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Abstract. This paper treats the crack-microcrack interactions in an anisotropic piezoelectric solid. Based
pl ~ 

eXI on the Green's function approach and the principle of superposition, a system of singular integral
toe 

ml equations for the unknown temperature discontinuity and elastic displacement-electric potential(EDEP) 

as 

ho defined on each crack face is developed and solved numerically. In the analysis, the residual heat flux, 

tie 

ler stress and electric displacement(SED) on microcrack location to be released are evaluated directly from 

sec 

an the near-tip fields of main crack. Numerical results for SED intensity factors in a three-crack system are 

ch presented to illustrate the applicabon of the proposed formulation. 
ge. 
to 
su 
D: 1. INTRODUCTION 
idr 
co 
im 
co The fracture mechanism of brittle material in the microscale is always concerned with micro defects such 

as cracks, holes and inclusions among which microcracking has received considerable attention in the past 

decades. Stress analysis of multiple crack problems in isotropic materials has been done by many 

Sli researchersll-7]. In particular, the work of Gross in which the best choice of approximating polynomials 

th 
to represent the traction on cracks was discussed should be mentioned. A history review of this topic was 

in 
Iii given in[8J. For anisotropic materials without considering the thermal effect, a solution for collinear 
of 

cracks in an infinite plate was obtained in[9]. The elastic interaction between a main -crack and a parallel 
m 
b~ micro-crack in an orthotropic plate was treated [ 10]. Based on the strain energy density criterionlll], the 
to 

direction of initial crack growth of two interacting cracks in an anisotropic solid has been studied in[ 12].
st 

ul the elastic crack-microcrack intcractions and effective elastic properties of a two-dimensional matrix of 
11 

general anisotropy, contailling an arbitrary orientation distribution of cracks have beenb; 

S( investigated(l 3, 14]. UnEke in the case of anisotropic elasticity, relatively little work has been done for the 

pi 

analysis of multiple crack problems in thermopiezoelectric materials. This work is a continuation of our 

Ie previous studies[ 15, 16]. In the paper, the Green's function approach and the principle of superposition are 
Sl 

used to study thermoelectroelastic behaviour of a piezoelectric plate containing a main crack and multiple
IT 

2 microcracks. The geometry of the problem is shown in Fig. I. After introducing the general solution of 
ho 

piezoelectrics and the thermoelcctroelastic Green's function for temperature discontinuity, a system of n 

sl 
II 
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singular integral equations for the unknown thermal discontinuity density defined on crack faces is 

derived by using the principle of superposition. In the derivation, the residual heat flux, stress and electric 

displacement(SED) on microcrack location to be released are evaluated directly from the near-tip fields of 

main crack which can give any desirable accuracy when the microcracks are situated very close the main 

crack-tip. The integral equations are solved numerically and used to calculate SED intensity factors. 

Numerical results for SED intensity factors in a three-crack system are presented to illustrate the 

application of the proposed formulation. 

2. BASIC FORMULATIONS 

Consider a linear piezoelectric solid where all fields are the function of XI and X2 only. Cartesian 

coordinate system (XI, X2, X3) is used for the description of all field quantities and, boldfaced symbols 

stand for either column vectors or matrices, depending on whether lower case or upper case is used. For 

/A. ~;a; 

d i ~/" 

~ / .
======::':l~.·/-c ; (1:;; ,1:,,) 

~ 

rig. I G eorn c lry of (he crack-rn icroc rack problem 

stationary behaviour in the absence of heat source, free electric charge and body forces, the general 

solution of linear thermoelectroelasticity has been obtained as[ 17, 18): 

8 = g'(z,) + g'(z,) 

~ = ik'tg"(z,) - ihg"(z,) 

~ = -ikg"(z,) +ikg"(z,) 
(I) 

u =AF(z)q + cg(z,) + AF(z)q + cg(z,) 


4> =BF(z)q + dg(z,) + BF(z)q + dg(z,) 


TIl =-4>,2 ~ =4>.1 


with 
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(2) 

