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Introduction to Trefftz finite element method

1.1 Historical background

The Trefftz finite element (FE) model, or T-element model for short, was originally
developed in 1977 for the analysis of the effects of mesh distortion on thin plate el-
ements [1]. During the subsequent three decades, the potential of T-elements for
the solution of different types of applied science and engineering problems was
recognised. Over the years, the Hybrid-Trefftz (HT) FE method has become in-
creasingly popular as an efficient numerical tool in computational mechanics and
has now become a highly efficient computational tool for the solution of complex
boundary value problems. In contrast to conventional FE models, the class of FE
associated with the Trefftz method is based on a hybrid method which includes the
use of an auxiliary inter-element displacement or traction frame to link the internal
displacement fields of the elements. Such internal fields, chosen so as to a priori
satisfy the governing differential equations, have conveniently been represented as
the sum of a particular integral of non-homogeneous equations and a suitably trun-
cated T (Trefftz)-complete set of regular homogeneous solutions multiplied by un-
determined coefficients. The mathematical fundamentals of T-complete sets were
established mainly by Herrera and his co-workers [2 - 5], who named such a system
a T-complete system. Following a suggestion by Zienkiewicz, Herrera changed this
to a T-complete system of solutions, in honor of the originator of such non-singular
solutions. As such, the terminology “TH-families” is usually used when referring
to systems of functions which satisfy the criterion originated by Herrera [3]. Inter-
element continuity is enforced by using a modified variational principle together with
an independent frame field defined on each element boundary. The element formula-
tion, during which the internal parameters are eliminated at the element level, leads
to a standard force–displacement relationship, with a symmetric positive definite
stiffness matrix. Clearly, while the conventional FE formulation may be assimilated
to a particular form of the Rayleigh-Ritz method, the HT FE approach has a close re-
lationship with the Trefftz method [6]. As noted in Refs. [7, 8], the main advantages
stemming from the HT FE model are: (a) The formulation calls for integration along
the element boundaries only, which enables arbitrary polygonal or even curve-sided
elements to be generated. As a result, it may be considered a special, symmetric,
substructure-oriented boundary solution approach and thus possesses the advantages
of the boundary element method (BEM). In contrast to conventional boundary el-
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ement formulation, however, the HT FE model avoids the introduction of singular
integral equations and does not require the construction of a fundamental solution
which may be very laborious to build. (b) The HT FE model is likely to represent
the optimal expansion bases for hybrid-type elements where inter-element continu-
ity need not be satisfied, a priori, which is particularly important for generating a
quasi-conforming plate bending element. And (c) The model offers the attractive
possibility of developing accurate crack-tip, singular corner or perforated elements,
simply by using appropriate known local solution functions as the trial functions of
intra-element displacements.

The first attempts to generate a general purpose HT FE formulation were pub-
lished by Jirousek and Leon [1] and Jirousek [9]. It was immediately noticed that
T-complete functions represented an optimal expansion basis for hybrid-type ele-
ments where inter-element continuity need not be satisfied a priori. Since then, the
concept of Trefftz-elements has become increasingly popular, attracting a growing
number of researchers into this field [10 - 23]. Trefftz-elements have been success-
fully applied to problems of elasticity [24 - 28], Kirchhoff plates [7, 22, 29 - 31],
moderately thick Reissner-Mindlin plates [32 - 36], thick plates [37 - 39], general 3-
D solid mechanics [20, 40], axisymmetric solid mechanics [41], potential problems
[42, 43], shells [44], elastodynamic problems [16, 45 - 47], transient heat conduction
analysis [48], geometrically nonlinear plates [49 - 52], materially nonlinear elastic-
ity [53 - 55], and piezoelectric materials [56, 57]. Further, the concept of special
purpose functions has been found to be of great efficiency in dealing with various
geometries or load-dependent singularities and local effects (e.g., obtuse or reentrant
corners, cracks, circular or elliptic holes, concentrated or patch loads. See Jirousek
and Guex [30]; Jirousek and Teodorescu [24]; Jirousek and Venkatesh [25]; Piltner
[27]; Venkatesh and Jirousek [58] for details). In addition, the idea of developing
p-versions of T-elements, similar to those used in the conventional FE model, was
presented in 1982 [24] and has already been shown to be particularly advantageous
from the point of view of both computation and facilities for use [13, 59]. Huang
and Li [60] presented an Adini’s element coupled with the Trefftz method which is
suitable for modeling singular problems. The first monograph to describe in detail
the HT FE approach and its applications in solid mechanics was published in 2000
[61]. Moreover, a wealthy source of information pertaining to the HT FE approach
exists in a number of general or special review type articles such as those of Herrera
[12, 62], Jirousek [63], Jirousek and Wroblewski [9, 64], Jirousek and Zielinski [65],
Kita and Kamiya [66], Qin [67 - 69], and Zienkiewicz [70].
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1.2 Trefftz finite element procedure

1.2.1 Basic field equations and boundary conditions

Taking a plane stress problem as an example, the partial differential governing equa-
tion in the Cartesian coordinates Xi (i=1,2) is given by

σi j, j + bi = 0 in Ω (1.1)

where σi j is the stress tensor, a comma followed by an index denotes partial differ-
entiation with respect to that index, bi is body force vector, Ω is the solution domain,
and the Einstein summation convention over repeated indices is used. For a linear
elastic solid, the constitutive relation is

