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PREFACE 

The "Advances in Engineering Mechanic" book series draws together recent significant 
advances in various topics in engineering mechanics. "Advances in Engineering Mechanics" 
aims to provide both authoritative review and research articles on topics in the mechanical 
sciences, primarily of interest to scientists and engineers working in the various branches of 
mechanics, but also of interest to the many who use the results of investigations in mechanics 
in various application areas such as aerospace, chemical, civil, environmental, mechanical 
and nuclear engineering. 

The concurrent multiscale simulation method has become a powerful sfmulation tool that 
may soon become a powerful research tool to supplement experimental and theoretical 
analysis in nanoscience and nano-technology, which have broad applications in molecular 
cell-biology, renewable energy science and engineering, and materials science and 
engineering. In Chapter 1, the authors shall discuss and review the current state of research in 

the concurrent multiscale simulation. There have been a few reviews on the subject of 
multiscale simulations. In this review, in additional to an overview of the status quo, the 
authors shall focus on some recent developments of concurrent multi scale simulations that 
have not been discussed in the other reviews. They are: (1) a coarse grained quasi-continuum 
adhesion and contact method; (2) a multiscale cohesive zone model; (3) a perfectly matched 
multiscale method; (4) a multiscale continuum field theory, and (5) a multiscale non

equilibrium molecular dynamics. The objectives of the paper are two folds: (A) it serves as an 
overall review on the state-of-the-art of the concurrent multiscale simulation method, and (B) 
it gives an introduction to basic theories and algorithms of concurrent multiscale methods. To 
achieve this goal, some numerical examples that are related to the method introduced are also 
presented in the article. 

The purpose of Chapter 2 is to investigate the design of low order locking free and mesh 
distortion insensitive element formulations of Mindlin plates by using enhanced assumed 
strain method. Since Simo & Rifai (1990) proposed enhanced assumed strain (EAS) approach 

based on three-field Hu-Washizu vadational principle, many finite elements have been 
developed in the following years by using the approach. Within the general framework of 
EAS method, two fundamental questions must be answered, one is how to construct enhanced 
assumed strain field, and another is how to simplify the recovery of stress field. In the present 
paper, the above two questions have been answered by proposing a new EAS finite element 

formulation based on two field Hu-Washizu variational principle rather than three-field one. 
With the new two-field EAS formulation, the recovery of stress field can be formulated by 
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classic way of using constitutive equations. For the construction of enhanced assumed strain 
field, the authors believe the only right way is of in-depth understanding of deformation 

mechanism of element. In other words, incompatible displacement mode can be formulated 
according to deformation mechanism and then determine its final form using EAS condition: 

JEd/; = 0 As an application, EAS finite elements of Mindlin type plates have been proposed, 

which is expected to perform locking free, mesh distortion insensitivity and have high 
accuracy for coarse mech. 

In Chapter 3, Timoshenko's composite beam function method, which has been employed 
to develop shear-flexible layered composite plate elements, is presented. Unified finite 

element formulation for layered quadrilateral composite plate elements with application in 
composite laminates, steel-reinforced concrete slabs and Fiber Reinforced Polymers (FRP)

reinforced concrete slabs is developed in this chapter. The distinguished material properties of 
the different composites are described. The composite plate elements are based on Mindlin

Reissner plate theories and Timoshenko's composite beam functions, and thus can be used for 
both thin and moderately-thick plate analysis with shear locking avoided naturally without the 
employment of any stabilization schemes. Numerical examples are presented to demonstrate 

the accuracy and efficiency of the composite elements for linear and nonlinear finite element 
analysis of composite laminates and steel and FRP-reinforced concrete slabs. 

Chapter 4 presents a newly developed three dimensional model to evaluate stresses near 
free edges and transverse cracks in laminated composites. On the basis of a state space 

formulation and the generalised plane strain condition, the model can approximate the stress 
singularities in the vicinity of free edges and crack tips, while guarantee the continuity of 
interlaminar stresses across material interfaces. The model is applied to assess thermoelastic 

property degradation and failure of laminates induced by transverse cracking in general cross
ply and angle-ply laminates, including both symmetric and antisymmetric cross sectional 
profiles. On the basis of an energy-based cracking criterion, the model is also applied to 
predict propagation of transverse cracking in general composite laminates. In the final part of 
the chapter, finite element and finite strip formulations of the three dimensional state space 
method are presented. 

Current developments on nearly singular integrals appeared in boundary element methods 
(BEM) are reviewed in Chapter 5. A newly developed analytical integral algorithm to 
evaluate the nearly singular integrals for 2-D elasticity problems is proposed by way of 
integration by parts. Analytical formulas available for 2-node linear elements are derived. 
Following the same procedure mentioned above, 2-D potential problems with anisotropic 
medium are treated. Then, a semi-analytical algorithm is also proposed to compute the nearly 
singular integrals appeared in the BE analysis for 3-D elasticity and potential problems. The 
algorithm is implemented into the 3-node linear isoparametric triangular elements. In the 

analysis, the nearlx singular surface integrals are transformed into a series of line integrals 
along the contou(of the elements. Thus the standard Gaussian quadrature is adequate to 
provide very accurate results. As a result, both boundary layer effect problems and thin body 
effect problems for 2-D and 3-D elasticity and potential problems can be solved with the 
present method. Some numerical examples are presented to show the accuracy and 
effectiveness of the analytical and semi-analytical algorithm to deal with the nearly singular 
integral appeared in the boundary element methods. 
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In Chapter 6, conventional hybrid Trefftz finite element method (HT -FEM) based on 
nonsingular T-complete functions is first briefly reviewed for the purpose of comparison; then 
a new type of fundamental-solution-based hybrid FEM formulation, called HFS-FEM, is 
described. HFS-FEM was developed to maintain the advantages of HT -FEM over the 
conventional FEM and boundary element method (BEM), and simultaneously to overcome 
the known shortcomings of HT-FEM, which usually requires a suitable truncated T -complete 
series and uses relatively high order of complex functions. In the proposed hybrid model, a 
linear combination of the fundamental solutions at several source points located outside the 
element domain, fulfilling the governing partial differential equation (PDE) of the problem a 
priori, is used to approximate the sought field variable within an element domain, while an 
independent frame field defined on the elementary boundary is introduced to guarantee inter
element continuity. To counter the new trial function, fundamental solution, a modified 
variational functional is constructed for establishing the corresponding stiffness matrix 
equation and the linkage of two independent fields. Compared to the HT -FEM, the proposed 
HFS-FEM uses the fundamental solution as trial function, which usually has a simpler form 
than the T -complete functions used in HT -FEM. Further, the fundamental solutions of a 
problem are in general easier to derive than the T-complete functions of that problem. Fina\ly, 
several numerical examples involving Laplace problems and Helmholtz problems in two
dimensional cases are tested. Numerical results show that the proposed hybrid approach is 
insensitive to mesh distortion and has good convergence and accuracy, even for highly 
oscillating solutions typically occurring in Helmholtz problems. 