• 	 where overbar denotes the complex conjugate, a prime represents the differentiation with the argument, q 

is a constant vector to be determined by the boundary conditions, u={ Ul U2 U3 <p} T, I1j={ O"Ij 0"2j O"Jj Dj } T, 

j=I,2; i=~, k=~kllk22 -k,22' Ui and <p are the elastic displacement and electric potential, e, 

hi ' O" ij and Di are temperature, heat flux, stress and electric displacement, , and Pi are the heat and 

electroefastic eigenvalues of the materials whose imaginary parts are positive, f(zi) and g(zl) are arbitfary 

functions with complex arguments Zi and Zr, respectively, A , B, c and d are well-defined in the 

Iiterature[ 17,18]. 

For an infinite piezoelectric plate subject to temperature discontinuity eo located at z/ = Xl + ,x2 ' it 

can be shown that the thermoelectroeletric Green's functions at point z(x}, X2) can be expressed as[ 16,19] 

(3) 

(4) 

(5) 

(6) 

where 

fey) = y(lny-l), 
, , 	 (7) 

Yi 	 =Zi - ZI' (i = 1,2,3,4) 

i 	__ - - 
q = --(n -'B - A -IArl(A - 1(C+ c) - B-l(d + d» 


2 


3. SINGULAR INTEGRAL EQUATIONS 

3.1 Statement of the problem 

The geometrical configuration of the problem to be solved is depicted in Fig. I , showing an infinite plate 

subjected to remote heat flow ho and with a main crack of length 2co and N microcracks of length 
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2ci(i==1 ,2 ,'" ,N) located near the main-crack tip. The central point of ith microcrack is denoted as 

(xli,Xv ) and the orientation angle is denoted as a i. The cracks are initially assumed to remain open and 

hence be free of tractions and charges as well as to prevent the transfer of heat between their faces. The 

corresponding boundary conditions are, then, as follows 

On the faces of each crack i: 

tni == -DI sina, + D2 cosa, = 0 
(i==0,1 ,2 ,.··,N) (8)

h"j =-~ sinaj + ~ cosa j =0 

At infinity 

(9) 

where n stands for the normal direction to the lower face of a crack, tni is the surface traction and charge 

vector acted on the ith crack. 

Moreover, the main crack is assumed much larger than the length of ith microcrack and the distance 

between the right tip of the main crack and the center ofith microcrack, i.e.co »c,' co» d,(see Fig. I). 

Under this assumption, the residual SED to be released can be approximately calculated by the near-tip 

solutions of the main crack. 

3.2 Singular integral equations 

The problem shown in Fig. 1 can be considered as a superposition of N+ 1 single crack problems with 

unknown temperature discontinuity density on each crack face . The boundary conditions for each single 

problems are still defined by eqns(8) and (9) except that 

t nj =-D I sinaj +D2 cosaj ~D~ 
0=1,2,." ,N) (10) 

h", =-hi sin a, + h2 cos a j =h~j 

where IT'~I and h'~1 are, respectively, the residual SED and the residual heat flux to be released, which are 

given in the Appendix. 

Using the Green's function described above and the superposition teclmique[4] , the thermal problem 

shown in Fig. 1 can now be formulated in the form 
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(11 ) 

where 8 00 and 8 0i are the distributing Green's functions defined along the main crack and ith microcrack, 

respectively, and 

(12) 

where z,~ = X 1i + TX 2i> z,:.=cosa i +Tsina ,. 