σi j =
∂Π(εi j)

∂εi j
= ci jklεkl (1.2)

for εi j as basic variable, and

εi j =
∂Ψ(σi j)

∂σi j
= si jklσkl (1.3)

for σi j as basic variable, where ci jkl and si jkl are stiffness and compliance coeffi-
cient tensors, respectively, εi j is the elastic strain tensor, Π and Ψ are, respectively,
potential energy and complementary energy functions, which are defined by

Π(εi j) =
1
2

ci jklεi jεkl (1.4)

and

Ψ(σi j) =
1
2

si jklσi jσkl (1.5)

The relation between strain tensor and displacement component, ui, is given by

εi j =
1
2

(ui, j + u j,i) (1.6)

The boundary conditions of the boundary value problem (BVP) (1.1) - (1.6) are
given by:

ui = ūi on Γu (1.7)

ti = σi jn j = t̄i on Γt (1.8)

where ūi and t̄i are, respectively, prescribed boundary displacement and traction vec-
tor, a bar above a symbol denotes prescribed value, and Γ = Γu + Γt is the boundary
of the solution domain Ω.
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In the Trefftz FE approach, Eqs. (1.1) - (1.8) should be completed by adding the
following inter-element continuity requirements:

uie = ui f (on Γe ∩Γ f , conformity) (1.9)

tie + ti f = 0 (on Γe ∩Γ f , reciprocity) (1.10)

where “e” and “ f ” stand for any two neighbouring elements. Eqs. (1.1) - (1.10) are
taken as a basis to establish the modified variational principle for Trefftz FE analysis
in solid mechanics.

Element

Node

P hysical boundary

1X

2X

       Inter-e lement
          boundary

       External
e lement boundary

FIGURE 1.1
Configuration of hybrid Trefftz finite element method (FEM) discretisation

1.2.2 Assumed fields

The main idea of the HT FE model is to establish a FE formulation whereby inter-
element continuity is enforced on a non-conforming internal field chosen so as to a
priori satisfy the governing differential equation of the problem under consideration
[61]. In other words, as an obvious alternative to the Rayleigh-Ritz method as a basis
for a conventional FE formulation, the model here is based on the method of Trefftz
[6], for which Herrera [71] gave a general definition as: Given a region of an Eu-
clidean space of some partitions of that region, a “Trefftz Method” is any procedure
for solving boundary value problems of partial differential equations or systems of
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such equations, on such region, using solutions of those differential equations or its
adjoint, defined in its subregions. With this method the solution domain Ω is subdi-
vided into elements (see Figure 1.1), and over each element e, two independent fields
are assumed in the following way:

(a) The non-conforming intra-element field is expressed by

u = �
u +

m

∑
i=1

Nici = �
u + Nc (1.11)

where
�u and N are known functions, c is a coefficient vector and m is its number

of components. The choice of m is discussed in Section 2.6 of Ref. [61]. For the
reader’s convenience, we described here briefly the basic rule for determining m. It is
important to choose the proper number m of trial functions Ni for the Trefftz element
with the hybrid technique. The basic rule used to prevent spurious energy modes
is analogous to that in the hybrid-stress model. The necessary (but not sufficient)
condition for the matrix He, defined in later Eq. (1.25), to have full rank is stated as
[61]

m ≥ j− r (1.12)

where j and r are numbers of nodal degrees of freedom (DOF) of the element under
consideration and of the discarded rigid-body motion terms, or more generally the
number of zero eigenvalues (r = 1 for potential problem in Chapter 5 and r = 3 for the
plane strain/stress problems in Chapter 6). Although the use of the minimum number
m = j − r of flux mode terms in Eq. (1.12) does not always guarantee a stiffness
matrix with full rank, full rank may always be achieved by suitably augmenting m.
The optimal value of m for a given type of element should be found by numerical
experimentation.

Regarding the function N, it can be determined in the following way. If the gov-
erning differential equations are written in terms of displacement fields, we have

ℜu(x) = b(x) , (x ∈ Ωe) (1.13)

where ℜ stands for the differential operator matrix, x for the position vector, a bar
above a symbol indicates the imposed quantities and Ωe stands for the eth element
sub-domain, then

�
u = �

u(x) and Ni = Ni(x) in Eq. (1.11) have to be chosen such that

ℜ�
u = b and ℜNi = 0, (i = 1, 2, . . . , m) (1.14)

everywhere in Ωe. Again, taking plane stress problems as an example, a complete
system of homogeneous solutions Ni has been generated in a systematic way from
Muskhelishvili’s complex variable formulation [25]. For convenience, we list the
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results presented in Ref. [25] as follows:

2GN∗
1k =

{
ReZ1k

ImZ1k

}
with Z1k = iκzk + ikzz̄k−1 (1.15)

2GN∗
2k =

{
ReZ2k

ImZ2k

}
with Z2k = κzk − kzz̄k−1 (1.16)

2GN∗
3k =

{
ReZ3k

ImZ3k

}
with Z3k = iz̄k (1.17)

2GN∗
4k =

{
ReZ4k

ImZ4k

}
with Z4k = −z̄k (1.18)

where G is shear modulus, κ = (3−ν)/(1 + ν) for plane stress and κ = 3−4ν for
plane strain, ν is Poisson’s ratio, and z = x1 + ix2 and i =

