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Pathwise Solution of a Class of
Quantum Filtering Equations

Indra Kurniawan and Matthew R. James

Abstract— The purpose of this paper is to apply Clark’s
pathwise reformulation of the equations of nonlinear filtering
to a class of filtering equations that arise in quantum physics.
Specifically, we consider a class of stochastic master equations
driven by white noise. We also derive Clark’s robust approxi-
mation and illustrate the ideas applying them to an imperfectly
observed two-level atom continuously monitored by homodyne
photodetection.

I. I NTRODUCTION

The theory of nonlinear filtering is an important and
well documented part of the systems and control, commu-
nications, signal processing and probability and statistics
literature. It is well known (see, e.g. [7], [15]) that the so-
lution to the nonlinear filtering problem, say for a diffusion
state process observed in white noise, is given in terms
of the conditional distribution which solves a measure-
valued stochastic differential equation. The corresponding
equations for the conditional density is a stochastic partial
differential equation. In 1978, Clark [5] drew attention to
the disadvantages of stochastic integral representationsof
nonlinear filters from a practical point of view. These disad-
vantages concerned lack of statistical robustness and the in-
ability to cope with the range of measurement data that can
arise in practice. Clark addressed these issues by providing
a reformulation of the nonlinear filtering equations that does
not involve stochastic integrals. Clark’s so-calledpathwise
solution defines a version of the conditional distribution
(or density) that is defined for all possible measurement
data and is a continuous function of the measurement
data, thereby providing importantrobustness qualities. Clark
also provided numerical approximations to the reformulated
nonlinear filters which inherit the robustness characteristics.
For further details, see [5], [6].

The purpose of this paper is to apply Clark’s reformula-
tion to a class of filtering equations that arise in quantum
physics. Specifically, we consider a class ofstochastic
master equations driven by white noise (equation (4) be-
low). Master equations are deterministic equations that
generalize the familiar deterministic Schrodinger equation
for wavefunctions, or pure states, to facilitate the description
of states, called mixed states, that include additional degrees
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of uncertainty beyond the well-known fundamental quantum
uncertainty. The additional uncertainty could arise from
interaction with an environment (open systems), or result
from measurements, and the master equation provides a
description of the average behavior of states. Stochastic
master equations are stochastic equations involving stochas-
tic integrals that may represent, for example, the condi-
tional evolution of states given a continuous measurement
record. They also arise in the so-called “unravelling” of
(deterministic) master equations, and find application in the
analysis and numerical solution of master equations. For
further information on these matters, see, e.g., [8], [12],
[2], [3], [4], [11], [13], [14].

In this paper we give a reformulation of the stochastic
master equation that does not involve stochastic integrals.
This reformulation may be useful for implementing filters
for the continuous monitoring and control of quantum sys-
tems, and for developing new types of numerical methods
for master equations.

The paper is organized as follows. In Section II we
present the quantum filtering equation to be studied, and
provide some motivation and background information. The
pathwise solution is presented in Section III, and robust
approximations are derived in Section IV. Finally in Section
V we illustrate the results in the context of an imperfectly
observed two-level atom continuously monitored by homo-
dyne photodetection.

II. T HE QUANTUM FILTERING EQUATION

We recall (see, e.g. [10], [12, Chapter 2]) that an isolated
quantum system is described by a (pure) state|ψ〉 ∈ H
(Dirac bra-ket notation), whereH is a complex Hilbert
space, with time evolution governed by the Schrodinger
equation

ih̄
∂
∂ t

|ψt〉 = H|ψt〉 (1)

where h̄ = h/2π and h is Plank’s constant, andH is a
Hamiltonian operator. In what follows we use units such that
h̄ = 1. We also recall (see, e.g. [10, Chapter 4], [12, Chapter
2]) that an ideal measurement of the system is characterized
by a self-adjoint operatorA on H. In the simple case that
A has a discrete non-degenerate spectrum{ai} ⊂ R, the
possible outcomes of a measurement are the eigenvaluesai.
The outcome israndom, whereai occurs with probability

pi = |〈ai|ψ〉|2
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when in state|ψ〉 (assumed normalized:|ψ|2 = tr[|ψ〉〈ψ|] =
1 ). Here, |ai〉 denotes the orthonormal eigenvector ofA
corresponding to the eigenvalueai. After the measurement,
there is a collapse of the state to a new state

|ψ ′
i 〉 = |ai〉〈ai|ψ〉/pi. (2)

The state|ψ ′
i 〉 is the conditional state given the measurement

outcomeai. Consequently, when a quantum system is mea-
sured, the deterministic evolution given by the Schrodinger
equation (1) must be augmented by a stochastic transition,
e.g. (2).

