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Abstract— Bifurcation of limit cycles in a cubic Hamiltonian
system with quintic perturbed terms is investigated using both
qualitative analysis and numerical exploration. The investigation
is based on detection functions which are particularly effective for
the perturbed cubic Hamiltonian system. The study reveals firstly
that there are at most 15 limit cycles in the cubic Hamiltonian
system with perturbed terms. The distributed orderliness of the
15 limit cycles is observed and their nicety places are determined.
The study also indicates that each of the 15 limit cycles passes
the corresponding nicety point. The results presented here are
helpful for further investigating the Hilbert’s 16th problem.

I. INTRODUCTION

The bifurcation of limit cycles in polynomial system has
long been of research interests in the circle of applied math-
ematics. In particular, the bifurcation of limit cycles of the
following planar polynomial system

dx

dt
= Pn(x, y),

dy

dt
= Qn(x, y). (1.1)

has been considerably investigated during the past years and
has now become a very popular topic in the area of applied
mathematics, where Pn(x, y) and Qn(x, y) are two polynomi-
als of degree n. It should be mentioned that the system (1.1)
is related to the celebrated Hilbert’s 16th problem.

For the perturbed Hamiltonian system





dx

dt
= y(1 + x2 + ny2) + ε

∑
1≤i+j≤kaijx

iyj ,

dy

dt
= x(1−mx2 − y2) + ε

∑
1≤i+j≤kbijx

iyj .

(1.2)

Han [1] showed that (1.2) has 11 limit cycles and two
different distributions when k = 3. Zang et al [2] found that
(1.2) has 14 limit cycles when k = 4.

In this paper, we consider the following disturbed system





dx

dt
= y(1 + x2 + by2)− εx(mx2 + ny2 + kx4 − λ),

dy

dt
= x(1− ax2 − y2)− εy(mx2 + ny2 + kx4 − λ).

(1.3)
where a, b, ε(0 < ε ¿ 1), m, n, k and λ are real parameters,
and a < −1 < b < 0, ab > 1.

By using the method of detection function [3] and the
method of numerical exploration [4] we will show that (1.3)
has 15 limit cycles when a = −6, b = −0.2, m = −15.76,
n = 2, k = 0.9, 0 < ε ¿ 1, 17.1199 < λ < 17.1481.

II. DETECTION FUNCTION AND DETECTION CURVES

In this section some preliminary results on the detection
functions for the perturbed Hamiltonian system (1.3) are
briefly reviewed in order to provide a common source of
formulation for the analysis in later sections. Let us begin
with considering the perturbed Hamiltonian system.

It is helpful to begin with introducing Ye’s some useful
results [5]. He obtained these results by introducing.

Lemma 1. Consider the perturbed Hamiltonian system





dx

dt
= −∂H

∂y
+ P (x, y, α) ,

dy

dt
=

∂H

∂x
+ Q (x, y, α) .

(2.1)

and the corresponding unperturbed Hamiltonian system

dx

dt
= −∂H

∂y
,

dy

dt
=

∂H

∂x
. (2.2)

Obviously system (2.1) reduces into system (2.2) when
P (x, y, 0) ≡ Q (x, y, 0) ≡ 0. The curve Γh defined by
Hamiltonian H (x, y) = h of system (2.2) is, then, closed
orbits and will extend to the outside of Γh as h increases, and
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Γh (D) is the area inside Γh. If there exists h∗ such that the
function

A (h) =
∫∫

Γh(D)

[P ′′xα (x, y, 0) + Q′′yα (x, y, 0)]dxdy. (2.3)

satisfies A (h∗) = 0 and A′ (h∗) 6= 0, αA′ (h∗) < 0 (> 0),
then system (2.1) has only one stable (unstable) limit cycle
near to Γh∗ when α is very small. Conversely, If Γh is
constrained inside as h increases, the stable properties of the
limit cycle are opposite of that described above, i.e., when
αA′ (h∗) < 0 (> 0) the limit cycle is unstable (stable). If
A (h) 6= 0, then system (2.1) has no limit cycle.

Li and Li [6] considered the following system:




dx

dt
= −∂H

∂y
− µx [p (x, y)− λ] ,

dy

dt
=

∂H

∂x
− µy [q (x, y)− λ] .