√−1.
The particular solution

�
u can be obtained by means of its source function. The

source function corresponding to Eq. (1.1) has been given in Ref. [61] as

u∗i j (rpq) =
1 + ν
4πE

[(ν −3)δi j lnrpq +(1 + ν) rpq,irpq, j] (1.19)

where E is Young’s modulus, rpq = [(x1q −x1p)2 +(x2q −x2p)2]1/2, u∗i j (rpq) denotes
the ith component of displacement at the field point q of the solid under consideration
when a unit point force is applied in the jth direction at the source point p. Using
this source function, the particular solution can be expressed by

�
u =

{
�u1
�
u2

}
=

∫
Ω

b j

{
u∗1 j

u∗2 j

}
dΩ (1.20)

Finally, the unknown coefficient c may be calculated from the conditions on the
external boundary and/or the continuity conditions on the inter-element boundary.
Thus Trefftz-element models can be obtained by using different approaches to en-
force these conditions. In the majority of approaches a hybrid technique is usually
used, whereby the elements are linked through an auxiliary conforming displacement
frame which has the same form as in conventional FE method. This means that, in
the T-element approach, a conforming potential (or displacement in solid mechan-
ics) field should be independently defined on the element boundary to enforce the
potential continuity between elements and also to link the coefficient c, appearing in
Eq. (1.11), with nodal DOF d (={d}). Thus:

(b) An auxiliary conforming field

ũ(x) = Ñ (x)d, (x ∈ Γe) (1.21)

is independently assumed along the element boundary in terms of nodal DOF d,
where the symbol “∼” is used to specify that the field is defined on the element
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boundary only, d=d(c) stands for the vector of the nodal displacements which are
the final unknowns of the problem, Γe represents the boundary of element e, and
Ñ is a matrix of the corresponding shape functions, typical examples of which are
displayed in Figure 1.2. The tractions t = {t1 t2}T appearing in Eq. (1.8) can also

1X

2X 1

2

3
4

eΩ
Intra-element field

e e e e= +u N c u

Frame field

e e e=u N d

eΓ

n

1ξ = − 1ξ =0ξ =

1 2

1N
1

2

ξ−

2N
1

2

ξ+

(a) Hybrid Trefftz interpolation

(b) Frame functions

FIGURE 1.2
Typical 4-node HT element together with its frame functions

be expressed in terms of c as

t =

{
t1
t2

}
=

{
σ1 jn j

σ2 jn j

}
= Qc+

�
t (1.22)

where Q and
�
t are, respectively, related to N and

�
u by way of Eqs. (1.2) and (1.8).
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1.2.3 Element stiffness equation

Based on the two independent assumed fields presented above, the element matrix
equation can be generated by a variational approach [61]. For a plane stress problem,
the variational functional Ψme presented in Ref. [73] is used to derive the finite
element equation:

Ψme =
1
2

∫
Ωe

biuidΩ+
1
2

∫
Γe

tiuidΓ+
∫

Γte

(t̄i − ti) ũidΓ

−
∫

ΓIe

tiũidΓ−
∫

Γue

tiūidΓ

=
1
2

∫
Ωe

biuidΩ+
1
2

∫
Γe

tiuidΓ−
∫

Γe

tiũidΓ+
∫

Γte

t̄iũidΓ (1.23)

in which ΓIe represents the inter-element boundary of the element e (see Fig. 1.1),
and the relationship ūi = ũi on Γu has been used. Substituting the expressions given
in Eqs. (1.11), (1.21) and (1.22) into (1.23) produces

Ψme =
1
2

cTHec− cTGed+ cThe + dTge + terms without c or d (1.24)

in which the matrices He, Ge and the vectors he, ge are as follows:

He =
∫

Γe

QTNdΓ =
∫

Γe

NTQdΓ

Ge =
∫

Γe

QTÑdΓ

he =
1
2

∫
Ωe

NTbdΩ+
1
2

∫
Γe

(
QT�

u + NT�
t
)

dΓ

ge =
∫

Γte

ÑTt̄dΓ−
∫

Γe

ÑT�
t dΓ (1.25)

where t̄ = {t̄1 t̄2}T is the prescribed traction vector.
To enforce inter-element continuity on the common element boundary, the un-

known vector c should be expressed in terms of nodal DOF d. An optional relation-
ship between c and d in the sense of variation can be obtained from

∂Ψme

∂cT = Hec−Ged+ he = 0 (1.26)

This leads to
c = H−1

e (Ged−he) (1.27)

and then straightforwardly yields the expression of Ψme only in terms of d and other
known matrices

Ψme = −1
2

dT (
GT

e H−1
e Ge

)
d+ dT (

GT
e H−1

e he + ge
)
+ terms without d (1.28)
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Therefore, the element stiffness matrix equation can be obtained by taking the
vanishing variation of the functional Ψme as

∂Ψme

∂dT = 0 ⇒ Ked = Pe (1.29)

where Ke = GT
e H−1

e Ge and Pe = GT
e H−1

e he + ge are, respectively, the element stiff-
ness matrix and the equivalent nodal flow vector. Expression (1.29) is the elemental
stiffness-matrix equation for Trefftz FE analysis.

