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Abstract

This paper presents a meshless method, based on coupling virtual boundary collocation method (VBCM) with the radial basis functions (RBF)

and the analog equation method (AEM), to analyze generalized linear or nonlinear Poisson-type problems. In this method, the AEM is used to

construct equivalent equations to the original differential equation so that a simpler fundamental solution of the Laplacian operator, instead of

other complicated ones which are needed in conventional BEM, can be employed. While global RBF is used to approximate fictitious body force

which appears when the analog equation method is introduced, and VBCM are utilized to solve homogeneous solution based on the superposition

principle. As a result, a new meshless method is developed for solving nonlinear Poisson-type problems. Finally, some numerical experiments are

implemented to verify the efficiency of the proposed method and numerical results are in good agreement with the analytical ones. It appears that

the proposed meshless method is very effective for nonlinear Poisson-type problems.

q 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The meshless numerical method has recently become an

alternative to the finite element method (FEM) and boundary

element method (BEM) due to its advantages of avoiding

meshing and remeshing, effective treatment of complicated

load conditions, and avoiding mesh distortion in large

deformation problem. The meshless method is usually divided

into two main categories: the boundary-type meshless method

and the domain-type meshless method. Since the proposed

method in this paper belongs to the boundary-type meshless

method, only developments corresponding to the boundary-

type meshless methods are briefly reviewed in this section.

Generally, boundary element method involves only

discretization of boundary of the structure due to the

governing differential equation being satisfied exactly inside
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the domain leading to a relatively smaller system size with

sufficient accuracy. This is an important advantage over

‘domain’ type solutions such as finite element method (FEM)

or finite difference method (FDM). This advantage exists only

for problems without body forces and having explicit

fundamental solutions. When a problem involves body

force, a domain discretization is also required, which may

cause some inconvenience in the implementation of BEM. In

order to overcome these drawbacks, a dual reciprocity method

(DRM) was introduced by Nardini and Brebbia [1] for

transferring domain integrals to the boundary ones. Later,

Nowak and Brebbia [2] proposed a multiple-reciprocity

method (MRM) which can more effectively transform domain

integrals to the boundary ones, and gave numerical

verifications of this method for linear potential problems

with body forces. Cheng et al. [3] also developed a DRM

based on global interpolation function for analyzing potential

problems. Nowak and Partridge [4] compared these two

methods and identified their advantages and drawbacks. On

the other hand, the use of the analog equation method [5]

makes it possible to treat complex problems in which there are

no available explicit fundamental solutions. From the

discussion above, it is evident that the methods mentioned

above still need to divide boundary into elements and singular
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integral is also involved. In order to remove this disadvantage,

many boundary collocation methods were proposed during the

past decades. Sun et al. [6] proposed a virtual boundary

collocation and element methods to avoid the singularity of

fundamental solutions [7] and applied this method to solve

many engineering problems successfully. However, they did

not include a proper process for dealing with body sources.

The appearance of radial basis functions (RBFs) provides the

possibility of developing a real meshless method. With the

concept of RBFs, Chen and Tanaka [8] presented a boundary

knot method (BKM) based on the nonsingular general

solution. Later, Chen and Hon [9] gave numerical investi-

gations on convergence of BKM. More recently, Wang et al.

[10] presented a meshless method for treating linear heat

conduction problem.

This paper presents a boundary collocation method by

combining virtual boundary collocation method [10] with

RBF approximation and the analog equation method (AEM)

[5] for analyzing generalized nonlinear Poisson-type pro-

blems. Firstly, AEM is used to convert the original governing

differential equation into an equivalent standard Poisson

equation and then RBF approximation and virtual boundary

collocation method (VBCM), are, respectively, employed to

construct particular and homogeneous solution parts of the

equivalent equation. Then, the superposition of the particular

solution and the homogeneous solution can yield the full

solution of the original system. Satisfying all equations of the

original problem at collocation points can generate a linear or

nonlinear system of equations, from which all unknown

coefficients can be solved. Finally, to verify the performance

of the method presented in the paper, three numerical

examples including standard Poisson, Helmholtz and non-

linear Poisson problems are considered.

The construction of the paper is as follows. In Section 2, we

give a general definition of generalized Poisson-type equation.

