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Abstract A very effective method for some kind of problems is the Method of
Fundamental Solutions (MFS). It is a boundary meshless method which does not
need any mesh and in linear problems only nodes (collocation points) on the domain
boundaries and a set of source functions (fundamental solutions, i.e. Kelvin func-
tions) in points outside the domain are necessary to satisfy the boundary conditions.
Another kind of source functions can be obtained from derivatives of the Kelvin
source functions. Dipoles are the derivatives of Kelvin function in direction of acting
force.

Putting the dipoles into the particle, i.e. outside the domain of the matrix of
composite material, they can very efficiently simulate the interaction of the particle
with the matrix and with the other particles. A dipole satisfies both the force and
moment equilibrium and so the models do not require any additional condition for
the simulation of interactions. If the particles of reinforcing material are in the form
of spheres, or ellipsoids, a triple dipole (i.e. dipoles in the direction of main axes of
the particle) can give satisfactory accuracy for practical problems. It is given how
the models can be used for homogenization of composite material.

A novel method is used for evaluation of material properties of homogenized
material in order to increase the numerical efficiency of the composite. The numeri-
cal results are compared with Mori-Tanaka analytic models with all rigid inclusions
as well as for problems with elastic inclusions when the differences in stiffness of
matrices and particle are small.

1 Introduction

Efficiency of a numerical method depends on how accurately it approximates the
real conditions. It is closely related to the number of interpolation functions and
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complexity of evaluated expressions necessary to satisfy the governing equations
and boundary conditions of a given problem. Usually geometric concentrators,
holes, inclusions, material inhomogeneities, contact with other bodies and other
irregularities lead to local effects and large gradients in all mechanical, thermal,
electromagnetic and coupled fields. In mechanics they lead to the effects known as
stress concentration. Moreover, if such peculiarities are close to each other, or to the
boundary, they can very strongly interact and further influence the fields.

Accurate approximation of the local effects is necessary to correct evaluation
of such parameters as local and global behaviour of the structure, local and global
damage conditions and other important properties.

The approximate function used to simulate the real structure will be more
efficient, which will best approximate both governing equations and boundary
conditions. The unknown functions are mostly approximated by polynomials. Cor-
rect approximation of large gradients requires very fine subregions, submeshing,
remeshing during the solution when solution errors are controlled, etc. This reduces
the efficiency of the model. If a structure can be defined as a continuum, then the
local effects decay with the distance from the concentrator. Boundary type formula-
tions, which keep the decaying effect, need much less parameters to obtain similar
accuracy than the domain methods.

A very effective method for some kind of problems is the Method of Fundamental
Solutions (MFS) (Golberg and Chen 1998; Karageorghis and Fairweather 1989).
It is a boundary meshless method which does not need any mesh and in linear
problems only nodes (collocation points) on the domain boundaries and a set of
source functions (fundamental solutions) in points outside the domain are necessary
to satisfy the boundary conditions. The MFS uses discrete source functions, the
fundamental solutions, to approximate the fields in the domain. In domains with
smooth boundary, if the boundary conditions are smooth it is necessary to use very
many source points acting in some distances from the boundary in order to simu-
late smooth functions along the boundaries. Using polynomial Trefftz (T-)functions
(Jirousek and Wroblewski 1997; Kompiš and Štiavnický 2006) in combination to
MFS can improve both accuracy and numerical stability of the model. Oppositely,
if the boundary conditions are discontinuous like contact problems of bodies with
curved boundaries of different curvature, it is necessary to use continuous distribu-
tion of source functions placed along the boundary with corresponding discontinuity
(Kompiš and Dekýš 2003) for the best approximation.

Problems with inhomogeneous micro/nano-structure and especially composite
materials with stiff or weak inclusions are especially important (Shonaike and
Advani 2003; Atieh et al. 2005; Schwarz et al. 2004). In structures like these, the
boundary conditions are usually smooth, if the inhomogeneity surface is smooth,
but the inhomogeneities introduce large gradients in local fields and many inhomo-
geneities would require to solve millions or billions equations after discretization
by classical methods like FEM or BEM. It will be shown here how the use of
discrete source functions, dipoles, in problems with small aspect ratio can lead
to very effective solution for homogenization of Representative Volume Elements
(RVE). The method has all attractive features of MFS, moreover, the inclusions
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in composite material do not contain any load for static isothermic problems and
the loads by dipoles simulating the interaction are in force and moment equilib-
rium and do not need any additional conditions. Also the rigid body modes of
particles are correctly introduced. The presented method can use all features of the
Fast Multipole Solution (Greengard and Rokhlin 2002; Nishimura 2002; Nishimura
et al. 1999) and of the Boundary Point Method (Ma and Qin, 2007; Ma et al. 2008;
Zhang et al. 2004), i.e. reduced computations for far field interaction, moreover, also
the near field interaction is considerably reduced in our formulations. Comparing
to MFS usually only few collocation points are necessary to obtain results with
required accuracy as the source points do not introduce large gradients along the
interdomain (particle-matrix) surface.