1.3 Variational principles

It can be seen from Section 1.2 that, in FE analysis, physical fields such as potential
or stresses are obtained by way of minimising a variational functional. In general,
the variational functional consists of all the energies associated with the particular
FE model. The minimum of the functional is found by setting the derivative of the
functional with respect to the unknown nodal parameters to zero. It is known from
variational calculus [72] that the minimum of any function has a slope or derivative
equal to zero. Thus, the basic equation for FE analysis is

dΠ(u)
du

= 0 (1.30)

where Π is the energy functional and u is the unknown nodal potential or displace-
ment to be calculated. The above simple equation is the basis for FE analysis. The
functional Π and unknown u vary with the type of problem, as described in later
chapters.

As was shown in Ref. [61], the functional Π should obey a relationship called
Euler’s equation. Substitution of the functional in the appropriate Euler’s equation
yields the differential equation of the physical system. Thus, the FE solution obeys
the appropriate differential equation. In light of this understanding, a variational
functional used for deriving HT FE formulation may be constructed in such a way
that the stationary conditions of the functional satisfy Eqs. (1.7) - (1.10) for the
category of HT-displacement formulation, as Eq. (1.1) is satisfied, a priori, through
the use of the assumed field (1.11). Keeping this in mind, a modified variational
functional used for deriving the HT-displacement element model can be constructed
in the way presented in Ref. [73]. For the boundary value problem (BVP) described
by Eqs. (1.1) - (1.10), the corresponding variational functional can be given in the
form [73]

Ψm = ∑
e

Ψme =∑
e

{
Ψe +

∫
Γte

(t̄i − ti) ũidΓ−
∫

ΓIe

tiũidΓ
}

(1.31)

Πm = ∑
e

Πme =∑
e

{
Πe +

∫
Γue

(ūi − ũi) tidΓ−
∫

ΓIe

tiũidΓ
}

(1.32)
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where

Ψe =
∫

Ωe

Ψ(σi j)dΩ−
∫

Γue

tiūidΓ (1.33)

Πe =
∫

Ωe

(Π(εi j)−biui)dΩ−
∫

Γte

t̄iũidΓ (1.34)

in which Eq. (1.1) are assumed to be satisfied, a priori. The term “modified prin-
ciple” refers to the use of a conventional complementary functional (Ψm here) and
some modified terms for the construction of a special variational principle to account
for additional requirements such as the condition defined in Eqs. (1.9) and (1.10).

The boundary Γe of a particular element consists of the following parts:

Γe = Γue ∪Γte ∪ΓIe (1.35)

where
Γue = Γu ∩Γe, Γte = Γt ∩Γe (1.36)

It has been shown in Ref. [73] that the stationary condition of the functional (1.31)
leads to Eqs. (1.7) - (1.10) and the existence of extremum of the functional (1.31),
which ensures that an approximate solution can converge to the exact one. This in-
dicates that the stationary condition of the functional satisfies the required boundary
equations and can thus be used for deriving HT-displacement element formulations.

1.4 Concept of the T-complete solution

As discussed in Section 1.2, Trefftz FE formulation is based on two groups of inde-
pendently assumed fields. One, defined on the element boundary, is called the frame
field; the other, defined in the domain of the element, is often known as the intra-
element field (or internal field). In contrast with the standard BEM in which singular
(Green’s type) solutions are used as trial functions, non-singular, T-complete func-
tions (regular homogeneous solutions of the differential equation) are used as trial
(or shape) functions in T-element formulation to interpolate the intra-element field.
In this section we show how T-complete solutions are derived, as well as how they
are related to the interpolation matrix N in Eq. (1.11), as is essential in establishing
Trefftz FE formulation.

For simplicity, we take the Laplace equation as an example and consider the equa-
tion

∇2u = 0 (1.37)

Its T-complete solutions are a series of functions satisfying Eq. (1.37) and being
complete in the sense of containing all possible solutions in a given domain Ω. The
T-complete function when weighted by any other function, say v, has the following
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property:

∫
Ω

(
∇2u

)
vdΩ = 0 (1.38)

1x

2x

r

θ

FIGURE 1.3
Illustration of the polar coordinate system

It can be shown that any of the following functions satisfies Eq. (1.37):

1, r cosθ , r sin θ , · · · , rm cosmθ , rm sinmθ , · · · (1.39)

where r and θ are a pair of polar coordinates, as shown in Figure 1.3. As a conse-
quence, the so-called T-complete set, denoted by T, can be written as

T = {1, rm cosmθ , rm sinmθ} = {Ti} (1.40)

where T1 = 1, T2m = rm cosmθ , and T2m+1 = rm sinmθ (m = 1,2, · · ·).
The proof of the completeness of the T series (1.40) is beyond the scope of this

book, and can be found in the work of Herrera [5].

Noting that the interpolation function N in Eq. (1.11) is also required to satisfy
the condition (1.37), its components can be simply taken as those of T, i.e.,

N1 = r cosθ , N2 = r sinθ , N3 = r2 cos2θ , · · · (1.41)
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1.5 Comparison of Trefftz FEM and conventional FEM

To enhance understanding of the difference between conventional finite element
method (FEM) and Trefftz FEM, it is interesting to compare generally the formu-
lation of T-elements with elements from conventional FE analysis. On the one hand,
the conventional conforming assumed displacement model has become a popular and
well-established tool in FE analysis. Theoretical and numerical experience has also
clearly shown its high reliability and efficiency. On the other hand, an alternative
FE model has recently been developed based on the Trefftz method, The main dif-
ference between these two models lies in their assumed displacement (or potential)
fields and the variational functional used. This difference arises from the fact that
the two models are based on opposite mathematical concepts (Ryleigh-Ritz for the
conventional, Trefftz for T-element). Thus, engineers and researchers who have been
exposed to conventional FE may ask why it is necessary to develop an alternative el-
ement model. The answer can be obtained through a systematic comparison of the
two approaches. To this end, we consider a typical 4-node element in plane stress
analysis (see Figure 1.4). The assumed fields within the element and the functionals
used in the two models are compared, to provide an initial insight into the difference
between them.