In this paper we are interested in quantum systems subject
to continuous measurement, and/or which may interact with
an environment (open systems). Models for these situations
involve generalizations of both the Schrodinger equation
(1) and the random collapse (2). In what follows we focus
our attention on continuous measurement. Pure state vectors
|ψ〉 are replaced by more general states calleddensity
operators ρ , which are positive self-adjoint operators of
unit trace acting onH (pure states correspond to the special
caseρ = |ψ〉〈ψ|). To give one reason why such states are
needed, suppose in our discussion above that measurement
of A is subject to noise, where a random variabley is
measured, whose probability distribution is determined by
the probability ofy given ai: q(y|ai). Then the conditional
state is

ρ ′
i = ∑

i
q(y|ai)|ψ ′

i 〉〈ψ ′
i | (3)

cf. (2). Problems of noisy measurements are commonplace
in physics and engineering, and require estimation or fil-
tering in their solution ([8, Section 2.2.2], [7, Chapter 18],
[15, Chapter 7]).

The continuous measurement of quantum systems is a
relatively recent development, [4], [2], [3], etc. Intuitively,
we can think in terms of a sequence of measurements
of infinitesimal strength (in contrast to the possibly large
jump in (2)) which accumulate in the limit to provide the
conditional information and the evolution of conditional
statesρt . In this paper we consider the following equation
for the time evolution:

dρt = [LρtL
†−Kρt −ρtK

†]dt

+
1
κ

[
Lρt +ρtL

†−ρtMρt

]
dνt . (4)

This equation is called astochastic master equation (SME).
The continuous measurements are characterized by the
operatorL. In (4), the operatorK is defined by

K =
1
2

L†L+ iH,

The parameterκ ≥ 1 is related to a measurement efficiency
parameter 0< η ≤ 1 via κ = 1/

√η corresponding to
imperfect or noisy measurement; here perfect measurement
corresponds toη = 1.

The SME (4) is driven by real valued white noiseν̇t ,
represented in (4) by an Ito-sense stochastic integral with
respect to a standard Brownian motion (Wiener process)
νt , sometimes called an innovations process. This process

is related to a real valued processyt , which we call the
measurement process, by

dyt = Mρt dt +κdνt , (5)

where
Mρ=〈L+L†〉ρ = tr{(L+L†)ρ}.

We assume that the above processes are defined on a
probability space(Ω,F ,P) for timest ∈ [0,T ]. If ρ̄t denotes
the expected value ofρt , thenρ̄t solves the following master
equation

˙̄ρt = [Lρ̄tL
†−Kρ̄t − ρ̄tK

†] (6)

well known in the open systems literature [8].
Note that in the caseL = 0 and initial pure stateρ0 =

|ψ0〉〈ψ0|, the state is pure for allt, ρt = |ψt〉〈ψt |, and both
(4) and (6) reduce to the Schrodinger equation for|ψt〉 (1).

The SME (4) is nonlinear inρt (due to the termρtMρt ),
and the solutionρt of (4) is normalized for allt: trρt = 1.
We find it convenient to work with an unnormalized version
ρ̃t , defined by

ρ̃t = Λtρt

where

Λt = exp

{
1

κ2

[∫ t

0
Mρsdys −

1
2

∫ t

0

(
Mρs

)2
ds

]}
. (7)

It can be checked using Ito’s rule (see, e.g. [7, Chapters 12
and 18], [15, Chapters 6 and 7]) thatρ̃t solves the following
linear stochastic equation:

dρ̃t = [Lρ̃tL
†−Kρ̃t − ρ̃tK

†]dt +
1

κ2

[
Lρ̃t + ρ̃tL

†]dyt . (8)

Note that this unnormalized SME is simpler and in bilinear
stochastic form driven by the measurement processdyt .
The unnormalized density operator̃ρt can be normalized
by simply dividing by its trace (Λt = tr(ρ̃t)). Equation (8)
is analogous to the Duncan-Mortensen-Zakai equation of
nonlinear filtering ([7, Chapters 18], [15, Chapters 7]), and
is also known in the quantum physics literature ([11, Section
4], [2, Section 4.2.2]). Note that while we do not discuss it
here in detail, there is a probability measure transformation
under whichyt/κ is a standard Brownian motion.