To predict the overall structure properties of heterogeneous materials, the finite element 
(FE)-based multiscale unit cell approach (UCA) can be applied through the appropriate 
selection of representative volume element (RYE). On the basis of micromechanics and finite 
element method, this unit cell approach (UCA) is developed to obtain the averaged stress
strain results for a certain prescribed deformation history via fmite element models with 
periodic boundary conditions. Unfortunately, the finite element models using traditional finite 
elements require the deliberate meshes to ensure the accuracy. The special finite element 
containing an internal inhomogeneity can be naturally applied in this occasion with the high 
accuracy for two-dimensional multi scale modeling of heterogeneous materials, and there 
needs only one special element applied in the vicinity of the inhomogeneity. In Chapter 7, 
such two-dimensional special finite element-based unit cell approaches are presented, which 
can greatly simplifY the modeling procedure and ensure high accuracy for multiscale 
modeling of heterogeneous materials. 

In Chapter 8, the development of dual BEM is reviewed since its appearance in 1986 by 
Hong and Chen. Roles of hypersigularity are also examined in the computational mechanics. 
A novel method using SYD for problems with degenerate boundaries was proposed without 
employing hypersingular formulation and subdomain approach in 2003. Some traps of BEM 
in engineering applications, degenerate scale, spurious eigenvalues and fictitious frequencies, 
are investigated. The authors provide a perspective on the nonuniqueness and its treatment, 
including degenerate boundary, degenerate scale, spurious eigensolution, fictitious frequency 
and comer problems as shown in Table I, in the boundary integral formulation and boundary 
element method (BEM). All the nonuniqueness problems originate from the rank deficiency 
in the influence matrix. Both the Fredholm alternative theorem and singular value 
decomposition (SYD) technique are employed to study the nonuniqueness problems. Based 
on the circulant properties and degenerate kernels as analytical tools for circular and annular 
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cases, mathematical analysis can be done. Updating tenns and updating documents of the 
SVD technique are utilized. The roles of right and left unitary vectors of SVD in BEM and 
their relations to true, spurious and fictitious modes are examined by using the Fredholm 
alternative theorem. Two methods, CHIEF and CHEEF concept, for dealing with the 
nonuniqueness problems in BEM are proposed. Null fields of nonuniqueness problems are 
shown. The related works since 1984 are shown in Table 3. More than one hundred references 
of papers by NTOUIMSV group are contained. 

As explained in Chapter 9, dentine is the most abundant dental tissue detennines the size 
and shape of teeth. It is a hard and calcified tissue of a tooth that is covered by enamel at the 
crown level, and by cementum at the root level as shown. Dentine is about fifty percent 
mineral, thirty percent organic material (mostly collagen), and about twenty percent fluid. It 
consists of microscopic channels, called dentinal tubules which radiate outward through the 
dentine from the pulp to the exterior cementum or enamel border. The peri-tubular inclusion 
dentine, the area immediately around the tubules, is stiffer than the rest of the surface inter
tubular matrix. Considering the microstructural characteristics of dentins, two 
micromechanics models were developed to evaluate overall elastic properties of dentins. The 
first cell model was created based on the dilute micromechanics model and is able to capture 
five out of the six material properties of dentine, as a result of ignoring interactions among 
inclusions embedded in matrix. While the interaction can be taken into account by using the 
generalized self-consistent method based on which the second micromechanics model was 
developed. All six elastic properties of dentine material can be detennined analytically by 
means of the generalized self-consistent model, and are consistent with experimental results 
from nano-indentation method. Additionally, the effects of mineral content, porosity, 
thickness of peri-tubular layer and porous phase on the effective material properties of 
dentine composites are discussed. 
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ABSTRACT 
 

In this chapter, conventional hybrid Trefftz finite element method (HT-FEM) based on 
nonsingular T-complete functions is first briefly reviewed for the purpose of comparison; 
then a new type of fundamental-solution-based hybrid FEM formulation, called HFS-FEM, is 
described. HFS-FEM was developed to maintain the advantages of HT-FEM over the 
conventional FEM and boundary element method (BEM), and simultaneously to overcome 
the known shortcomings of HT-FEM, which usually requires a suitable truncated T-complete 
series and uses relatively high order of complex functions. In the proposed hybrid model, a 
linear combination of the fundamental solutions at several source points located outside the 
element domain, fulfilling the governing partial differential equation (PDE) of the problem a 
priori, is used to approximate the sought field variable within an element domain, while an 
independent frame field defined on the elementary boundary is introduced to guarantee inter-
element continuity. To counter the new trial function, fundamental solution, a modified 
variational functional is constructed for establishing the corresponding stiffness matrix 
equation and the linkage of two independent fields. Compared to the HT-FEM, the proposed 
HFS-FEM uses the fundamental solution as trial function, which usually has a simpler form 
than the T-complete functions used in HT-FEM. Further, the fundamental solutions of a 
problem are in general easier to derive than the T-complete functions of that problem. 
Finally, several numerical examples involving Laplace problems and Helmholtz problems in 
two-dimensional cases are tested. Numerical results show that the proposed hybrid approach 
is insensitive to mesh distortion and has good convergence and accuracy, even for highly 
oscillating solutions typically occurring in Helmholtz problems. 

