
Quantum Feedback Networks

John Gough, Wales
Matt James, ANU



• Quantum Feedback

• Quantum Networks - I

• Classical Electrical Networks

• Quantum Networks - II

• Examples in Quantum Control

Outline



• J. Gough and M.R. James, The Series Product and Its Application 
to Quantum Feedforward and Feedback Networks, quant-ph/
0707.0048.

• M.R. James and J. Gough, Quantum Dissipative Systems and 
Feedback Control by Interconnection, quant-ph/0707.1074.

• M.R. James, H.I. Nurdin and I.R. Petersen, H-Infinity Control of 
Linear Quantum Stochastic Systems, quant-ph/0703150, 
accepted, IEEE TAC.

References:



• Open loop - control actions are predetermined, no 
feedback is involved. 
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Quantum Feedback
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• Closed loop - control actions depend on information 
gained as the system is operating. 
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Types of Quantum Feedback:

The classical measurement results are used by the controller (e.g. classical electronics) to provide a 
classical control signal.
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• Using measurement

measurement



• Not using measurement

The controller is also a quantum system, and feedback involves a direct flow of 
quantum information.
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[coherent feedback]



• Direct interactions

The controller is also a quantum system, and feedback may also include direct 
interactions.
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Quantum Networks I

[quantum optics lab - E. Huntington,  ADFA/UNSW]

Quantum networks are ubiquitous



[quantum computing network - (teleportation with loss detection) 
- Knill, Laflamme, Milburn, 2001]
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The complexity of quantum systems has been considered from a quantum information science

perspective, [28], as well as from other scientific perspectives, for example, [29]. In this project we

view complexity from an engineering point of view, which concerns behaviour and synthesis.
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Figure 1: Examples of quantum networks. (a) Quantum information systems may consist of quantum

photonic links and quantum memory nodes [30], [31], [32]. (b) An architecture for an ion trap quan-

tum computer showing memory locations and an interaction region, [27]. (c) A quantum network

representation of an optical laser model showing pump and lasing modes that are linked via atomic

interactions and are coupled to optical fields, [33] .

In the classical world, there has been a considerable amount of research into large complex net-

works because of their ubiquity, importance, and sometimes unexpected behaviour, [34]. Cascade

failures in electric power systems are well publicised, [35], [36]. Intriguing structural characteristics,

like the small world and scale free properties, have stimulated much interest and investigation, [37].

Synchronisation has been observed in interacting physical systems, such as the famous case observed

by Huygens in the 17th century of two pendulums synchronising their oscillations, [38], [39]. The

robustness of a network with respect to failures of nodes and branches, and how this affects network

function, is a key issue, as is the propagation of influences, [40], which may lead to cascade failure.

All of these factors are also relevant to quantum networks, which will have additional characteristics

due to the quantum nature of the dynamics. The dynamical behaviour of quantum networks is of

utmost importance, since it reflects how the network functions. Knowledge of dynamical behaviour

is therefore essential for quantum technology design.

Behavioural Modelling. Behavioural modelling is an aspect of modern network theory that de-

scribes systems in terms of the behaviour of variables characterising the system, and emphasises

interconnection of systems as a means for feedback synthesis, [41], [42], [43]. Because of its empha-

sis on interconnection and synthesis, behavioural modelling is seen as a fruitful way to think about

quantum technologies, expressed in terms of quantum network models, [5], [6].

Behavioural modelling has its origins in classical physical modelling; in particular, modelling of

mechanical and electrical systems. It is important to appreciate the role that is played by classical

electrical circuit and network theory in today’s classical technology, since it sheds light on what

needs to be done for quantum technology. Classical circuit theory evolved from fundamental laws of

classical physics and mathematics in order to meet the needs of designers of electrical and electronic

systems. Such systems, of course, include microchips in computers, generators in power stations,

and myriad electrical devices that are ubiquitous in the world today. The electromagnetic laws of

Maxwell, Faraday, Ohm and others led to the circuit theory of von Helmholtz, Thevenin, Kirchhoff,

and others. The digital age depends on the algebra of Boole, the switching logic of Shannon, and the

computational models of Turing and von Neumann. Modern digital and analog electrical network

theory includes a range of powerful concepts, tools and methods that are widely and indispensably

used by engineers to design electrical and electronic devices, and they are built into modern software

tools. For example, engineers use symbolic and graphical representations of their systems, simplify

networks using equivalent circuits, and work out how to build or synthesise systems using realisation

[Optical laser model - Ralph, Harb, Bachor 1996]



Classical Electrical Networks

[circuit diagram of a classical electronic amplifier]



• builds on laws of physics (Maxwell, Faraday, 
Ohm,...)