A cube which contains specified distribution of reinforcing particles is chosen
for RVE and auxiliary particles placed outside the RVE are used in order to increase
the efficiency of the model for evaluation of homogenized material constants of the
composite. The numerical results are compared with Mori-Tanaka analytic models
with all rigid inclusions as well as for problems with elastic inclusions when the
differences in stiffness of matrices and particle are small.

2 Description of the Model

Under discrete source functions we will understand all unit forces (the Kelvin solu-
tion (Beskos 1991; Cheng and Cheng 2005)), point dislocations, dipoles, couples,
or some other type of Radial Basis Functions (RBF) satisfying homogeneous gov-
erning equations in infinite space or half space except for the source point force
itself, i.e. this type of source functions are Trefftz functions, if the source points are
located outside the discretized domain. A very attractive concept is dipoles having
mechanical meaning of two collinear forces acting in the same point in opposite
direction. Mathematically it is a derivative of the Kelvin function in direction of
acting force. The displacement field of a dipole is

U (D)
pi = U (F)

pi,p = − 1

16πG (1 − ν)

1

r2

[
3r,i r

2
,p − r,i + 2 (1 − ν) r,pδi p

]
(1)

The upper index (D) denotes corresponding dipole field and (F) a force (Kelvin)
field. The lower indices belong to components of the field; the first index corre-
sponds to the component of the source quantity and the other indices the components
of the field quantity. The index after comma denotes partial derivative, i.e.

r,i = �r
/

�xi (t) = ri/r (2)

where r is the distance between the source point s, where the dipole or force are
acting and the field point t , where the displacement (field variable) is expressed, i.e.

r = √
riri , ri = xi (t) − xi (s) (3)
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and xi are coordinates of the points. G, υ and δi j are material shear modulus, Pois-
son ratio and Kronecker delta function, respectively. Summation convection over
repeated indices will be used, but it will not act over the repeated
index p.

Corresponding strain and stress fields (see Kompiš et al. (2008) for more details)
are

E (D)
pi j = 1
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If unit forces acting in source points are located in discrete points outside the
solution domain for computational models and also the collocation points (i.e. the
points in which the boundary conditions have to be satisfied) are chosen in some
discrete points of the domain boundary, then the method of solution is known as the
Method of Fundamental Solutions (MFS) (Golberg and Chen 1998; Karageorghis
and Fairweather 1989). The method is very simple one, it does not need any ele-
ments and any integration and thus, it is a fully meshless method. These functions
are Trefftz functions and they serve as interpolators in the whole domain. Also any
other Trefftz functions can be used for this purpose (Kompiš and Štiavnický 2006).
They are very convenient to modeling of inhomogeneous materials with spherical,
ellipsoidal, or other smooth inclusions or holes, especially when the density of par-
ticles is small. Note that the domain which is approximated by source functions
is the matrix and thus, the domains of particles are outside of the domain. A dipole
located inside the particle, i.e. outside of the domain represented by the matrix, gives
both zero resulting force and moment along any closed surface and thus the global
equilibrium is not destroyed by local errors as it can be by using MFS (Kompiš and
Štiavnický 2006), however, the location of the source points is important for the best
simulation of continuity and equilibrium along the interdomain boundaries.

In micromechanics (MM) the material properties are homogenized over the RVE.
Corresponding average homogeneous material properties are obtained by integrals
over the RVE (Qu and Cherkaoui 2006). The boundary conditions can influence
the results and the inhomogeneities closed to boundaries give large gradients in
integration surface.

In the present model the strains and stresses are split into a constant part (very
small RVE is considered for MM) and a local part (corresponding to so called
eigenstrain (Ma et al. 2008; Qu and Cherkaoui 2006)).
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εtot
i j = ε∞

i j + εloc
i j

σ tot
i j = σ∞

i j + σ loc
i j

utot
i j = u∞

i j + uloc
i j (6)

where the upper indices tot, ∞ and loc denote the total component, component
corresponding to constant strains and stresses acting in infinity on the continuous
matrix material without any particles in it and local components acting in the matrix
with eigenstrains from dipoles (including the eigenstrains in auxiliary points outside
the RVE) with zero loads in infinity, respectively.