Then, a detailed numerical implementation is described and

some important factors of the proposed algorithm are discussed

in Section 3. Section 4 provides some numerical results to

demonstrate the effectiveness of the proposed meshless method

in analyzing generalized nonlinear Poisson-type equations.

Finally, some conclusions and discussions are presented in

Section 5.
2. Problem definition

The boundary value problem (BVP) under consideration is a

generalized nonlinear Poisson problem. The physical field u is

governed by the following partial differential equation

V2uZ f ðX;u;u;x;u;y;u;xx;u;xy;u;yyÞ in U (1)

satisfying following boundary conditions:

† Dirichlet boundary condition related to unknown potential

field:
uZ �u on G1 (2a)

† Neumann boundary condition for the boundary normal

gradient:

qZ �q on G2 (2b)

† mixed boundary condition:

b1uCb2qZ b3 on G3 (2c)

where X2Rd is the position vector, d is the dimension of

domain U which has a piecewise smooth boundary G. P2

represents the Laplacian operator, and q stands for the

boundary normal flux defined by qZKðvu=vnÞ; ni are

components of the unit outward normal vector n to the

boundary G(GZG1gG2gG3); �u and �q are specified values on

the boundary, respectively, bi (iZ1,2,3) are known

coefficients.

It is noted that Eq. (1) applies to a wide range of engineering

problems such as heat conduction, mass transfer, wave

propagation, and so on, as different problems can be

characterized by different right-hand term f of Eq. (1). For

example, Eq. (1) was reduced to a standard Poisson equation

and Helmholtz equation when the function f is a function of

position vector X or a linear function of physical field u,

respectively. When the function f is a nonlinear function of

physical field u and its derivatives, it may represent a soap

bubble problem or other complex problems. Therefore, Eq. (1)

can represent most engineering problems by properly choosing

function f.
3. The analog equation method and virtual boundary

collocation method with RBFs approximation

3.1. The analog equation method

The boundary value problem defined by Eqs. (1) and (2a)–

(2c) can be converted into a standard Poisson-type equation

using the analog equation method [5]. For this purpose,

suppose u(X) is the sought solution to the BVP, which is a

continuously differentiable function with up to two orders inU.

If the Laplacian operator is applied to this function, namely

V2uZ bðXÞ (3)

then, Eq. (3) indicates that the solution of Eq. (1) can be

established by solving the linear Eq. (3) under the same

boundary conditions (2a)–(2c), if the fictitious source

distribution b(X) is known. The solution procedure is detailed

below.

Firstly, the solution of Eq. (3) can be written as a sum of the

homogeneous solution uh and the particular solution up, that is:

uZ uh Cup (4)

Accordingly, uh and up, respectively, satisfy

V2upðXÞZ bðXÞ (5)
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and:

V2uh Z 0 in U

uh Z �uKup on G1

qh Z �qKqp on G2

b1uh Cb2qh Z b3Kb1upKb2qp on G3

8>>>><
>>>>:

(6)
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Fig. 1. Illustration of a computational domain and point discretization on the

physical and virtual boundary.
3.2. RBF approximation for the particular solution up

The next step of the proposed approach is to evaluate the

particular solution by RBF approximation. To this end, the

right-hand term of Eq. (5) can be approximated by

bðXÞZ
XM
jZ1

ajfjðXÞ (7)

whereMZICB, I and B are the number of interpolation points

inside the domain and on its boundary, respectively. aj are

coefficients to be determined and fj are a set of approximating

functions.

Similarly, the particular solution up is also approximated in

the form

upðXÞZ
XM
jZ1

ajûjðXÞ (8)

where ûj are a corresponding set of particular solutions.

Correspondingly, boundary flux can be expressed as:

qpðXÞZK
vupðXÞ

vn
ZK

XM
jZ1

aj

vûjðXÞ

vn
(9)

Because the particular solution up satisfies Eq. (5), the key to

this approximation is the assumption of a corresponding set of

approximating particular solutions fj, which, for the case of

Laplacian operator, satisfy:

V2ûjðXÞZ fjðXÞ (10)

The effectiveness and accuracy of the interpolation

depends on the choice of the approximating functions fj.