• evolved to meet the needs of electrical 
system designers (Thevenin, Kirchhoff,...)

• includes
- device models
- rules for interconnection
- methods for analysis, simplification, and      
synthesis

Modern circuit theory...



For example, Thevenin’s theorem helps engineers 
simplify complex linear circuits.

original circuit equivalent circuit



For example, realisation techniques help engineers 
build devices from given specifications (synthesis).

specifications circuit diagram physical device



• Capture the quantum physics

• Be capable of representing classical components

• Include dissipative mechanisms 
     - noise, uncertainty, decoherence (open)

• Preserve canonical structure 
     - e.g. commutation relations, energy

• Network of interconnected components should also be a 
quantum system
      - recursive

• Efficient methods for representation, interconnection, 
manipulation, and physical realization

• Efficient methods for simplification, analysis and synthesis

Desirable attributes

Quantum Networks II



ment of atom lasers will be advanced through the use of improved models that include decoherence

and facilitate feedback control system design. Improvements in the performance of quantum infor-

mation transmission systems will result from better modelling and methods for compensating for

decoherence in quantum memories, accurate models for quantum optical channels, and new methods

for architecture development that allow for interconnection and scale.

E5 Approach

The conceptual framework for this project is based on the symbolic and graphical representations for

quantum components and networks. These representations, which are based on the laws of quantum

physics, use open quantum models. These are mathematical descriptions of quantum systems that

efficiently allow for interactions with other systems and the environment. Our approach to quantum

network modelling will be applied to develop methods and tools for designing quantum technologies

that are potentially large in scale in a way that intrinsically accommodates decoherence. In this

way we address two of the major bottlenecks in quantum technology. The research uses rigorous

mathematical methods and physically correct models.

Modelling of quantum networks. The models we use for components and networks are based

on the laws of quantum physics, and include open quantum stochastic models, [59], [60], [61]. These

models were designed to describe decoherence, dissipation, and allow for systems to interact directly

(via an interaction Hamiltonian), or indirectly via a cascade connection using a boson field (e.g.,

using photons in an electromagnetic field, or phonons in a vibrating material), [62], [63]. In recent

work [5], [6], we began developing a quantum network modelling framework which abstracts and

generalises interconnections including cascade connections. The models are specified by three pa-

rameters (quantum operators) G = (S, L, H), where H is a Hamiltonian, L is a vector of boson field
coupling operators, and S is a scattering matrix. This type of parametric representation applies to
components as well as networks. We introduced two “products” that permit the assembly and in-

terconnection of quantum components to form what we called reducible networks. For example, a

cascade or series connection of system G1 followed by G2 is denoted simply by G2 ! G1, where the

equivalent parameters of the total system are given by explicit formulas. Figure 2 shows an example

of a quantum optical network reduced to a simple equivalent model.
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Figure 2: Equivalent quantum networks. (a) A common representation of a quantum optical system

showing components which include a compound cavity, beamsplitter, homodyne detectors, modu-

lator, and a classical system. (b) An open system parametric representation, expressed in graphical

form. It can be expressed algebraically using the concatenation ! and series ! products, [5]. (c)
A compact equivalent parametric representation in graphical form. It is expressed algebraically as

Geq = (Seq, Leq, Heq). [Representation and simplification of a quantum network]

original network parametric network 
representation

simplified parametric
representation



Concatenation

Elementary network constructs:

G1

G2

G = G1 ! G2

1

G1

G2

G = G1 ! G2

1

G1

G2

G = G1 ! G2

1

[Not parallel]



Series (cascade)

G1

G2

G = G1 ! G2

1

G1

G2

G = G1 ! G2

1

G1

G2

G = G1 ! G2

G = G2 ! G1

1

History:
  Gardiner, 1993
  Carmichael, 1993



Open systems:

Multichannel open quantum system characterised by parameters

• H is a Hamiltonian (self-adjoint operator)

• L is a vector of field coupling operators

• S is a scattering matrix (self-adjoint matrix of operators)

Shorthand:

G = (S,L, H)

These parameters, together with field channels specifications, determine the master

equation, or equivalently, the Heisenburg quantum stochastic differential equations.