In addition to eqn(11), the single valuedness of the temperature around a closed contour surrounding a 

given crack requires that 

[ 8 0;(s)ds = ° (i = 0,1,2, ... , N) (13), 

The coupled singular integral equations for the temperature discontinuity density in eqn(11) combined 

with eqn(13) can be solved numericaIlY[20]. Since the solution for the functions, 80i( ~ ) ' has a square 

root singular at the corresponding crack tip, it is more efficient for the numerical calculations by letting 

(14) 

where 0,{t) is a regular function defined in the interval ItI~ I , Blj are the real unknown coefficients, and 

l~(t) the Chebyshev polynomials of first kind. Thus the discretized form of eqns( 11) and (13) may be 

written as[20): 

(15) 
III 

:L0,(s'k )=0 
k_1 

where 

h,~o = 0, S ,. = S " = cos[ (2k2~?'rJ (k = 1,2, " , m) 
(16) 

s Oir =cos(rn: ! m), (r=I,2,· ·· ,m - l) 

Equation (15) provides a system of (N+ l)xm linear algebraic equations to determine the coefficients By. 

Once the function 0,(t) has been found , the corresponding SED can be given from (1)6 and (6) as 
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(17) 

(j = 1,2,3,4) 

where 

Y/ i = Z, -ilt 
(18) 

Thus the traction-charge vectors on the crack faces are of the form 

t~i ('1) = -TI\ ('1) sin a, + TI2('1) cos a i 

= _l_ ±lmr [B(Icosa, +PsinaJ\lnz,)q\ /
211 / _ 0 <'I (19) 

+ d(cosa, + " sino.,.) InY\J80/~)d~ 

Generally, t~i (11) do not satisfy the given traction-charge boundary conditions on the crack faces. To 

satisfy those conditions, we must superpose a solution of the corresponding isothermal problem with a 

traction-charge vector induced by dislocation vector b i which, together with the results in eqn(19), will 

satisfy the given boundary conditions, The elastic solution for a singular dislocation of strength b i 

obtained by Ting[21J is adopted. The solution is now in the form 

(20) 

(21) 
\. 

where 

()J = diaglOt ()2 ( )1 ( )4 J, 

ijl = z~, + ~<, = Xli + Pj X21 + ~(cosC'!, + Pj sina,) 
(22) 

Similarly, based on eqns(IS) and (16), the thermoelectroelastic problem shown in Fig. can be 

formulated in the form 

~ f" bo (~ )d~ ~ ~I f' K .(. E.)b ( != )d'f =_to ( ). ): + L.. m 0, T) , _ ,c, C, nO 11 
211 " LO 11  C, 11 i:\ c, 

(23) 

(24) 

where 
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L "" -2iBBT 

Klj (T],~) = [B(z;, (z" ~ Zk/ r ')BT 
(25) 

with 

(26) 

Moreover, the single valued condition requires that 

(27) 

As was done previously, let 

(28) 

where Eik={Eikl, Eik2, E lk3 , Eik4 } T Thus, from eqns(23), (24) and (27), we obtain 

m 
(29) 

2.:8,(5"k) = 0 
k~ ' 

Equations (29) provide a system of 4mx(N+ 1) linear algebraic equations to determine 8'(~i) and then 

Eik . Once the function 8,(.;) has been found from eqns(29), the stresses and electric displacements near a 

give::n crack tip can be evaluated. for example, the SED, nno (11), in a coordinate local to the main crack 

Iline can be expressed in the form 

nll(1'])=~ r bo(~)dc,+~±:[Im r KOJb)~)dS]+t~o (1']) (30) 
211: ' " 1'] - ~ 11: } _, <J \. 

Using (23) we can evaluate the stress intensity factors K'=(Ku, K(, Kill, KD} T at the tips, e.g., at the 

right tip(~=c(}) of the crack by following definition: 

K ' = !im~211:(~ - co)nn(~) (31) 
~--)CO 

Combined with the results of (30), one then leads to 

r,;:
K' ",! - L8 o(c ) (32)oV4co 

Thus the solution of the singular integral equat,ion enables the direct determination of the stress intensity 

factors and investigation of the crack-microcrack interactions. 
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4. NUMERICAL RESULTS 

To illustrate numerically the use of the proposed formulation for obtaining the major features of the crack

microcrack interactions, consider a piezoelectric ceramic (BaTi03) plate with three cracks and subjected 

to the remote heat flow hQ, which is shown in Fig. 2. The properties of the plate are given by[22]: 