Global interpolation functions, such as Langrange poly-

nomials, Fourier sine and cosine series, RBFs of polynomial

type and thin plate spline (TPS) may be used [11–17] for

this purpose. In this paper, the functions fj in Eq. (7) are

selected to be locally polynomial RBFs in terms of power

series of a distance function rj. Because even powers of rj
are not RBF’s [18], and artificially created singularities can

probably be encountered in some cases [11], the local RBFs

can be taken as

fjðXÞZ 1Cr3j (11)

where r(X,Xj)Zrj(X)ZjXKXjj denotes the distance from the

source point Xj to the field point X. The functions in Eq.

(11) have shown to be most convenient to implement into

standard computer program.

Using Eqs. (10) and (11), the approximating particular
solutions ûj can be written as

ûj Z
r2j

4
C

r5j

25
(12)

for a 2D problem, and

ûj Z
r2j

6
C
r5j

30
(13)

for a 3D problem. Since the inhomogeneous term b(X) is an

unknown ‘body force’ depending on the unknown function

u(X), the coefficients aj cannot be determined directly through

solving Eq. (7). However, this problem can be tackled in the

following way.
3.3. VBCM for the homogeneous solution

To obtain a weak solution of Laplace problem (6), N

fictitious source points Yi (iZ1,2,.,N) on the virtual boundary

and the same number collocation points on the physical one are

selected, respectively (see Fig. 1). The virtual boundary is

outside the domain under consideration. Moreover, assume that

there is a virtual source 4i (1%i%N) at each fictitious source

point.

According to the superposition principle, the potential uh
and the boundary normal gradient at an arbitrary field point X

in the domain or on the boundary can be expressed by a linear

combination of fundamental solutions in terms of fictitious

source placed on the virtual boundary, respectively [7–11], that

is

uhðXÞZ
XN
iZ1

u�ðX;YiÞ4i (14)

qhðXÞZK
vuh
vn

ZK
XN
iZ1

4i

vu�ðX;YiÞ

vn
(15)

where u* is the fundamental solution of the Laplacian operator

u�ðX;YÞZ
1

2p
ln

1

rðX;YÞ
(16)

for a 2D problem, and

u�ðX;YÞZ
1

4pr
(17)

for a 3D problem.
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Fig. 3. Geometry of the rectangular domain and specified boundary conditions.
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It should be mentioned that effectiveness of VBCM depends

strongly on following three aspects:

– shape of virtual boundary;

– distance between the virtual and physical boundary;

– investigation of conditioning number of solution matrix.

First, any shape of the virtual boundaries can be,

theoretically, used in the calculation. However, due to the

limitation of computer’s inherent precision, the shape of the

virtual boundary may influence the numerical accuracy of

the output results. It is proved that circular virtual boundary

[19] and similar virtual boundary [10] are suitable for VBCM.

Based on these two schemes, for example, the shapes of a

virtual boundary can be chosen as either rectangle or circle for

a rectangular domain (see Fig. 2). The effectiveness of the two

schemes is assessed in Section 4.

The distance between fictitious source points and physical

boundary has also an important effect on the accuracy of the

VBCM. In order to determine the location of virtual boundary,

a parameter l representing the ratio between characteristic

length of the virtual and physical boundary is introduced [6,10]

which is defined by:

lZ
characteristic length of virtual boundary

characteristic length of physical boundary

From the point of view of computation, accuracy of the

numerical results will become worse if the distance between of

the virtual boundary and physical boundary is too close (i.e. the

similarity ratio l is close to one), as that may cause problems

due to singularity of the fundamental solutions. Conversely,

round-off error in C/Fortran floating point arithmetic may be a

serious problem when the source points are far from the real

boundary. In that case, the coefficient matrix of the system of
equations is nearly zero [21]. The similarity ratio l is generally

selected to be in the range of 1.8–4.0 for internal problems and

0.6–0.8 for external problems in practical computation [6,10].

With regard to the condition number of solution matrix, it

may be influenced by the location and shape of virtual

boundary as well as the number of fictitious source points. In

general, coefficient matrix formed by using the virtual

boundary collocation method has a large condition number.