We note that in the case of perfect measurement and
initial pure states, the unnormalized SME (8) reduces to
an unnormalizedstochastic Schrodinger equation:

d|ψ̃t〉 = −K|ψ̃t〉dt +L|ψ̃t〉dyt (9)

see [2, Section 4.2.1], [8, Chapter 11].

III. PATHWISE SOLUTION

We follow Clark’s approach [5] to obtain a pathwise
solution to the SME (4). Let

At = exp

{
− L

κ2 yt +
L2

2κ2 t

}
, (10)

and define an unnormalized statert by

rt = At ρ̃tA
†
t . (11)
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We then have the following result.
Theorem 1: Let ρ̃t be a solution of the unnormalized

stochastic master equation (8), and define the unnormalized
statert by (11). Thenrt solves thepathwise master equation

ṙt = LrtL
†[1−1/κ2]−AtKA−1

t rt − rt(A
†
t )

−1K†A†
t . (12)

Moreover, solutionsρt , ρ̃t to the stochastic master equations
(4), (8) can be obtained from a solutionrt to (12) via the
formulas

ρ̃t = A−1
t rt(A

†
t )

−1, ρt =
A−1

t rt(A
†
t )

−1

tr[A−1
t rt(A

†
t )

−1]
. (13)

Proof: The proof is simple but needs frequent and
careful use of Ito’s rule. Differentiate (11),

drt = dAt .ρ̃tA
†
t +Atdρ̃t .A

†
t +At ρ̃t .dA†

t +Atdρ̃t .dA†
t

+dAt .ρ̃t .dA†
t +dAt .dρ̃t .A

†
t +dAt .dρ̃t .dA†

t , (14)

and (10),

dAt =
∂At

∂yt
dyt +

∂At

∂ t
dt +

1
2

∂ 2At

∂y2
t

dy2
t

= −At
L
κ2 dyt +At

L2

2κ2 dt +
1
2
(
−L
κ2 )(−At

L
κ2 )κ2dt

= −At
L
κ2 dyt +At

L2

κ2 dt. (15)

Similarly,

dA†
t = −A†

t
L†

κ2 dyt +A†
t
(L†)2

κ2 dt. (16)

Put (8), (15), (16) together into (14), and using Ito’s rule
with careful algebra, we obtain (12).

This result is analogous to the classical result for nonlin-
ear filtering [5, Theorems 4 and 6]. It is important to note
that the pathwise equation (12) does not involve stochastic
integrals; the measurement path enters as a parameter in an
ordinary equation. In particular, the versions of the solutions
to the stochastic master equations (4), (8) defined by (12),
(13) are defined for all continuous observations paths, not
just for a set of paths of full Wiener measure as is the case
for solutions obtained directly due to the stochastic integrals
in (4), (8). These and other details, including continuity
properties of the solutions with respect to the measurement
paths, will be provided in a subsequent paper [9].

We note that in the case of perfect measurement and
initial pure states, the pathwise SME (12) reduces to a
pathwise Schrodinger equation:

˙|φt〉 = −AtKA−1
t |φt〉 (17)

IV. ROBUST APPROXIMATIONS

In this section we use the pathwise master equation (12)
to derive an approximation to the stochastic master equation
(4). We will restrict our attention to the case of a finite
dimensional underlying Hilbert space, and we employ a
simple implicit Euler scheme to illustrate the ideas. In [5],
the corresponding approximations for nonlinear filters were
called robust approximations.