(2.4)

where p (0, 0) = q (0, 0) = 0. Using the results given in [5]
above, it follows from A (h) = 0 that

λ = λ (h) =

∫∫
Γh(D)

f (x, y) dxdy

2
∫∫

Γh(D)
dxdy

, (2.5)

where

f(x, y) = xp′x + yq′y + p + q. (2.6)

The function λ (h) is usually known as the detection func-
tion of system (2.4). Using the detection function λ (h) and
lemma 1 above, the following proposition regarding the limit
cycle of system (2.4) can be obtained [7]:

Proposition 1. For any given λ0: (1) If (h0, λ(h0)) is an
intersecting point of the line λ = λ0 and the detection curve
λ = λ(h), and λ′(h0) > 0(< 0), then the system (2.4) has
only one stable (unstable) limit cycle near Γh0 when λ = λ0;
(2) If line λ = λ0 and the detection curve λ = λ(h) have no
intersecting point, then system (2.4) has no limit cycle when
λ = λ0. Conversely, If Γh is constrained inside as h increases,
the stability of the limit cycle is opposite to the results above.

III. ANALYSIS OF THE UNPERTURBED SYSTEM

Consider the unperturbed system

dx

dt
= y(1 + x2 + by2),

dy

dt
= x(1− ax2 − y2). (3.1)

where a, b are two real parameters and a < −1 < b < 0,
ab > 1.

The first integral of (3.1) is given by

H(x, y) = −1
2
(x2−y2)+

1
4
(ax4 + by4 +2x2y2) = h. (3.2)

If we denote x = r cos θ, y = r sin θ, equation (3.1) and
(3.2) become respectively





dr

dt
= r sin(2θ) + (1− a)r3v(θ) + (b− 1)r3w(θ),

dθ

dt
= cos(2θ)− r2u(θ).

(3.3)

H(r, θ) = −1
2
r2 cos(2θ) +

1
4
r4u(θ) = h. (3.4)

where

u(θ) = a cos4 θ + b sin4 θ + 2 sin2 θ cos2 θ, (3.5)

v(θ) = sin θ cos3 θ, w(θ) = sin3 θ cos θ. (3.6)

From (3.4), we have

R± = r2
±(θ, h) =

cos(2θ)±
√

cos2(2θ) + 4hu(θ)
u(θ)

. (3.7)

Setting
dθ

dt
= 0, we obtain

θ± (h) =
1
2

arccos
h(b− a)±

√
h2(a− b)2 − d

1 + h(a + b− 2)
, (3.8)

where

d = h(a + b + 2)[1 + h(a + b− 2)]. (3.9)

The curves defined by (3.2) or (3.3) form the following
three types of closed orbits when the parameter h varies from
−∞ to a+b+2

4(1−ab) .

1) {Γh
1}: −∞ < h < 0,

2) {Γh
2}: 0 < h < − 1

4b ,

3) {Γh
3}: − 1

4b < h < a+b+2
4(1−ab) .

The phase portrait of (3.1) is shown in Fig. 1. It is noted
that the all curves will extend inwards as h increases.

IV. DETECTION FUNCTION AND LIMIT CYCLES
DISTRIBUTION OF THE PERTURBED SYSTEM

We now consider the perturbed Hamiltonian system (1.3).
It can be seen from (2.3) that the system (1.3) represents
following three equations

∫∫

Γh
j (D)

(
∂2P

∂x∂ε
+

∂2Q

∂y∂ε

)
dxdy = 0 (j = 1−3).

(4.1)− (4.3)
which correspond to the three families of closed orbits Γh

j (j =
1− 3) in Fig. 1. By comparing (1.3) with (2.1) and (2.4), we
have
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TABLE I
VALUES OF DETECTION DUNCTIONS λj(h)(j = 1− 3), a = −6,

b = −0.2, m = −15.76, n = 2, k = 0.9

h λ1(h) h λ2(h) h λ3(h)

-4.00001 17.3447 0.00001 15.8218 1.25001 17.1627
-3.00001 16.4688 0.05001 16.0291 1.26001 17.1544
-1.50001 15.4336 0.10001 16.1656 1.54999 17.1134
-0.80001 15.2002 0.30001 16.5407 1.64999 17.1127
-0.71001 15.1943 0.50001 16.7932 1.74999 17.1138
-0.69001 15.1941 0.60001 16.8927 2.74999 17.1396
-0.68001 15.1941 0.80001 17.0484 3.34999 17.1473
-0.67001 15.1941 1.18001 17.1853 3.57999 17.1481
-0.60001 15.1985 1.18201 17.1854 3.74999 17.1478
-0.30001 15.3038 1.18501 17.1852 4.14999 17.1448
-0.10001 15.5268 1.19001 17.1846 4.74999 17.1339
-0.01001 15.7640 1.22001 17.1791 5.14999 17.1230
-0.00001 15.8216 1.24999 17.1627 5.24999 17.1199