 
Keywords: Hybrid finite element method, T-complete function, fundamental solution, intra-

element field, frame field, variational functional, potential problems 
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1. INTRODUCTION 
 
Over the past decades, research into the development of efficient finite elements has 

focused mainly on three distinct types of FEM. The first is the conventional FEM. It is based 
on a suitable polynomial interpolation which has already been used to analyze most 
engineering problems. With this method, the solution domain is divided into a number of 
small cells or elements, and material properties are defined at element level [1]. The second is 
the natural-mode FEM. Introduced by Argyris et al [2], the natural FEM presents a significant 
alternative to conventional FEM with ramifications in all aspects of structural analysis. It 
draws a distinction between the constitutive and geometric parts of element tangent stiffness, 
which can lead effortlessly to the non-linear effects associated with large displacements. 
When applied to composite structures, the physically clear and comprehensible theory, with 
its complete elimination of quadrature and avoidance of modal (shape) functions, can 
distinctly describe the mechanical behavior of isotropic and composite shell structures [2, 3]. 
The third type of FEM is the so-called hybrid Trefftz FEM (HT-FEM), originally developed 
in 1977 by Jirousek and Leon for analysis of the effects of mesh distortion on thin plate 
elements [4]. In contrast to conventional FEM and BEM [5], the HT-FEM is based on a 
hybrid method which includes the use of an independent auxiliary inter-element frame field 
defined on each element boundary and an independent internal field chosen so as to a priori 
satisfy the homogeneous governing partial differential equations (PDEs) by means of a 
suitable truncated T-complete function set of homogeneous solutions. Inter-element 
continuity is enforced by using a modified variational principle, which is used to construct the 
standard force-displacement relationship, that is, the stiffness equation, and to establish 
linkage between the frame field and internal field of the element. The property of a 
nonsingular element boundary integral in HT-FEM enables us to construct arbitrarily shaped 
elements conveniently. Clearly, HT-FEM combines the advantages of FEM [1] and BEM [5], 
and has become increasingly popular as an efficient numerical computational tool for the 
solution of complex boundary value problems (BVPs), attracting a growing number of 
researchers in this field. For instance, the Trefftz element has been successfully applied to 
problems of plane elasticity [6-10], Kirchhoff plate bending [11-15] and postbuckling 
analysis [16], moderately thick Reissner-Mindlin plate bending [17-19], thick plate bending 
[20-22], general 3D solid mechanics [23-25], axisymmetric solid mechanics [26], potential 
problems [27-29], thin shell deformation [30, 31], elastodynamic problems [32-34], transient 
heat conduction analysis [35], geometrically nonlinear plates and shells [36-38], materially 
nonlinear elasticity (elastoplasticity) [39-43] and piezoelectric materials [44-46]. Further, the 
concept of special purpose functions has been found to be of great efficiency in dealing with 
various local effects including circular or elliptical holes, cracks, corners, and concentrated 
loads [6, 8, 15, 40, 47-49]. The first monograph to describe HT-FEM and its applications in 
solid mechanics in detail was published in 2000 [50], and recently an extensive detailed 
computer programming treatment of this method with MATLAB and C languages was 
published with the aim of promoting its development and application [51].  

However, from all the above it is noted that the terms of truncated T-complete functions 
must be carefully selected to achieve the desired results. Further, for some physical problems 
these functions are difficult to develop. Moreover, due to the inherent properties of the T-
complete functions used, that is, higher orders of the Euclidean distance variable, a relatively 



Hybrid FEM with Trefftz Function or Fundamental Solution as Trial Function 221 

complex coordinate transformation is usually required in HT-FEM to keep the inverse of 
matrix H stable. To eliminate these drawbacks of HT-FEM, a novel hybrid finite element 
formulation based on the fundamental solution, called HFS-FEM [51, 52], was developed for 
solving two-dimensional heat conduction problems in single and multilayer materials. This 
recently developed HFS-FEM can be viewed as a fourth type of FEM, but is significantly 
different from the three earlier types of FEM described above. In HFS-FEM analysis, inspired 
by the concept of the method of fundamental solution (MFS) [53], a linear combination of the 
fundamental solutions at different source points outside the element domain is used to 
approximate the field variable within the element. The independent frame field defined along 
the element boundary and the new developed variational functional are employed to 
guarantee inter-element continuity, generate the final stiffness equation and establish a 
linkage between the boundary frame field and internal field in the element. The proposed 
HFS-FEM displays all the advantages of HT-FEM and eliminates the difficulties inherent in 
constructing and selecting T-functions, and thus has more extensive applications than HT-
FEM. Moreover, it should be pointed out that the approach developed is different from that of 
the BEM, although the same fundamental solution is employed. Using the reciprocal theorem, 
the BEM obtains the boundary integral equation, but BEM analysis usually encounters 
difficulty in dealing with singular or hyper-singular integrals, whereas the proposed method 
eliminates this weakness. Additionally, the more flexible element material definition in HFS-
FEM is important for multi-material analysis, unlike the material definition in the entire 
domain in BEM. 

The remainder of this chapter is arranged as follows. It begins with a simple description 
of potential problems including Laplace and Helmholtz problems in Section 2. Then in 
Section 3 the conventional HT-FEM is reviewed briefly for comparison purposes. In Section 
4, detailed formulations of HFS-FEM are presented. Finally, several numerical examples are 
considered in Section 5 to validate the proposed algorithm and some concluding remarks are 
presented in Section 6. 

 
 

2. BASIC FORMULATION OF POTENTIAL PROBLEMS 
 
In this section, the classical Laplace equation and the Helmholtz equation in Cartesian 

coordinates are considered as follows,  
 
Laplace equation 
 

 
2 ( ) 0                          in u  x  (1) 

Helmholtz equation 
 

 
2 2( ) ( ) 0             in u u   x x  (2) 

 

where u  is the sought field, dx   denotes the Cartesian coordinates, where d  is the 
dimensionality of the space and   is a real non-zero constant, also termed wave number.   
is a two-dimensional region bounded by a simple closed curve  . 
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For completeness, the related boundary conditions should be added, for example 
 

          on uu u   (3) 

 

 
         on qq q   (4) 

 

in which q u n    represents the normal derivative of potential field u , T
1 2[ ,  ]n nn  is 

the unit outward normal to the boundary u q     . u  and q  represent the specified 

potential field and flux field, respectively (see Figure 1). 
 

 

Figure 1. Geometrical definitions for the potential problem in 2 . 