Corresponding displacements vary linearly in the RVE. In order to reduce the
gradients we located auxiliary source points outside the RVE so that the local trac-
tions are equal to zero (see Fig. 1) in the control points on the surface of the RVE.
The problem in Fig. 1 is presented in the plane x1x3 for better understanding the
model.

On each interface of matrix-inclusion six pairs of control points are chosen to
prescribe the local displacements as shown in Fig. 2. A triple dipole (i.e. dipole in
each coordinate direction) is placed into the centre of the inclusion and into auxiliary
source points and there intensities are computed so that boundary displacements
on inclusions and tractions on the RVE surface are satisfied. Note that we do not
work with displacements in the model but with the differences of displacements in
direction of vectors connecting corresponding points on opposite boundary of the
particle.

x3

x1

RVE

auxiliary dipoles 

control points

inhomogeneity 

L R midpoints

Fig. 1 RVE computational model
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Fig. 2 Spherical inclusion
and control points

x3

x1

x2

control points 

In order to reduce the computations an elimination-iterative procedure is devel-
oped. In the first step the intensities of dipoles inside the inclusions (internal dipoles)
are chosen to be equal those without influence the interaction and intensities in the
auxiliary dipoles outside the RVE are computed. In the second step the intensities in
internal dipoles are calculated from interaction of all dipoles and averaged multiplier
is chosen for internal dipoles. Then intensities in auxiliary dipoles are recalculated.
In the next steps the intensities of auxiliary dipoles are computed from intensities of
internal dipoles by solving system of linear equations and intensity of each internal
dipole is found from interaction with all dipoles (i.e. no averaging is used again).

The elastic constants of homogenized material are evaluated from the elastic
energy. For this purpose both average strains and stresses are to be evaluated in
the RVE. The total strains and stresses consist of the constant components (as given
for material without inhomogeneities) and local strains (eigenstrains as defined in
Qu and Cherkaoui (2006)) and the local stresses. The local averaged strains are
evaluated from the total deformation of RVE by action of the dipoles. For this pur-
pose the displacements of control points on the boundaries of the RVE are used and
difference between the displacements on opposite boundaries are evaluated. In this
way the strains are evaluated as the averaged deformation of the RVE. This defor-
mation has to introduce the integral value of the whole RVE. As the displacement
function of the RVE surface has complicated form given by the interaction of all
dipoles (see Fig. 3), two procedures were used as follows. The control points were
regularly distributed along the RVE surface. The midpoint and trapezoidal rules
were used in the procedures. In regularly distributed particles the number of control
points for midpoint rule integration was identical to the number of particles closest
to corresponding side of the RVE. For trapezoidal rule points between these points
and along the edges of the RVE were included. In following examples only axial
reinforcement was evaluated from axial strains as

εloc
ii = 1

Fi

ˆ
ui d Fi (7)

where Fi is crossectional area of the RVE with normal in direction of xi coordinate
axis. The integral is evaluated numerically.

The local averaged surface tractions, identical to corresponding normal stress
component, are evaluated from the sum of dipole intensities inside the RVE in each
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a b

Fig. 3 Deformation of the matrix reinforced with a patch of particles

coordinate direction. The component sum is substituted by a “finite dipole” defined
as constant traction acting in normal direction to corresponding side of the RVE
and the distance between opposite sides. This is identical to division of the sum of
corresponding component of the dipoles by the total volume of the RVE.

σ loc
ii =

∑
DD

i /VRV E (8)

where Di is intensity of a dipole in direction of xi coordinate axis.
Elastic constants for the homogenized material are evaluated from the elastic

energy

Ee = 1

2
σ tot

i j εtot
i j = 1

2

(
σ∞

i j ε∞
i j + σ∞

i j εloc
i j + σ loc

i j ε∞
i j + σ loc

i j εloc
i j

)
(9)

and the stiffening is defined by relative increase of corresponding component of the
elastic modulus.

The procedure will be explained on following examples.