∂2P

∂x∂ε
+

∂2Q

∂y∂ε
= 4mx2 + 4ny2 + 6kx4 − 2λ. (4.4)

By considering (3.2)–(3.9), the detection function λj(h) can
finally be given in the form

λj(h) =

∫∫
Γh

j (D)

(
4mx2 + 4ny2 + 6kx4

)
dxdy

2
∫∫

Γh
j (D)

dxdy
, (j = 1− 3).

(4.5)− (4.7)
For simplicity, let a = −6, b = −0.2 in (1.3). Based on

(3.5)–(3.9), the three detection functions of the system (1.3)
can then be expressed in the polar coordinate system as

λ1 (h) =

∫ 2π

0
R2

+ cos2 θdθ∫ 2π

0
R+dθ

m +

∫ 2π

0
R2

+ sin2 θdθ∫ 2π

0
R+dθ

n

+

∫ 2π

0
R3

+ cos4 θdθ∫ 2π

0
R+dθ

k, (−∞ < h < 0) .

(4.8)

λ2 (h) =

∫ π−θ+

θ+
(R2

+ −R2
−) cos2 θdθ

∫ π−θ+

θ+
(R+ −R−)dθ

m

+

∫ π−θ+

θ+
(R2

+ −R2
−) sin2 θdθ

∫ π−θ+

θ+
(R+ −R−)dθ

n

+

∫ π−θ+

θ+
(R3

+ −R3
−) cos4 θdθ

∫ π−θ+

θ+
(R+ −R−)dθ

k,

(
0 < h < − 1

4b

)
.

(4.9)

λ3 (h) =

∫ θ−
θ+

(R2
+ −R2

−) cos2 θdθ
∫ θ−

θ+
(R+ −R−)dθ

m

+

∫ θ−
θ+

(R2
+ −R2

−) sin2 θdθ
∫ θ−

θ+
(R+ −R−)dθ

n

+

∫ θ−
θ+

(R3
+ −R3

−) cos4 θdθ
∫ θ−

θ+
(R+ −R−)dθ

k,

(
− 1

4b
< h <

a + b + 2
4(1− ab)

)
.

(4.10)

Table I lists the values of detection functions λj(h)(j = 1−
3), obtained from (4.8)–(4.10), as they vary with the parameter
h. The three detection functions of system (1.3) listed in Table
I are also illustrated in Fig. 2.

Based on the three detection curves in Fig 2 and Proposition
1 in Section 2, the following proposition can be presented:

Proposition 2. For a = −6, b = −0.2, m = −15.76, n = 2,
k = 0.9 and 0 < ε ¿ 1, the system (1.3) has 15 limit cycles
if 17.1199 < λ < 17.1481 (see Fig. 3).

It should be mentioned that other results can be similarly
obtained in addition to the case listed above. But we omit
those details for conciseness.

Figure 3 displays the position of each limit cycle obtained
by using the numerical exploration method [4]. In the calcu-
lation, λ = 17.134 is used.

V. CONCLUSION

In the above discussion, we use both qualitative and numeri-
cal methods to investigate the number and distribution of limit
cycles in a cubic Hamiltonian system with quintic perturbed
term (1.3). In particular, for a = −6, b = −0.2, m = −15.76,
n = 2, k = 0.9 and 0 < ε ¿ 1, the study reveals that the
system (1.3) has 15 limit cycles if 17.1199 < λ < 17.1481. It
is also found that each limit cycle passes a particular point
and the position of these points is obtained by using the
numerical exploration method [4] when a = −6, b = −0.2,
m = −15.76, n = 2, k = 0.9 and ε = 0.0001 for the
particular value of parameter λ (17.134).
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Fig. 1. Phase portrait of the unperturbed system (3.1) when a = −6 and b = −0.2

Fig. 2. Detection curves of system (1.3) when a = −6, b = −0.2, m = −15.76, n = 2 and k = 0.9
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