 
 

3. HYBRID FINITE ELEMENT PROCEDURE WITH TREFFTZ FUNCTIONS 
 

3.1. T-complete Functions 
 
It is well known that T-complete functions are very important in deriving hybrid Trefftz 

finite element formulations. Generally, regular T-complete functions independent of the kind 
of imposed boundary conditions and the detailed shape of the region under consideration can 
be viewed as suitable truncted nonsingular general solution sets of the governing equation. 
For the potential equation taken into consideration above, the complete solutions in bounded 
or unbounded regions can be obtained by means of the method of variable separation [54]. As 
an illustration, we give here the final expressions of associated T-complete sets in bounded or 
unbounded regions in the following form 

 
(1) T-complete Functions for Laplace Equation 

 

 

 
 

2

3

1,  cos ,  sin       in 
T      in bounded region

(cos )                 in 

k k

k q iq
k

r k r k

r P e 

 



 





 (5) 
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and 

 

 
 

2

1 3

1,  lnr, cos ,  sin       in 
T      in unbounded region

(cos )                      in 

k k

k q iq
k

r k r k

r P e 

 



 

 

 





 (6) 

 

Figure 2. Illustration of local coordinates appearing in the expressions of T-complete functions. 

 
(2) T-complete Functions for Helmholtz Equation 
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and 
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 (8) 
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where (cos )q
kP   is the associated Legendre function, k q k   , (1)

kH  is the Hankel 

function of the first kind of order k , i.e. 
 

 
(1) ( ) ( ) ( )k k kH r J r iY r     (9) 

 

with kJ  and kY  representing the Bessel functions of the first and second kind of order k . 

For two- and three-dimensional cases, the local polar coordinates ( , )r   and spherical 

coordinates ( , , )r    shown in Figure 2 have been used for the expressions above, 

respectively.  
 
 

3.2. Assumed Interior Field and Boundary Field in HT-FEM 
 
For simplicity, only the 2D case is taken into consideration hereafter. To perform finite 

element analysis, the whole domain   is first divided into several cells e  provided with 

respective local polar coordinate systems ( , )e er  . In the interior and on the boundary of a 

particular element e , two independent fields are assumed as follows: 

 
(a) The Non-conforming Intra-element Field 

The non-conforming intra-element field (see Figure 3) defined within a particular 
element e  is expressed as the linear combination of truncated T-complete functions, that is, 

 

 
     

1

m

e j ej e e
j

u N c


 x x N x c  (10) 

 

where the vector  T

1 2e mc c cc   consists of undetermined interpolating coefficients 

and m  is its number of components, which must be selected carefully to prevent spurious 
energy modes. In general, the necessary condition is stated as 

 

 m k p   (11) 

 
where k  is the number of nodal degrees of freedom (DOF) of the element under 
consideration and p  the discarded rigid body motion terms. 

In Eq. (10), jN  is a suitably truncated T-complete set of local solutions satisfying 

 

 
2 0jN   (12) 

 
for the Laplace problem and 

 

 
2 2 0j jN N    (13) 
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for the Helmholtz problem. 
As an illustration, the kernel function jN  in Eq. (10) can be given in the form 
 

 
2 3

1 2 3 4cos ,  sin ,  cos 2 ,  sin 2 ,  N r N r N r N r       
 

 

for the 2D Laplace problem in a bounded domain. 
The corresponding outward normal derivative of potential field u  is 
 

 

e
e e e

u
q

n n


  
 

N
c Q c  (14) 

with 
 

 

e
e en


 


N

Q AT  (15) 

 

and 

  1 2n nA ,       1

2

e

e
e

x

x

 
  
 
  

N

T
N

 (16) 

 
(b) The Auxiliary Conforming Frame Field 

 
To ensure continuity of field variables between two neighboring elements, an auxiliary 

conforming frame field defined on the element boundary as shown in Figure 3 is 
independently assumed as 

 

    e e eu x N x d  (17) 

 

 

Figure 3. Intra-element field and frame field in a particular element in HT-FEM. 
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in terms of nodal DOF ed . eN  represents the conventional finite element interpolating 

functions. For example, a simple interpolation scheme on each element edge with three nodes 
can be given in the form 

 

 1 1 2 2 3 3u N u N u N u      (18) 

 

with general shape functions iN  shown in Figure 4. 

 

 

Figure 4. Typical quadratic interpolation for the frame field. 

 

3.3.Variational Functional in HT-FEM 
 
To establish the relationship of two independent fields respectively defined in the element 

and on the element boundary and to generate the element matrix equation for the required 
solution, a functional is developed with the following form 
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for the Laplace problem and 
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             (20) 

 
for the Helmholtz problem with 

 

 e eu eq eI        (21) 

 

where eu e u    , eq e q     and eI is the interelement boundary of the element e . 
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Applying the Gauss divergence theorm 
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         (22) 

 

with any smooth functions f  and h  in the domain, the first integral in the functional (19) 

and (20) respectively becomes 
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and 
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Using the relation (1) and (2), the functionals under consideration are simplified as the 

following expressions involving the boundary integral only 
 

 

1
d d ( ) d d

2 e eu eq eI
me qu qu s q q u s qu s

   
            (25) 

 

Substituting the interpolations given in Eqs. (10), (14) and (17) into the functional (25) 
can yield 

 

T T T T
1 2

1

2me e e e e e e e e e e     c H c c S d c r d r  (26) 

 

where 

 

T

T

T
1

T
2

d

d

d

d

e

eq eI

eu

eq

e e e

e e e

e e

e e

u

q



 





  

  

  

 






H Q N

S Q N

r Q

r N





 (27) 

 

Then, an optional relationship between ec  and ed  in the sense of variation can be 

obtained from 
 

1

T
2

0

0

me
e e e e e

e

me
e e e

e


    




  


H c S d r
c

S c r
d

 (28) 

 
which finally leads to 
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1 1
1e e e e e e

e e e

  


c H S d H r

K d g
 (29) 

 

with 

 

T 1
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e e e e
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K S H S

g S H r r
 (30) 

 

Assembling the element stiffness matrix and solving the final stiffness equation will give 
all nodal potentials, after which interpolation coefficients in each element can be decided by 
means of the first expression in Eq. (29). 