3 Examples and Discussion

Let the matrix is an elastic material with modulus of elasticity E = 1000 and
Poisson’s ratio ν = 0.3. Further let rigid spherical inclusions with radius R are
regularly distributed in the RVE (Fig. 1) and there are 8 × 8 × 8 inclusions inside
the RVE. The hydrostatic stress state is chosen in this example with hydrostatic
tension p = σ11 = σ22 = σ33 = 25, which corresponds to constant strain of
the RVE without inclusion ε11 = ε22 = ε33 = 0.01. There are 512 triple-dipoles
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inside the RVE and 384 auxiliary triple-dipoles outside the RVE. If the problem
would be solved taking into account all interactions, it has to be solved a system of
5760 × 5760 (= 3.32 × 107 coefficients!) linear equations. Instead 1152 × 1152
equations was solved in 3–4 iterations (relative errors less than 0.5 %) for different
percentage of the inclusions in the RVE, solution time in MATLAB in a notebook
was less than 5 min. The stiffening effect was evaluated as an increase of stiffness
in direction of coordinate axis x1.

Note that if the elastic inclusions are considered then the distance of the control
points on the interface changes according to corresponding tractions. For the stress
state in inclusion it is sufficient to use constant terms. They correspond to linear
terms in displacement fields. Recall that if Trefftz polynomials are used for approx-
imation of homogeneous equilibrium equations then all constant and linear terms
are Trefftz polynomials, i.e. they satisfy the homogeneous equilibrium equations
(Kompiš and Štiavnický 2006) and there are 12 independent displacement modes
corresponding to the constant and linear terms. Six modes correspond to rigid body
displacements and another 6 terms to independent constant stress states. One need
not keep for rigid body terms of the inclusions in the present formulation and they
are correctly simulated in all inclusions contained in the RVE model and only 3
d.o.f. (3 dipoles) for simulation of each inclusion are necessary for approximate
solution of the problem in this model.

Table 1 gives the stiffening of the RVE for different relative volume of stiffen-
ers (1st column), L/R (where is the radius of particles and L is their distance) and
present results are compared with Mori-Tanaka (Qu and Cherkaoui 2006) models
as well. The last two columns give the results obtained by M.-T. and numerical
models when the ratio of modules of elasticity of particle to the one of matrix is
2 : 1. As the Mori-Tanaka’s (M.-T.) model is also an approximate model obtained
analytically by simplified assumptions. The M.-T. model does not enable to study
all fields by different configurations (probabilistic distribution of particles, proba-
bilistic dimensions of particles, influence of the domain boundaries, etc. as it is in
the present model.

Figure 3 shows deformation of the matrix reinforced with a patch of particles
(only regularly distributed spherical particles with constant radius are shown in this
paper). It is possible to see that the displacements are not constant between the
particles because of the boundary effect of the patch. Recall that we have chosen the
boundary conditions prescribed by constant (zero) local tractions in control points.
Instead constant displacements can be chosen in such points.

Table 1 Stiffening effect

% Stiffener L/R M.-T., rigid Numerical, rigid M.-T., elastic Numerical, elastic

0.0155 30 1.000316 1.000340 1.000104 1.000128
1 7.4882 1.0205 1.0226 1.0067 1.0083
3.35 5 1.0684 1.0744 1.0227 1.0279
15.5 3 1.3218 1.3746 1.1095 1.1341
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4 Conclusions

We have shown that discrete source functions, which can be defined as Trefftz radial
basis functions, are convenient approximation or interpolation functions for compu-
tational simulation (Oden et al. 2006) of material behaviour with local fields contain
large gradients. They can very accurately simulate the decaying of the large gradi-
ents and thus, they are very useful tool for multiscale modeling and for simulation
of large subdomains containing many large gradients inside. Problems with material
inhomogeneities are important examples for practical applications. The hard inclu-
sions are only one problem of the application. Also weak or mixed hard and weak
inhomogeneities or microvoids can be solved very effectively by this technique.
Very important applications come for materials with micro- or nano-structure, where
interaction of micro/nano-particles with considerably larger particles comes into
effect (Perez 2005). Important simulation of materials reinforced with hard particles
is also the investigation of the interaction such material with free boundaries and
the behavior of thin surface layers reinforced with the particles. Simulation of such
problems is considered in the next future.

Presented model can be used for reinforcing particles with the aspect ratio close
to one. If the aspect ratio is large, continuous source functions are to be used for
better accuracy of the model as described in Kompiš, et al. (2008).

The interaction of fibre like inclusions is very complicated and very large gra-
dients can rise in different part of the fibre. Discrete source functions are not able
to simulate correctly the continuity conditions between fibre and matrix and contin-
uous distribution of source functions is much more effective for this purpose than
other methods.

Much research has to be done in all these simulations, as many effects not
included into present models are important for correct simulation. We can mention
the inter-layers in very small (nano-structures), curved fibers, nonlinear material
behavior, interaction between micro/nanoparticles and polymeric and other matrix
materials with fiber like structure, etc.
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