Fix the interval between sampling times∆t=tn − tn−1. A
reasonable implicit Euler approximation for (12) is

rt n = rt n−1 +Lrt nL†[
1−1/κ2]∆t

− [AtnKA−1
tn rt n + rt n(A

†
tn)

−1K†A†
tn]∆t .

Multiplying both sides byA−1
tn {. . .}(A†

tn)
−1 gives

ρ̃t n = A−1
tn Atn−1ρ̃t n−1A†

tn−1(A
†
tn)

−1

+Lρ̃t nL†[
1−1/κ2]∆t − [Kρ̃t n + ρ̃t nK†]∆t .

Defining ∆yn = yt n − yt n−1, we write

A−1
tn Atn−1 = exp

{
L
κ2 ∆yn −

L2

2κ2 ∆t

}
= E (∆yn)

A†
tn−1(A

†
tn)

−1 = exp

{
L†

κ2 ∆yn −
(L†)2

2κ2 ∆t

}
= E (∆yn)

†.

We obtain the implicit robust approximation for the unnor-
malized SME expressed as a matrix equation

A ρ̃t n + ρ̃t nB−C ρ̃t nD = E (∆yn)ρ̃t n−1E (∆yn)
†, (18)

where

A = [I +K∆t ]

B = K†∆t

C = L

D = L†[
1−1/κ2]∆t .

The matrix equation (18) can be solved explicitly
by rearranging elements of the matrix. SupposeA =
[A1|A2| . . . |An] is an n×n matrix, A1 . . .An are column vec-
tors of A . We define operator Vec(A) = [A1|A2| . . . |An]

T .
Thus, Vec operator transformsn×n matrix to (nn)×1 ma-
trix.

SupposeB andX are alson×n matrices, then

Vec[A X B] = [BT ⊗A ]VecX , (19)

where⊗ denotes Kronecker product. IfB is a complex ma-
trix, thenBT is simply transposingB without conjugating
it.

Transform (18) by Vec operator

Vec(A ρ̃t n)+Vec(ρ̃t nB)−Vec(C ρ̃t nD) = (20)

Vec(E (∆yn)ρ̃n−1E (∆yn)
†)[

(I ⊗A )+(BT ⊗ I)− (DT ⊗C )
]
Vec(ρ̃t n) = (21)

Vec(E (∆yn)ρ̃n−1E (∆yn)
†),

yields

Vec(ρ̃t n) =
[
(I ⊗A )+(BT ⊗ I)− (DT ⊗C )

]−1
.

.Vec(E (∆yn)ρ̃n−1E (∆yn)
†).

(22)
Writing (22) in the symbolic form

ρ̃t n = Γ(∆yn)ρ̃t n−1, (23)

we obtain an approximation to the solution of the unnor-
malized stochastic master equation (8). By normalization
we have

ρt n =
Γ(∆yn)ρt n−1

tr[Γ(∆yn)ρt n−1]
, (24)
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an approximation to the stochastic master equation (4).
Note thatΓ in (23) can be seen as common recursive

filtering solution incorporating two steps,prediction and
update or correction. The prediction step utilizes knowledge
in yt histories (yt o:n−1) via ρ̃t n−1 and then the result is
updated by the current measurement information available
in ∆yn.

V. EXAMPLE

In this section, we apply the discrete approximation
derived in section IV to a two level atom continuously
monitored by homodyne photodetection [14, Section III.C].
In this example, the underlying Hilbert space isC2, the
two-dimensional complex vector space, whose elements
are calledqbits in quantum computing. Let|0〉 and |1〉
denote basis vectors corresponding to ground and excited
states, respectively. We use the following Pauli matrices to
represent operators for this system:

σx = |0〉〈1|+ |1〉〈0| =
[
0 1
1 0

]

σy = −i|0〉〈1|+ i|1〉〈0| =
[
0 −i
i 0

]

σz = |0〉〈0|− |1〉〈1| =
[
1 0
0 −1

]

σ = |0〉〈1| = 1
2
(σx − iσy) =

[
0 0
1 0

]
. (25)

Here σ is a system (lowering) operator. Any stateρ on
C2 can be represented in terms of the Bloch vector(x,y,z)
([12, Chapter 2]):

ρ =
1
2

[I + xσx + yσy + zσy]

=
1
2

[
1+z xt−iy
x+iy 1−z

]
, (26)

wherex2 + y2 + z2 ≤ 1. The Hamiltonian of the system is
given by

H =
α
2

σx +
∆
2

σz =
1
2

[
∆ α
α −∆

]
(27)

whereα is the Rabi frequency,∆ is the atomic frequency
minus the classical field frequency.