From the above procedures we can see that the HT-FEM is a hybrid-type method which 
uses a modified variational functional different from that in FEM to link the independent 
intra-element field defined to a priori fulfill the homogeneous governing equation within a 
specified element and the independent frame field defined on the element boundary, so it is 
convenient to construct arbitrarily shaped elements and special-purpose elements. Further, the 
properties of T-complete functions allow the HT-FEM to involve computation of the element 
boundary integral only. However, for a successful solution it is important to choose a suitable 

number m  of trial functions jN  for the construction of the intra-element field within an 

element. Moreover, the T-complete functions used in HT-FEM usually entail a higher order 
of Euclidean distance, and as a result a relatively complex coordinate transformation is 

required to keep the inverse of matrix eH  stable. Finally, it is necessary to point out that it 

may be difficult to derive the related T-complete functions for some physical problems. 
To circumvent these drawbacks while maintaining the advantages of HT-FEM, a novel 

hybrid finite element formulation using the fundamental solutions as trial functions, called 
HFS-FEM, has been developed for heat conduction analysis [52]. In the next section the 
formulations of HFS-FEM are established for solving the Laplace and Helmholtz problems. 

 
 

4. HYBRID FEM WITH FUNDAMENTAL SOLUTION  
AS TRIAL FUNCTION 

 

4.1. Fundamental Solutions 
 
Unlike T-complete functions, fundamental solutions [5, 55] usually represent the 

distribution of an induced field when a concentrated source is applied on an infinite domain 
which has the same material properties as the body under consideration, so the fundamental 
solutions show singularity when the source point and the field point coincide.  

In general, for a given homogeneous governing equation 
 

 ( ) 0L u   (31) 

 

with differential operator L , the associated fundamental solution *N  should satisfy the 
following equation 
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*( ) ( , )sL N   x x  (32) 

 

where L  is the adjoint operator of L  and ( , )x y  the Delta function. x  and sx  denote an 

arbitrary field point and a source point in the infinite free domain, respectively. 
Due to the self-adjoining properties of the Laplace operator and Helmholtz operator, 
fundamental solutions are usually required to satisfy 

 

 
* 2 *( ) ( , )sL N N     x x  (33) 

 
for the Laplace problem and 

 

 
* 2 2 *( ) ( ) ( , )sL N N      x x  (34) 

 
for the Helmholtz problem. 

From Eqs. (33) and (34), we have [55] 
 
(1) Fundamental solution for Laplace equation 
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(2) Fundamental solution for Helmholtz equation 
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where sr  x x  denotes the distance between the source point sx  and the field point x  

(Figure 5), (1)
0H  is the Hankel function of the first kind of order zero, and 1i   the 

imaginary unit. 
In addition, the corresponding derivates of the fundamental solution to the spatial 

variable ix  used in our approach is 
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Figure 5. Definition of the distance r  appearing in the fundamental solution expression for the 2D 
case. 

for the Laplace equation and 
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 (38) 

 
for the Helmholtz equation. 

From the expressions of the fundamental solutions, we can see that the basic kernel term 
of the fundamental solutions usually involves the first order term of Euclidean distance r  
rather than the higher order terms of it that appeared in HT-FEM. This important feature 
enables us to discard the complex coordinate transformation required in HT-FEM. 

 
 

4.2. Assumed Intra-element Field and Frame Field in HFS-FEM 
 

(a) The Non-conforming Intra-element Field 
Stimulated by the idea of the method of fundamental solutions (MFS) [56-58] to remove 

the singularity of fundamental solutions for solving boundary value problems (BVPs) by 
putting several source points outside the region under consideration, we first assume that the 
infra-element field variable defined within a specified element domain is written as a linear 
combination of fundamental solutions centered at different source points located outside the 
element, that is, 
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    x x x N x c x x  (39) 
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where ejc  represents undetermined coefficients and sn  is the number of virtual sources 

outside the element e . * ( , )sjN x x  is the fundamental solution associated with the PDE under 

consideration.  
Clearly, Eq. (39) analytically satisfies the partial differential equation under consideration 

due to the solution property of * ( , )sjN x x . Moreover, observe that this attractive feature will 

yield important numerical advantages, i.e. all boundary integrals can be evaluated by means 
of standard quadrature rules. 

In practice, the generation of virtual sources is usually done by means of the following 
formulation employed in the MFS [59] 

 

  s b b c  x x x x  (40) 

 

where   is a dimensionless coefficient, bx  is the elementary boundary point and cx  the 

geometrical centroid of the element. For a particular element as shown in Figure 6 we can for 
convenience use the nodes of the element to generate related source points. 

It is worth pointing out that the parameter   controls the distance between the source 

point outside the element domain and the elementary boundary field point, so 0   

unavoidably leads to the singularity of interpolation vector *
eN , which consists of 

fundamental solutions with different source points, while the smaller value of   will cause 

round-off error in floating point algorithma. Unfortunately, there is no theoretical foundation 
for the choice of   in existing work [57-62], so its suitable value is determined later in this 

chapter by means of numerical experiment. 
The corresponding outward normal derivative of the potential field u  is written as 
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Figure 6. Intra-element field and frame field in a particular element in HFS-FEM, and the generation of 
source points for a particular element. 

 
(b) The Auxiliary Conforming Frame Field 

The same frame field defined on the element boundary as in Eq. (17) can be employed 
for developing the HFS-FEM algorithm to enforce conformity of the potential field u  of any 
two neighboring elements. Here, for convenience, we rewrite Eq. (17) as 

 

    e e eu x N x d  (44) 

 
 

4.3. New Variational Functional in HFS-FEM 
 
As mentioned in Section 3, the variational functional used in HT-FEM involves the 

integral along the inter-element boundary, which make the final stiffness equation more 
complex and inconvenient to incorporate into the conventional FEM. In HFS-FEM, a new 
variational functional different from that used in HT-FEM has been developed. 

 
(1) New Hybrid Functional for Laplace Problems 
 
The new elemental variational functional for Laplace problems is given by 
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d d d

2 e qe e
me i iu u qu q u u

  
            (45) 

 

in which the governing equation (1) is assumed to be satisfied, a priori, in a specified element 
for deriving the HFS-FE model. 