1.5.1 Assumed element fields

In the conventional element model, we can assume that the displacements u and v in
the 4-node element (Figure 1.4) are given in the following form of polynomials in
local coordinates variables x1 and x2:

u(x1,x2) = c1 + c2x1 + c3x2 + c4x1x2

v(x1,x2) = c5 + c6x1 + c7x2 + c8x1x2
(1.42)

The unknown coefficients ci (i = 1, ...,8), which are also called generalised coor-
dinates, will be expressed in terms of the unknown element nodal point displacement
vector d(= {u1 u2 u3 u4 v1 v2 v3 v4}T).

Eq. (1.42) must hold for all nodal points of the element. Therefore, from Eq.
(1.42) we have

d = Gc (1.43)

where

c = {c1 c2 c3 c4 c5 c6 c7 c8}T , G =
[

G1 0
0 G1

]
(1.44)

and

G1 =

⎡
⎢⎢⎣

1 −1 −1 1
1 1 −1 −1
1 1 1 1
1 −1 1 −1

⎤
⎥⎥⎦ (1.45)
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FIGURE 1.4
A typical two-dimensional 4-node element

Solving from Eq. (1.43) for c and substituting into Eq. (1.42), we obtain

u =

{
u

v

}
=

[
Ñ 0
0 Ñ

]
d (1.46)

in which

Ñ =
1
4
{(1− x1)(1− x2), (1 + x1)(1− x2), (1 + x1)(1 + x2), (1− x1)(1 + x2)}

(1.47)
It is obvious that c can be related directly to d in the conventional element model.
Unlike the conventional FE model in which the same interpolation function is used

to model both element domain and element boundary, two groups of independently
assumed fields are required in the Trefftz finite formulation, as indicated in Section
1.2 (see also Figure 1.2). For the problem shown in Figure 1.1, Eq. (1.11) becomes

u =

{
u

v

}
=

{
�u
�
v

}
+

[
N1

N2

]
c = �

u + Nc (1.48)

where N is obtained by a suitably truncated T-complete system of plane stress prob-
lems, i.e., Ref. [61],

N = [N1 N2 · · · ] = E

⎡
⎣ 1 0 x2

... ReA1 ReB1 ReC1 ReD1 · · ·
0 1 −x1

... ImA1 ImB1 ImC1 ImD1 · · ·

⎤
⎦ (1.49)
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in which

Ak = (3− μ)izk +(1 + μ)kizz̄k−1, Bk = (3− μ)zk − (1 + μ)kzz̄k−1

Ck = (1 + μ)iz̄k, Dk = −(1 + μ)z̄k (1.50)

with z = x1 + ix2, z̄ = x1 − ix2 and i =
√−1, and Re ( f ) and Im( f ) standing for the

real part and the imaginary part of f , respectively.
For the body force b̄x = const and b̄y = const, the particular solution

�
u may be

taken, for example, as {
�u
�v

}
= −1 + μ

E

{
b̄xx2

2

b̄yx2
1

}
(1.51)

The frame field defined on the element boundary is required to conform across
the inter-element boundary. For a particular side, say side 1-2, of the element in
Figure 1.2, Eq. (1.46) becomes

{
ũ

ṽ

}
12

= N12d12 =
1
2

[
1 + ξ 1− ξ 0 0

0 0 1 + ξ 1− ξ

]⎧⎪⎪⎨
⎪⎪⎩

u1

u2

v1

v2

⎫⎪⎪⎬
⎪⎪⎭ (1.52)

The frame field for the other sides can be obtained similarly.
Unlike the conventional FE model, it is not possible to provide an explicit rela-

tion between c and d, as these two unknown vectors are independent at this stage.
There are several ways to establish their relationship, such as the variational or the
least square approach. If the variational approach is used, we may first write the
corresponding variational functional in terms of c and d in the form [61]

Ψm =
1
2

cTHc− cTGd+ cTh+ dTg + terms without c or d (1.53)

in which the matrices H, G and the vectors h, g are all defined in Eq. (1.25). The
vanishing variation of Ψm with respect to c provides the relation between c and d:

∂Ψm

∂c
= 0 ⇒ c = H−1 (Gd−h) (1.54)

It can be seen from the above derivation that there is a fundamental difference
between the two element models because of their different assumed fields. For each
of the assumed fields, it is necessary to construct the related energy functionals in
order to satisfy the special continuity conditions. We discuss these functionals below.

