framework
of the PIM, the choice of spatial discretization is important to match the corresponding time-
integration scheme, which, as a result, can provide numerically the possible modal types for the
structure to be analyzed. Among the three types of grid distribution tested, the equally spaced
grid distribution scheme cannot provide accurate numerical solutions because of the lack of high-
frequency modes in the system matrix, which results in large oscillations of the solution. For the
two unequally spaced grid distributions, the frequency modes in the system matrix formed by
the Legendre-Gauss-spaced distribution are richer in the high-frequency regime, thus yielding
slightly better solutions than those using the Chebyshev-Gauss-Lobatto-spaced grid distribution.
With a proper grid distribution, the higher the grid number, the richer the frequency modes in
the system matrix, and the more accurate the solutions. This is particularly true for accurately
describing the details of traction responses with sharp changes.

It is noted that the spatial discretization changes a continuum physical modal into a discrete
one characterized by the system matrix. With regard to the contribution of each modal type in the
system matrix to the solution, the lower the frequency mode, the more it contributes to the solu-
tion. However, with appropriate spatial discretization, high-frequency modes play an important
role in accurately describing the details of traction responses with sharp changes. This facility is
indispensable, as shown in the numerical examples. This is a feature just like that of an analytical
solution procedure imbedded in the PIM, and thus numerical damping, which is often considered
essential in traditional time-step integration schemes, is unnecessary in the present scheme, as
the high-frequency responses are no longer spurious. For the same reason, there is no time-step
restriction in the use of the second-order PIM, as shown in the numerical examples. Obviously,
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the second-order PIM is capable of using a large time step without loss of accuracy, which can
significantly save computing time. This is particularly true for long-term integration.
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