Next we show that the stationary condition of the developed functional (45) leads to a 
relationship called Euler’s equation, and we present the proof of the theorem of the existence 
of extremum of the functional, which ensures that an approximate solution can converge to 
the exact one. The stationary condition and theorem of the existence of extremum of the 
functional can be mathematically stated as follows: 

 

(a) Stationary Condition of the Proposed Functional 
 

The first-order variation of the proposed functional (45) yields 
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where   stands for the variation symbol. 
Using the divergence theorem (22) again, we have 
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For the displacement-based method, the potential conformity should be satisfied in 
advance, that is, 
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then, Eq. (47) can be rewritten as 
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from which Euler’s equation in the domain e  and boundary conditions and q  can be 

obtained 
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using the stationary condition 0me  . 
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e f

Ief
 

Figure 7. Illustration of continuity between two adjacent elements ‘e’ and ‘f’’. 

 

As for the continuity requirement between two adjacent elements ‘e’ and ‘f’ (see Figure 
7) 
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we can obtain it in the following way.  
Assembling elements ‘e’ and ‘f’, we have 
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 (52) 

 

from which the vanishing variation of ( )m e f leads to the reciprocity condition 0e fq q   

on the inter-element boundary Ief . 

 
(b) Theorem on the Existence of Extremum 

 
If the expression 
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              (53) 

 

is uniformly positive (or negative) in the neighborhood of 0{ }u , where the displacement 0{ }u  

has a value such that 0 0({ } ) ( )m mu   , and where 0( )m  stands for the stationary value of 

m , we have  

 

 0 0( )     [or ( ) ]m m m m       (54) 
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in which the relation that { } { }e fu u   is identical on fe   has been used. This is due to 

the definition in Eq.(51). 
PROOF:  We complete the proof of the theorem on the existence of extremum  by way of 

the so-called “second variational approach” [63]. In doing this, performing the variation of 

m  and using the constrained conditions, we find 
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 (55) 

 

Therefore the theorem has been proved from the sufficient condition of the existence of a 
local extreme of a functional [63]. This completes the proof. 

 

(2) New Hybrid Functional for Helmholtz Problems 
 
For Helmholtz problems, a similar elemental variational functional can be established for 

the HFS-FEM analysis, that is, 
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             (56) 

 
whose first and second-order variation can produce the required Euler’s equation and the 
existence of extremum. 

 
 

4.4. Stiffness Equation 
 
Having independently defined the intra-element field and frame field in a particular 

element (see Figure 6), the next step is to generate the element stiffness equation through the 
functional proposed above. 

Applying the divergence theorem (22) again to the functionals (45) and (56) to convert 
the domain integral term, we have 
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for Laplace problems and 

 

 

   2 21
d d d d

2
1

      d d d
2

e e qe e

e qe e

me qu u u u qu q u u

qu qu qu


   

  

              

      

   

  

 

 
 (58) 
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for Helmholtz problems. 
Then, substituting Eqs. (39), (41) and (44) into the functionals (57) and (58) can produce 

the following general expression 
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To enforce inter-element continuity on the common element boundary, the unknown 

vector ec  should be expressed in terms of nodal DOF ed . Minimization of the functional 

e  with respect to ec  and ed , respectively, yields 
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from which the optional relationship between ec  and ed , and the stiffness equation can be 

obtained 
 

 
1

e e e e
c = H G d  (61) 

 

and 

 e e eK d = g  (62) 
  

where T 1
e e e e

K = G H G  stands for the element stiffness matrix. 

It should be observed that the evaluation of the right-hand vector eg  in Eq. (61) is the 

same as that in conventional FEM, which is obviously convenient for the incorporation of 
HFS-FEM into existing FEM programs. 

 
 

4.5. Recovery of Rigid-body Motion 
 

Since the fundamental solution used in the HFS-FEM does not include rigid-body 
motion, it is necessary to recover that motion in terms of the nodal potential obtained by 
solving the stiffness equation (61) stated above. 

Following the method presented in [50], the absent rigid-body motion can be recovered 
by writing the internal potential field of a particular element e as 
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where the undetermined rigid-body motion parameter 0c  can be calculated using the least 

square matching of eu  and eu  at element nodes 
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which finally gives 
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in which n  is the number of element nodes and 
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Once the nodal field has been determined by solving the final stiffness equation, the 

coefficient vector ec  can be evaluated from Eq. (61), and then 0c  is evaluated from Eq. (65). 

Finally, the potential field u  at any internal point in an element can be obtained by means of 
Eq. (39). 

 
 

5. NUMERICAL EXAMPLES 
 

In this section, several examples are investigated to demonstrate the basic principle, 
stability and feasibility of the proposed method. To develop a more quantitative 
understanding of the results, the average relative error (Arerr) is introduced as 
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where N  is the number of test points and ( f )i is an arbitrary field function, such as a 

potential or its derivatives at point i. 
Furthermore, from the discussion above, it is found that an arbitrarily shaped element can 

be constructed easily with the proposed hybrid model. However, considering the requirement 
for accuracy and computational simplification, 8-node parabolic quadrilateral elements are 
employed in our work, because they are extremely versatile for boundary matching and most 
pre-processing algorithms developed for the conventional FEM can be used here. In other 
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words, we can utilize the current pre-processing procedure of conventional FEM to obtain the 
desired mesh division in the present analysis. 

 

Figure 8. Configurations of source points for a typical 8-node parabolic quadrilateral element. 

1X

2X

iu u

ou u

0q 

0q 

or r

ir r

 

Figure 9. Schematic diagram of a quarter of thick cylinder and relevant boundary conditions. 
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In order to compare the influence of the generation of source points outside the selected 
8-node element, the configurations shown in Figure 8 are employed, in which 4, 8, 12 and 16 
source points are generated by means of nodal points or middle points on the element 
boundary respectively, and Eq. (40) is used to evaluate their locations. 

 
 

5.1. Examples of Laplace Problems 
 

Example 5.1.1. Thick Cylinder 
To verify the stability of the proposed algorithm and investigate the effect of the number 

of source points and its locations, this example of a cylinder domain is presented. Here, a 
thick cylinder with a Dirichlet boundary is considered. Owing to the symmetric properties of 
the problem, only a quarter of the cylinder is modeled. The relevant boundary conditions are 
given in Figure 9. The available analytical solution given by 
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can be used for comparison. 
 