1.5.2 Variational functionals

The complementary energy functional (1.33) is generally used to formulate conven-
tional hybrid FE. The summation of the functional (1.33) for all elements gives

Ψ = ∑
e

Ψe =
1
2

∫
Ω

Ψ(σi j)dΩ−
∫

Γu

tv̄dΓ (1.55)
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To use this complementary principle the stress components and corresponding sur-
face tractions are expressed in terms of unknown parameters, and the stress functions
must satisfy stress continuity between elements [i.e., Eq. (1.10)], the differential
equations of equilibrium [i.e., Eq. (1.1)] and the stress boundary condition (1.8).
Invoking the stationarity of the functional Ψ with respect to stress parameters, we
obtain

δΨ =
∫

Ω
δΨ(σi j)dΩ−

∫
Γu

δ tv̄dΓ = 0 (1.56)

This leads to a hybrid finite element formulation.
In the Trefftz FEM, as mentioned in Section 1.2, the conditions (1.8) and (1.10)

cannot be satisfied, a priori, due to the use of a truncated T-complete set of the
governing equation as the shape function to model internal fields. In this case, the
conditions (1.8) and (1.10) must be included in the variational functional. Thus, the
Trefftz FE formulation can be obtained by extending the principle of stationarity
of total complementary energy (1.56) to include the conditions of stress continuity
between elements and the stress boundary conditions. In other words, these two
conditions should be relaxed by adding some new terms into the standard functional
(1.55). Inclusion of the conditions of stress continuity between elements can be
implemented by adding the term

−∑
e

∫
ΓIe

tiũidΓ (1.57)

into the functional (1.55), while relaxation of the stress boundary conditions is com-
pleted by adding ∫

Γt

(t̄i − ti)ũidΓ (1.58)

into the functional (1.55). Hence, the final results of the extended (or modified)
functional are given in Eq. (1.32).

The above derivations clearly illustrate the relationship between the functionals
used in the two FE models.

1.5.3 Assessment of the two techniques

An important consequence of replacing the domain integrals in the T-elements by
the equivalent boundary integrals is that explicit knowledge of the distributions of
the conforming shape functions is restricted to the element boundary. As a result,
rather than deriving such distributions from Ñ = Ñ(x) initially defined on Γe, the
distribution, used here to interpolate the “frame function” (1.21), can now be defined
directly on Γe, Ñ = Ñ(ξ ) in terms of the natural boundary coordinate ξ (Figure 1.2).
In contrast to conventional models, this not only permits great liberty in element
geometry (for example, allowing a polygonal element with an optional number of
curved sides [61]), but also bypasses the difficulty encountered in the generation of
conforming hierarchical shape functions for conventional C1 conformity elements.
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1.5.3.1 Geometry-induced singularities and stress concentrations

In the conventional FEM, the FE mesh should be strongly graded towards a sin-
gularity in order to achieve a faster algebraic convergence rate in the preasymptotic
convergence range. Though the same approach may also be adopted in the alternative
HT FEM, it is shown in Ref. [61] that special purpose functions, which in addition to
satisfy the governing differential equations also fulfill the boundary conditions which
are responsible for the singularity, can handle such singularities efficiently without
mesh adjustment. In addition to various corner singularities (for which suitable func-
tions have been presented by Williams [74] and successfully used by various authors
[75]) such a library also includes special-purpose Trefftz functions for elements with
circular [30] or elliptical holes [27], singular corners [25], etc. Many different prob-
lems with geometry-induced singularities can thus be handled without troublesome
mesh refinement. Even more rewarding is the fact that the convergence rates remain
the same as in the smooth case.

FIGURE 1.5
Handling of concentrated loads in Kirchhoff plate HT elements. The load term �w can
either extend over the whole element assembly or be confined to the closest elements
(hatched elements)
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1.5.3.2 Load-induced singularities and stress concentrations

Whereas in the conventional FEM concentrated loads must be handled in essentially
the same manner as geometry-induced singularities, in the alternative HT FEM their
effect is simply represented by the suitable load term

�
u in Eq. (1.11), for example

(Figure 1.5) �w = Pr2 lnr2
/
(16πD) for an isolated load in HT plate elements. From

the load term for an isolated load, load terms for other concentrated loadings of prac-
tical importance can effectively be obtained by integration [58]. Such load terms can
either extend over the whole domain (global function) or be conveniently confined to
the closest elements, automatically selected by the element subroutine (semi-global
function). This feature is one of the most important advantages of the HT approach,
since concentrated loads are accounted for with comparable accuracy to smooth ones
(indeed, the accuracy depends very little on the load condition) and their location can
be arbitrarily varied without any need for mesh adjustment, the mesh being totally
load-independent.

1.5.3.3 Concluding remarks

The comparison above and further numerical experiments reveal that the advantage
of the conventional FEM is that the underlying theoretical concept is largely known
and a deep mathematical analysis is available for its convergence properties [59].
This approach has mostly been used for the solution of various C0 conformity prob-
lems, whereas C1 conformity shape functions are more difficult to generate [59]. In
contrast, very general polygonal HT elements with an optional number of curved
sides can be generated with equal ease for both second- and fourth-order equation
governed problems. Another asset of the HT FEM is that load and/or geometry-
induced singularities can be handled very efficiently without mesh refinement, and
stress intensity factors of corner singularity problems are obtained directly in the
process of the FE calculation without an elaborate extraction process. The major
features and differences between conventional FEM and HT FEM are listed in Fig-
ure 1.6.

1.6 Comparison of T-elements with boundary elements

In Section 1.5 the main distinctions between T-elements and conventional FE and
some relative advantages of T-elements were systematically shown. The purpose
of this section is to provide a brief comparison between T-elements and boundary
elements by way of the variational approach.