The two level atom is coupled to an optical field which
is continuously monitored by homodyne detection (see, e.g.
[1, Section 8.7], [14, Section II.C]). The output of the
detector is a currentIc(t) whose mean value is proportional
to the expected field quadrature tr[Xϕ ρ] determined by the
phase angleϕ of the local oscillator. Here,

Xϕ =
1
2
(e−iϕ σ + eiϕ σ†)

For ϕ = 0 we are interested in measuring thex-quadrature
2X0 = σx, while for ϕ = π/2 we are interested in measuring
the y-quadrature 2Xπ/2 = −σy. Variations about the mean
are calledquantum noise, a key feature of quantum optical
systems.

The stochastic master equation for this setup is equation
(4) with H given by (27) and

L =
√

γe−iϕ σ , (28)

whereγ is the spontaneous emission rate. In this caseK =
γ
2σ†σ + iH. The corresponding measurement equation is
(5), where Ic(t) = ẏt is the homodyne photocurrent. The
quantum noise(1/

√η)ν̇t is white with variance 1/η .
The approximation (24) was implemented for this exam-

ple with an assumed detection efficiency ofη = 85% (a low
value), to compare with the results of [14, section III.C]
which used different methods and considered the case of
perfect measurement efficiencyη = 1. The simulation was
carried out as follows:

• Set γ=1. All other parameters are based onγ unit,
∆=0, α= 7√

2
γ. Simulations are conducted with two

values ofϕ=0 andϕ=π/2.
• Time step∆t=0.01/γ, time lengthT=25/γ correspond

to simulation lengthn=2500.
• Simulations are done for single ensemble andN=1000

ensembles.
• Set pure state initial condition of|ψ0〉= |0〉+|1〉√

2
such that

ρt 0=|ψ0〉〈ψ0|=1
2

[
1 1
1 1

]
. This corresponds to initial

Bloch vector(x,y,z)0 = (1,0,0).
• We compute recursivelyρt via (24). The new measure-

ment data generated by

∆yn = tr{(L+L†)ρt n−1}∆t +κ∆νn,

where ∆νn is an independent identically distributed
Gaussian sequence with mean zero and variance∆t .

• We obtain the corresponding Bloch vector(xtn,ytn,ztn)
by using (26).

In spite of the poor measurement efficiency, one can still
infer important physical information about the system as
described in [14, section III.C]. Indeed, in terms of the
Bloch vector(xt ,yt ,zt), the homodyne photocurrent is

Ic(t) =
√

γ[xt cosϕ − yt sinϕ]+κν̇t .

When the local oscillator is in phase with the driving
field (ϕ=0), the deterministic part of measurement is pro-
portional to 〈σx〉. This measurement seems to drive the
system into an eigenstate ofσx. This is shown in Fig.1.
Alternatively, one can see from the steady state ensembles
simulation Fig.3 that the atom states are concentrated near
x = +1 andx = −1.

In contrast, measuring the quadrature withϕ = π/2 will
eventually force the atom states into the eigenstates ofσy.
The states are spinning around the sphere towardz = +1
and z = −1 due to the driving Hamiltonian, Fig.2, Fig.4.

The effect of imperfect measurement can be seen clearly
from these results. The Bloch vectors are not confined to
the surface of the unit sphere, thus the system is in mixed
states. This shows that the imperfect measurements can
cause loss of information about the quantum system, but
nevertheless the information is consistent with the perfect
case [14, section III.C].
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Fig. 1. The evolution of one ensemble Bloch vector withϕ=0
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Fig. 2. The evolution of one ensemble Bloch vector withϕ=π/2

VI. CONCLUSION

The pathwise reformulation of the stochastic master equa-
tion provides a solution that is defined for all measurement
paths and enjoys continuity properties. These robustness
characteristics would be useful when applied to quantum
filtering problems such as in quantum feedback control.
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