 

Figure 10. Illustration of mesh division using 8-node quadrilateral elements for the quarter domain. 
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Table 1.Comparison of HT-FEM, HFS-FEM and analytical solutions 
 

Radius r  5.000 6.667 8.333 10.667 13.000 16.500 20.000 
HT-FEM 10.0000 7.9255 6.3101 4.5356 3.1010 1.3889 0.0000 
HFS-FEM 10.0000 7.9242 6.3156 4.5332 3.1070 1.3864 0.0000 
Exact 10.0000 7.9245 6.3155 4.5342 3.1074 1.3877 0.0000 

 
 

 

Figure 11. Effect of various dimensionless parameters   on numerical accuracy. 

In the practical calculation, 5ir  , 20or  , 10iu  , 0ou   are assumed and nine 8-

node quadrilateral elements are employed to discretise the solution domain (see Figure 10). 
The average relative error (Arerr(u)) on potential u  at all nodes and elementary central 
points is first investigated in Figure 11 for the effect of location of source points generated by 
means of Eq. (40). The associated condition number of matrix H is plotted in Figure 12 as the 
dimensionless parameter   varies. It can be seen from these two figures that acceptable 

numerical accuracy is achieved when the value of   falls within the interval [1.5, 3.5] and 

the number of source points is equal to 8, 12 or 16, and the worst result is obtained when 

4sn  , so the optimal value of   is 2.5. On the other hand, it can also be seen that the 

numerical accuracy of the results deteriorates if   decreases below 1.5. The explanation is 

that small values of   may cause singularity of the fundamental solution due to the close 

distance between the source point and field point. Conversely, from the point of view of 
numerical computation, round-off errors in floating point algorithm may give rise to another 
problem when the source points are far from the element boundary, that is, when   has a 

larger value; in this case, a larger condition number of the system matrix, for example the 
condition number of matrix H in Figure 12, may be produced. Furthermore, from Figure 12 
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we also observe that a larger sn , especially 16sn  , leads to a larger condition number of 

matrix H, the main reason being that a larger sn  unavoidably produces a larger size of matrix 

H, which is not beneficial to its inverse algorithm. Therefore the optimal number of points is 

12sn   and 2.5  . These values are used in the following computation unless there a 

special statement. Finally, in Table 1, the distribution of the numerical results along the radial 
direction is compared with the analytical solutions and HT-FEM [51]. It is evident from Table 
1 that the results from the proposed HFS-FEM are closer to the exact solutions than those 
from HT-FEM. 

 

 

Figure 12. Effect of various dimensionless parameters   on the condition number of matrix H. 

Example 5.1.2. Square Plate 
The second example is designed to investigate the convergence and stability of the 

proposed algorithm when different regular or irregular sub-domain meshes are used. The 
geometry and boundary conditions of the square domain considered here are shown in Figure 
13, and the corresponding analytical solution of this problem is given in the form 
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10 10
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X X
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     (68) 

 
In this study, results at four internal points (A, B, C, D) and one nodal point (E) for a 

uniform and distorted 2 2  sub-domain displayed in Figure 14 are obtained from the 
formulation presented in the paper and displayed in Table 2. As expected, there is marked 
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insensitivity to the mesh distortion. Additionally, it can also be seen that the results inside the 
sub-domain are less affected by the irregularity of the mesh than those at the sub-domain 
boundary, while the value at nodal point E has the greatest error. This phenomenon can be 
explained by the distinct approximation of the specified boundary conditions on the top edge 
with regular and irregular meshing schemes (see Figure 15). 

Next, the convengence of the algorithm is investigated. For this purpose, three different 
mesh divisions, namely 2 2 , 3 3  and 4 4 , are employed. The results charted in Figure 
16 demonstrate that the average relative error (Arerr) on variable u  has decreases obviously 
as the number of meshes increases. 

Finally, the variation of the potential u  along the line 2 5X   and 1 5X   using 4 4  

meshes are given in Figure 17 and Figure 18, respectively, showing good agreement between 
the numerical and analytical results. Further, Figure 19 describes the spatial distribution of 
variable u  in the square domain. 

 

 

Figure 13. Geometry and boundary conditions in a square domain. 

 

Figure 14. Regular and irregular meshing with four 8-node quadrilateral elements. 



Hybrid FEM with Trefftz Function or Fundamental Solution as Trial Function 243 

 

Figure 15. Difference in the specified boundary conditions on the edge 2 10X   with regular and 

irregular meshing schemes. 

Table 2. Investigation of sensitivity to mesh distortion 
 

Point Location Regular mesh Irregular 
mesh 

irregular regular

regular

100%
u u

u


  

A (1.875, 2.500) 0.0415 0.0416 0.241 
B (6.875, 2.500) 0.0620 0.0625 0.806 
C (3.125, 7.500) 0.3732 0.3794 1.661 
D (8.125, 7.500) 0.2508 0.2494 0.558 
E (5.000, 5.000) 0.2051 0.2002 2.389 

 

Figure 16. Convergence demonstration of HFS-FEM. 
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Figure 17. Variation of potential u  along the line 2 5X  . 

 

Figure 18. Variation of potential u  along the line X1=5. 
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Figure 19. Spatial distribution of the numerical results of variable u. 

Example 5.1.3. L-shaped Panel with Circular Hole 
 

In the third example, a complex L-shaped panel with a circular hole is considered (see Figure 
20). In this test, all outside boundaries are prescribed with the essential boundary condition 

0u  , while on the remaining inner circular boundary 10q   is presented for analysis.  

 

Figure 20. L-shaped panel with circular hole. 
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Figure 21. Mesh division of the L-shaped panel with circular hole used for HFS-FEM and ABAQUS. 

In the computation, the entire domain is modeled with 208 8-node quadrilateral elements (see 
Figure 21) and the distribution of potential field u is plotted in Figure 22, from which it is 
clear that the results of the proposed method are in good agreement with those of ABAQUS 
obtained with same mesh division. Therefore the proposed method can be viewed as an 
alternative to the conventional FEM. Additionally, although unavoidably a large number of 
irregular elements are used in the domain division, the result comparison in Figure 22 
demonstrates that the proposed HFS-FEM is insensitive to the mesh distortion. 