For the sake of simplicity we consider a two-dimensional Laplace equation:

∇2u = 0 in Ω (1.59)
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Conventional FEM  HT FEM 

It is complex to generate curved, 
polygonal, or C1-conformity elements 
as the same interpolation function is 
used to model both element domain 
and element boundary  

 It is easy to generate curved, 
polygonal, or C1-conformity elements 
as two groups of independently 
assumed fields are used to model 
element domain and element 
boundary separately, and integrations 
are confined to the boundary only  
 

It is not very sensitive to mesh 
distortion 

 It is insensitive to mesh distortion  

 

 
 

Mesh adjustment is required for an 
element with local effects  
 
 
 
 

 

 Mesh adjustment is not necessary as 
special purpose functions can be used 
as trial functions to efficiently handle 
local effects without mesh 
adjustment. 
 

 
 

The stiffness matrix is symm etric and 
sparse 

 The stiffness matrix is symmetric and 
sparse 

Much commercial software, such as 
ABAQUS and ANSYS, is available 

 No commercial software is available  

 

FIGURE 1.6
Features of conventional FEM and HT FEM
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with boundary conditions

u = ū on Γu (1.60)

and

qn =
∂u
∂n

= q̄ on Γq (1.61)

where Γ = Γu ∪Γq is the boundary of the domain Ω and n is the unit normal to the
boundary.

1.6.1 Boundary elements

The standard boundary element formulation for the boundary value problem (BVP)
(1.59) - (1.61) can most easily be obtained by first considering the following varia-
tional functional:

Πm = Π +
∫

Γu

(ū−u)qndΓ (1.62)

where

Π =
∫

Ω
UdΩ−

∫
Γq

q̄nudΓ (1.63)

U =
1
2

(
u2

,x1
+ u2

,x2

)
(1.64)

The vanishing variation of Πm yields

δΠm = δΠ +
∫

Γu

[(ū−u)δqn −qnδu]dΓ = 0 (1.65)

where δu can be chosen arbitrarily, leading to different numerical techniques. The
boundary integral equation (BIE) is obtained when δu is chosen as the fundamental
solution of Eq. (1.59), that is [76],

δu = u∗ε =
ε

2π
ln

(
1
r

)
(1.66)

where ε is an infinitesimal and r is the distance from source point to observation
point [77].

We approximate u and qn through the shape function, say F, of the boundary
discretisation,

u = FTu, qn = FTq (1.67)

where u and q are the nodal vectors of u and qn, respectively. By substitution of Eqs.
(1.66) and (1.67) into Eq. (1.65), we obtain

Hu = Gq (1.68)

where
Hi j =

∫
Γ j

q∗FidΓ, Gi j =
∫

Γ j

u∗FidΓ (1.69)
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with q∗ = ∂u∗/∂n.
When the boundary conditions are introduced in Eq. (1.68), a system of equations

is obtained in which the unknowns are nodal values of both u and qn.

1.6.2 T-elements

The T-element formulation for the problem given in Eqs. (1.59) - (1.61) can be
derived by the following variational functional [36]:

Ψm = Ψ+
∫

Γq

(q̄n −qn) ũdΓ−∑
e

∫
ΓIe

qnũdΓ (1.70)

where

Ψ =
∫

Ω
UdΩ−

∫
Γu

qnūdΓ (1.71)

U =
1
2

(
q2

x1
+ q2

x2

)
(1.72)

We approximate u, qn and ũ through the appropriate functions as [48],

u = �
u + Nc, qn = �

qn + Qc, ũ = Ñd (1.73)

where N and Q are regular functions obtained by a suitable truncated T-complete
system of solutions for Eq. (1.59), while Ñ is the usual shape function. Minimization
of the functional (1.70) leads to

Kd = P (1.74)

where
K = GTH−1G, P = GTH−1h+ g (1.75)

G =
∫

Γe

QTÑdΓ, H =
∫

Γe

QTNdΓ (1.76)

h =
1
2

∫
Ωe

NTbdΩ+
1
2

∫
Γe

(
QT�

u + NT�
t
)

dΓ (1.77)

g =
∫

Γte

ÑTt̄dΓ−
∫

Γe

ÑT�
t dΓ (1.78)

It has been proved that the matrix H is symmetric [8]. Thus the element matrix K
is symmetric, which can be seen from Eq. (1.75).

1.6.3 Assessment of the two numerical models

It can be seen from the above analysis that there is an essential distinction between
T-elements and conventional boundary elements (BEs). This is attributable to the
different variational principles and trial functions employed. The major difference
between them is the calculation of the coefficient matrix and the trial functions used;
namely, in the T-element approach, the coefficient matrix is evaluated through use of
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a modified complementary energy principle, Πm, and the regular T-complete func-
tions, whereas calculation of the coefficient matrix in BEM is based on a modified
potential principle, Γm, and the fundamental solutions which are either singular or
hyper-singular. As a consequence, when integration is carried out in T-elements it is
always simpler and more economical than in the standard BEM. In particular, com-
putation of the coefficient matrix K (Eq. (1.75)) in T-elements is quite simple, since
all kernel functions in Eq. (1.76) are regular. In contrast, standard BEM, where the
kernel of the integrals in Eq. (1.69) is either singular or hyper-singular, requires spe-
cial and expensive integration schemes to calculate the integrals accurately. Another
important advantage of T-elements over standard BEM is that no boundary effect (in-
evitable in BEM calculation as the integral point approaches the boundary) is present,
as no fundamental solutions of the differential equations are used. The T-element
model has some additional advantages besides the above-mentioned properties. For
example, the T-element form makes it possible to eliminate some of the well-known
drawbacks of the BEM [8]: (a) the fully populated non-symmetric coefficient ma-
trix of the resulting equation system is replaced by a symmetric banded form; (b) no
complications arise if the governing differential equations are non-homogeneous; (c)
there is no need for time-consuming boundary integration when the results are to be
evaluated inside the domain. A comparison of major features of conventional BEM
and HT FEM is provided in Figure 1.7.
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Conventional BEM HT FEM 