In this case, the standard Gauss elimination or LU decompo-

sition solvers may be invalid and the singular value

decomposition (SVD) is recommended to keep results stable

for ill-conditioning systems [20].
3.4. The construction of solution system

Based on the procedure described above, the solution uZ
u(X) we are seeking to Eq. (3) can be obtained as

uðXÞZ
XN
iZ1

4iu
�ðX;YiÞC

XM
jZ1

ajûjðXÞ (18)
qZK
XN
iZ1

4i

vu�ðX;YiÞ

vn
C

XM
jZ1

aj

vûjðXÞ

vn

" #
(19)

which are also the solutions of Eq. (1). Differentiating Eq. (18)

yields

vu

vxm
Z

XN
iZ1

4i

vu�ðX;YiÞ

vxm
C

XM
jZ1

aj

vûjðXÞ

vxm
(20)
v2u

vxmvxn
Z

XN
iZ1

4i

vu�ðX;YiÞ

vxmvxn
C

XM
jZ1

aj

vûjðXÞ

vxmvxn
(21)

where m,nZ1,2 for 2D plane problems and m,nZ1,2,3 for 3D

cases.

Finally, in order to determine unknowns aj and 4i, Eq. (18)

should satisfy the governing differential Eq. (1) at M

interpolation points. Besides, Eqs. (18) and (19) should satisfy

corresponding boundary conditions (2a)–(2c) at N collocation



Table 1

Effect of the shape and location of the virtual boundary to numerical results and condition number

Shape Location, Parameter l

1.1 1.3 1.5 1.7 2.0 2.5 3.0 4.0 5.0

Rectangle 1.2!105 1.7!105 2.3!107 1.2!107 3.1!107 3.3!108 4.7!108 2.7!109 9.5!109

0.6234 0.7323 0.9578 1.1481 1.1600 1.1473 1.1453 1.1454 1.1456

Circle 1.2!105 1.2!105 1.7!105 1.7!105 3.1!105 8.8!105 2.4!106 1.3!107 4.8!107

1.6568 1.9712 0.9165 1.0922 1.1947 1.1461 1.1458 1.1458 1.1458

Data in first row denote condition number and second row potential value.
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points on the physical boundary:

XN
iZ1

4iV
2u�ðX;YiÞC

XM
jZ1

ajV
2ûjðXÞZ f ð4i;ajÞ

XN
iZ1

4iu
�ðX;YiÞC

XM
jZ1

ajûjðXÞZ �u

XN
iZ1

4iq
�ðX;YiÞC

XM
jZ1

ajq̂jðXÞZ �q

XN
iZ1

4i½b1u
�ðX;YiÞCb2q

�ðX;YiÞ�C
XM
jZ1

aj½b1ûjðXÞCb2q̂jðXÞ�Zb3

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

(22)

As a result, a system of equations in terms of the unknown

coefficients aj and fi can be written as

FðxÞZ 0 (23)

where the sought vector x contains the unknown coefficients aj
and 4i.

Once these unknown coefficients are determined, the

potential field u and its normal derivative q at any point X

inside the domain or on its boundary can be determined by

using Eqs. (18) and (19).

As mentioned before, Eq. (23) may be either linear or

nonlinear depending on the right-hand term f. For the linear or

nonlinear system considered in this analysis, both the singular

value decomposition (SVD) method and Newton–Raphson

iteration method appeared in [22] are employed in our

calculation.
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4. Numerical experiments

In order to demonstrate the efficiency and accuracy of

proposed method, three benchmark numerical examples of a

standard Poisson equation, an inhomogeneous Helmholtz
x

y

o 1

1

u =1 u =1+sin1

q = 0

q = 0

Fig. 4. Geometry of square domain and boundary conditions.
problem, and a nonlinear Poisson problem are considered and

their results are compared with the analytical results.
4.1. Example 1: 2D standard Poisson problems

Consider a classic Poisson problem whose domain is a

rectangle of size 1!0.2 (Fig. 3). The right-hand function is

f(x,y)ZKx. The upper and lower boundaries are assumed to be

insulated, whereas Dirichlet boundary conditions are applied

on the remaining boundaries as shown in Fig. 3.