 

 

Figure 22. Distribution of u in the L-shaped panel with circular hole. 
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5.2. Examples of Helmholtz Problems 
 

Example 5.2.1. Square Plate 
 

In the first example of Helmholtz problems, a 2 2  plane square plate is considered. The 
domain boundary is prescribed with the essential boundary condition 

 

    1 2cos cosu X X    (69) 
 

which is also the true solution satisfying the standard Helmholtz equation. 
In computation, the wave number is respectively taken as 2, 4, and 6 for investigating the 

oscillating properties of the solution of Helmholtz problems, and a total of 4 4 regular 8-
node quadrilateral elements are used to discretize the domain. The number of source points 
used for interpolation within each element is chosen to be 12. Figure 23 shows the variation 
of average relative error (Arerr) of variable u at nodes with various wave numbers. It is 
evident that the numerical accuracy decreases with increasing wave number under the same 
mesh division. The main reason is that larger wave number results in more dramatic 
oscillation of solution in the domain, the original meshing scheme being insufficient to model 
the varied boundary conditions. For this case, greater accuracy can be obtained by refined 
meshes. The results plotted in Figure 24, Figure 25, and Figure 26 clearly show the 
distribution of potential with various wave number, from which we can see that there are 
more peaks in the domain under consideration when the wave number is larger.  

 

 

Figure 23. Variation of Arerr of potential u with various wave number  . 



Hui Wang and Qing-Hua Qin 248 

 

Figure 24. Distribution of the solution with 2  . 

 

Figure 25. Distribution of the solution with 4  . 
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Figure 26. Distribution of the solution with 6  . 

 

Figure 27. Variation of potential variable u  along the line 1 1X  . 
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In addition, the variations of potential variable u  along the line 1 1X   with various wave 

numbers are plotted in Figure 27, demonstrating that the numerical results have good 
accuracy with 2   and 4  , whereas a large error exists between the numerical and 
exact results with 4   under the present meshes. To obtain better results, refined meshes 
are necessary for larger wave numbers, which generate more dramatic variations of the 
solution. 
 
Example 5.2.2. Circular Plate 

 
Consider a circular plate with the radius 2r  . Along the circumference, the essential 

boundary condition is applied from the particular distribution 
 

 

2

2

( )
2 cos 2

( )

J r
u

J k

   (70) 

 

in which 2J  is the Bessel function of the first kind and order two. It is easy to verify that Eq. 

(70) satisfies the Helmholtz equation in the polar coordinates ( , )r  .  

 

 

Figure 28. Mesh division of the quarter domain with 48 elements. 

In accordance with angular symmetry, a quarter of the circular plate is studied. The wave 
number is taken to be 2, 5, and 10, respectively. To illustrate the convergence, 15 and 48 8-
node quadrilateral elements are used for the domain discretization (see Figure 28), and the 
corresponding results are shown in Figure 29, from which we can see that the refined mesh 
produces betternumerical accuracy than the coarser mesh. Additionally, for each mesh 
division, the larger the wave number, the lower the accuracy. In Figure 30, Figure 31, and 
Figure 32 we present the plots of spatial distribution of variable u  associated with 
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2,  5,  10  , respectively, for the quarter domain, and it can be clearly seen that there are 

more peaks in the domain when the wave number becomes larger. This phenomenon tells us 
that if better accuracy is sought, more meshes are needed to rationally approximate the 
variations of boundary conditions. 

 

 

Figure 29. Variation of Arerr of potential u with various wave number. 

 

Figure 30. Distribution of the solution with 2  . 
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Figure 31. Distribution of the solution with 5  . 

 

Figure 32. Distribution of the solution with 10  . 
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Finally, the predictions of potential u  along the radial direction are presented in Figure 
33, from which it is evident that the numerical results are in good agreement with the 
analytical results for various wave numbers. 

 

 

Figure 33. Distribution of the solution along the radial direction. 

 

6. CONCLUSIONS 
 
In this chapter, the HT-FEM based on nonsingular T-complete functions was first 

reviewed briefly, after which a new type of fundamental-solution-based hybrid FEM 
formulation, called HFS-FEM, was developed to overcome the acknowledged shortcomings 
of HT-FEM. Some potential problems including Laplace problems and Helmholtz problems 
were considered to assess the proposed algorithm. In the model, a linear combination of the 
fundamental solutions at source points outside the element domain is used to approximate the 
sought field variable within an element domain, and a frame field defined on the elementary 
boundary is introduced to guarantee inter-element continuity. To counter the new trial 
function, fundamental solution, a modified variational functional is constructed for 
establishing the corresponding stiffness matrix equation and the linkage of nodal potential 
d and unknown interpolated coefficient c . Numerical results show that the proposed method 
is insensitive to mesh distortion and has good convergence and accuracy, even for highly 
oscillating solutions typically appearing in Helmholtz problems. 

Generally, the proposed HFS-FEM has the following features: 
 
 Compared to the conventional FEM, the formulation calls for integration along the 

element boundaries only, which simplifies the calculation of stiffness matrix, and 
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uses independent intra-element and frame fields, so it is easy to generate arbitrarily 
shaped elements in practical applications. 

 The proposed model is insensitive to mesh distortion and can provide good numerical 
accuracy. 

 In contrast to the T-complete function used in HT-FEM, the fundamental solution in 
HFS-FEM is easy to derive, and further, the determination of source points is easier 
to operate than selecting appropriate terms from T-complete series in HT-FEM. 

 Owing to the properties of fundamental solutions, the proposed HFS-FEM does not 
need coordinate transformation as required in HT-FEM. 

 The variational functional established in HFS-FEM appears simpler than that in HT-
FEM. 

 HFS-FEM can define the fundamental solution at element level and thus can be 
flexibly used to analyze problems with different material properties. In contrast, 
BEM usually uses the fundamental solutions defined in the full domain, a process 
which is not convenient for such problems with different materials. Moreover, 
nonsingular boundary integrals are used in HFS-FEM, rather than the singular or 
hyper-singular integrals in the formulation of conventional BEM. 

 

Although the proposed formulation and the numerical examples have been confined to 
heat conduction problems, extensions to complex engineering are possible. For example, 
extension to two-dimensional elastic problems and thin plate bending problems is under way. 
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