Calculation of the coefficient 
matrices H and G (Eq (1.69)) in 
BEM requires special and expensive 
integration schemes as all kernel 
functions in Eq (1.69) are either 
singular or hyper-singular 

 Computation of the coefficient matr ix 
K (Eq (1.75)) in T-elements is quite 
simple, since all kernel functions in 
Eq (1.76) are regular.  

The  coefficient matrices H and G in 
Eq (1.69) are, in general, non -
symmetric 

 The stiffness matrix K in Eq (1.75) is 
symmetric and sparse, like FEM  

BEM requires only surface 
discretisation, not full -domain 
discretisation. As a result, the 
dimensionality of the problem is 
reduced by one and the system of 
equations is much smaller in size 
than that encountered in HT FEM  

 Full-domain discretisation is r equired 
in HT FEM. However, only the 
integral along the element boundary 
is used in the computation, so the 
dimensionality of the problem is 
reduced by one at the elemental level.  

The fundamental solution  in BEM is 
usually defined in the whole solution 
domain, and it is therefore 
inconvenient to analyse problems 
with different materials  or 
heterogeneous materials. 

 As the material properties are defined 
in every element in HT-FEM, it is 
easy to apply to problems with 
different materials  and heterogeneous 
materials. 

It is time-consuming to calculate 
boundary and domain integrations 
when the results are to be evaluated 
inside the domain.  

 There is no need for time -consuming 
boundary integration when the results 
are to be evaluated inside the domain.  

No commercial software  is available  No commercial software is available  

FIGURE 1.7
Features of conventional BEM and HT FEM



Introduction to Trefftz finite element method 23

References

[1] Jirousek J, Leon N (1977), A powerful finite element for plate bending. Com-
put Method Appl M, 12: 77-96.

[2] Herrera I (1977), General variational principles applicable to the hybrid ele-
ment method. Proc Natl Acad Sci USA, 74: 2595-2597.

[3] Herrera I (1980), Boundary methods. A criterion for completeness. Proc Natl
Acad Sci USA, 77: 4395-4398.

[4] Herrera I, Ewing RE, Celia MA, Russell T (1993), Eulerian-Lagrangian lo-
calized adjoint method: The theoretical framework. Numer Meth Partial Dif
Equa, 9: 431-457.

[5] Herrera I, Sabina FJ (1978), Connectivity as an alternative to boundary integral
equations: construction of bases. Proc Natl Acad Sci USA, 75: 2059-2063.

[6] Trefftz E (1926), Ein Gegenstück zum Ritzschen Verfahren,in Proc 2nd Int
Cong Appl Mech, Zurich, 131-137.

[7] Jirousek J, N’Diaye M (1990), Solution of orthotropic plates based on p- ex-
tension of the hybrid-Trefftz finite element model, Comput Struct 34: 51-62.

[8] Jirousek J, Wroblewski A (1996), T-elements: State of the art and future trends.
Arch Comput Method Eng, 3: 323-434.

[9] Jirousek J (1978), Basis for development of large finite elements locally satis-
fying all field equations. Comput Meth Appl Mech Eng, 14: 65-92.

[10] Diab SA (2001), The natural boundary conditions as a variational basis for
finite element methods. Comput Assis Mech Eng Sci, 8: 213-226.

[11] Freitas JAT, Ji ZY (1996), Hybrid-Trefftz equilibrium model for crack prob-
lems. Int J Numer Meth Eng, 39: 569-584.

[12] Herrera I (2001), On Jirousek method and its generalization. Comput Assis
Mech Eng Sci, 8: 325-342.

[13] Jirousek J, Venkatesh A (1989), A simple stress error estimator for hybrid-
Trefftz p-version elements. Int J Numer Meth Eng, 28: 211-236.

[14] Kita E, Kamiya N, Ikeda Y (1996), New boundary-type scheme for sensitivity
analysis using Trefftz formulation. Finite Elem Anal Des, 21: 301-317.

[15] Lifits S, Reutskiy S, Tirozzi B (1997), Trefftz spectral method for initial-
boundary problems. Comput Assis Mech Eng Sci, 4: 549-565.

[16] Markiewicz M, Mahrenholtz O (1997), Combined time-stepping and Trefftz
approach for nonlinear wave-structure interaction. Comput Assis Mech Eng
Sci, 4: 567-586.



24 MATLAB and C Programming for Trefftz Finite Element Methods

[17] Maunder EAW, Almeida JPM (1997), Hybrid-equilibrium elements with con-
trol of spurious kinematic modes. Comput Assis Mech Eng Sci, 4: 587-605.

[18] Melenk JM, Babuska I (1997), Approximation with harmonic and generalized
harmonic polynomials in the partition of unity method. Comput Assis Mech
Eng Sci, 4: 607-632.
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