Clill = 150GPa, Cl122 = 66GPa, CI ])J = 66GPa, C2m = 146GPa, C2J2J = 44GPa, 

a ll = 8.53 x 10-6 I K , ~2 = 1.99 X 10-6 I K , -\ = 0.133 X 105 N I CK, 

em = - 4.35C I m2
, em = 17.5C 1m2, el12 = 11.4C 1m2, Kll = 111 5Ko, 

K 22 = 1260Ko' Ko = 8.85 X 1O-12C2 I Nm2 

Since the values of the coefficient of heat conduction for BaTi03 could not be found in the literature, the 

value k22l kll =1.5, kll=l W /mK and k12=Oare assumed. 

Fig. 2 Geurn etry of the three-crack system 

Fig. 3 shows that nOImalised SED intensity factors at the right tip of the main crack, PI = K, I K;' and 

Po = Ko I Kg, where K, and KD are the SED intensity factors of the present crack system, and 

K~ = hoco~Y 22 I k , K~ = hoCO~X2 I k , in which Y22 and X2 arc thermal-stress coefficient and 

pyroelectric constant'6. Fig. 4 shows the variation of coefficients PI with the distance d(see Fig. 2). It can 

be seen from Fig. 3 that the orientation of the microcrack has a little effect on the near-tip fields of the 

main crack. On the other hand, Fig. 4 indicates that the interaction effects produced by microcracks are 

sensitively to the distance between the main crack and the microcracks, and will become weaker with the 

increase of the distance. Therefore, in a crack-microcrack system, those microcracks closest to the main 

crack tip will playa dominant role. 
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5. CONCLUSION 

This work presented a formulation for the problem of a thermopiezoelectric plate with a main crack and 

multiple microcracks. A system of singular integral equations is developed with the aid of Green's 

function approach and the principle of superposition. Solutions for the thermal, electric and elastic fields 

are then obtained for the problem of a main crack and multiple microcracks in an infinite 

thermopiezoe\ectric plate subjected to far heat flux disturbances. In the analysis, the residual heat flux, 

stress and electric displacement on microcrack location to be released are evaluated directly from the 

near-tip fields of main crack which can give any desirable accuracy when the microcracks are situated 

very close the main crack-tip. For an infinite plate with three cracks in a piezoelectric plate, the numerical 

results show that the orientation a of the microcrack has a weak effect on the values of the values of ~/' 

but the "short range" interactions in this problem playa dominant role. In other words, in a crack

microcrack system, those microcracks closest to the main crack tip will playa dominant role to affect the 

near tip fields ofthe main crack. 
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APPENDIX 

For a crack of length 2c embedded in an infinite thermopiezoelectric plate subjected to remote uniform 

heat flux ho, the near-tip fields at a point P(x" X2) can be found for the solution given by Qin et al. [15] : 

' 
11.. "" -ho 1 - Re['t(cos8 + 'tsin8rI/2]

2rff 
(AI) 

~ "" hoff Re[(cos8 + 'tsin8r l12 
] 

a 3/2 ho \ Pk ) T
III "" - r;:,- Re{8 . 8 1/2 [A (Im(d) + Re(-Lc + Hd)) 

v2r (cos8 + Pk sm ) 

+ 8 ' (Re(Sc + Hd - L- I(I + iS/)d)]}, 
(A2) 

a 3/2ho \ I )
Il2 '" r;:,- Re{B . 112 [A I (Im(d)+Re(-Lc+Hd))

v2r (cos8 + Pk SIn8) 

+ 8 T(Re(Sc + Hd - L-I(I + is')d)]} 

where 

H == 2iAA /, S == i(2A8 1 
- I), 

,,2 == (XI - C)2 + X; , (A3) 

8 == COS- I[(XI - c) / r] 

The residual fields, h,~, and n;, on the ith microcrack can be, then, calculated from the following relations 

h~1 == -11.. sinu; + ~ cosu; 
(A4) 

~I == -Ill sinu; + Il2cosu; 
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