The exact solution of this problem is:

uZ
7

6
K

1

6
x3

In this example, the effect of the shape and location of the

virtual boundary is considered. To this end, 12 collocation

points are selected on the physical boundary, which is the same

as the number of fictitious source points on the virtual

boundary. Total 27 internal interpolation points are used,

which is uniformly distributed in the domain. The numerical

results at point (0.5,0.1) and condition number of coefficient

matrix are shown in Table 1. The corresponding exact solution

is 1.1458.

It can be seen from Table 1 that the use of circular virtual

boundary can benefit to weaken the effect of the singularity of

fundamental solutions on the solution matrix and can reach

good accuracy when parameter l ranges from 2.5 to 5.0.
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Fig. 5. Relative error on potential between numerical results and exact solutions

along the line yZ0.5 when the number of fictitious source points varies and

MZ16.



Table 2

Comparison of numerical results and exact ones

Location Numerical results Exact solutions

(NZ12, MZ9) (NZ12, MZ25)

(0.00, 0.00) 0.0000 0.0000 0.0000

(0.25, 0.25) 0.0164 0.0159 0.0156

(0.50, 0.50) 0.1271 0.1251 0.1250

(0.75, 0.75) 0.4249 0.4222 0.4219

(1.00, 1.00) 1.0000 1.0000 1.0000

(1.00, 0.50) 0.5000 0.5000 0.5000
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Fig. 6. Demonstration of fictitious source points, collocations and interpolation

points.
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4.2. Example 2: 2D inhomogeneous Helmholtz problem

As second example, consider governing Helmholtz equation

V2uZ 1Ku

subject to the boundary conditions shown in Fig. 4. The exact

solution of this problem is given by u(x,y)Z1Csin x.

In the process of computation, the different number of

fictitious source points is employed to demonstrate the

efficiency, accuracy and numerical convergence of the
0
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1

x

Exact solution u(x,y) = x2y

y

P
ot

en
tia

lu

Fig. 7. Configuration of exact solutions and numerical re
proposed meshless method. Results of relative errors are

shown in Fig. 5 for different number of fictitious source points,

from which we can see that the relative error decreases as the

density of fictitious source points increases.
4.3. Example 3: nonlinear Poisson problems

Finally, consider a generalized nonlinear Poisson problem

in the 1!1 rectangular domain whose governing equation is

defined by

V2uðx;yÞC
vu

vy

� �2

Z 2yCx4

with following boundary conditions:

uð0;yÞZ 0 and uð1;yÞZ yCa

uðx;0ÞZ ax and uðx;1ÞZ xðxCaÞ

The analytical solution of this problem is u(x,y)Zx(xyCa).

In our computation, the constant a is selected to be zero for

the sake of simplify. Total collocation points on the physical

boundary are selected to be 12 and the same number of

fictitious source points is uniformly distributed on the virtual

boundary. The number of internal interpolation points in the

domain is from 9 to 25 (See Fig. 6). The initial guess of

iteration is zero. The convergent results are achieved with

about eight iterations. Numerical results of potential u are

shown in Table 2 and Fig. 7.

As was expected, it can be seen from both Table 2 and Fig. 7

that the results from the proposed meshless method gradually

converge to the exact values along with the increase in the

number of interpolation points.
5. Conclusion

A new meshless method is presented for analyzing

generalized nonlinear Possion-type problems with arbitrary

right-handed terms. The method is based on combining the
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sults when parameter a is zero and NZ12, MZ25.
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analog equation method (AEM), RBF approximation and

virtual boundary collocations method (VBCM). As a con-

sequence, weakly satisfying all equations of original problems

at collocation and interpolation points can yield a linear or

nonlinear system, which is solved by SVD and Newton–

Raphson iteration methods. Numerical results are clearly

shown that the presented method can achieve very good

accuracy with relatively small number of fictitious source

points and interpolation points. In particular, the proposed

method has following features:

† It is fully meshfree and no any elements are involved in the

calculation, therefore the drawbacks related to element

scheme are avoided.

† It has a relatively simple theory basis and simple

implementation process.

† There are no extra equations required to compute internal

quantities.

† No inverse matrix of interpolation coefficient matrix is

required.

† It is unnecessary to develop fundamental solutions for

complicated physical problem, which are required by the

conventional BEM.
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