2

[Gardiner-Collett 1985
Hudson-Parthasarathy 1984]



Concatenation product

G1 ! G2 = (

 S1 0

0 S2

 ,

 L1

L2

 , H1 + H2)

Series product

G2 ! G1 = (S2S1, L2 + S2L1, H1 + H2 +
1

2i
(L†

2S2L1 − L†
1S

†
2L2))

3



Example: beamsplitter and cavity

2

methodology. The appendices contain a proof of the principle of loading components, and an explanation of a method for

representing classical systems as commutative subsystems of quantum systems.

II. OPEN QUANTUM SYSTEMS

This paper is concerned with the modeling of networks consisting of both quantum and stochastic components, and this

section is concerned with presenting the concepts and tools that are required; in particular, the concatenation and loading

products are defined in subsection II-B. Before presenting the general mathematical model, we begin with some preliminary

discussion to help orient the reader.

A. Preliminary Example

We consider a simple physical situation which captures some (but not all) of the features of the models used in this paper;

it will be helpful for the reader to have this in mind as preparation for the general models discussed below, which may at first

sight seem rather abstract. Figure 1 shows an optical cavity driven by one of the light beams exiting a beam splitter. Here

the system of interest is the cavity and beam splitter, and the environment is the optical fields. Detailed physical modeling of

situations like this is discussed in, e.g. [9], [10], and it turns out that a simple quantum white noise model can be used which

is very accurate and embodies the quantum mechanical behavior of the cavity, beam splitter and optical fields.

B1 = Ã1!"
"

""
!

#
$

$

a

cavity

A1

A2

B2 = B̃2 = Ã2

B̃1

Fig. 1. Beam splitter (left) and cavity (right) network.

In a rotating reference frame, the optical mode inside the cavity is represented by an annihilation operator a, and the optical
fields presented to the beam splitter as inputs are quantum stochastic signals A1 and A2. The outputs of the network are B̃1 and

B̃2. If the inputs are independent canonical quantum noises (see subsection II-C.1 for the definition), then the cavity operator

a and the output fields B̃j evolve in time according to the quantum stochastic differential equations

da(t) = (−γ

2
+ i∆)a(t)dt−√γ dB1(t) (1)

Ã1(t) = βA1(t)− αA2(t) (2)

Ã2(t) = αA1(t) + βA2(t) (3)

B1(t) = Ã1(t) (4)

B2(t) = Ã2(t) (5)

dB̃1(t) =
√

γa(t)dt + dB1(t) (6)

dB̃2(t) = dB2(t). (7)

Here, α and β are complex numbers describing the beamsplitter relations, and they satisfy α∗α + β∗β = 1 (the asterisk
indicates the conjugate of a complex number), γ is a real number describing the strength of the coupling between the cavity
and input field, ∆ is a measure of the “detuning” or frequency mismatch between the fields and the cavity, and i =

√−1.
The differential equation for a can be expressed in terms of the input signals Aj by substitution of equations (2), (3), (4)

and (5) into (1), as can the equations for the output fields. It can be seen that algebraic manipulations are required to describe

the complete system (in general such manipulations may be simple in principle, but complicated in practice). It is also evident

that the beam splitter effects a “scattering” between the input field channels.

In this paper we make extensive use of vector-matrix notation to describe and manipulate systems. For the example at hand,

we use vectors

A =
(

A1

A2

)
, B =

(
B1

B2

)
, Ã =

(
Ã1

Ã2

)
, B̃ =

(
B̃1

B̃2

)
to represent the quantum signals. The beamsplitter is represented by a unitary matrix

S =
(

β −α
α β

)
,
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3

and the coupling of the field B to the cavity is given by the vector

L =
( √

γ a
0

)
(note that the second component represents a trivial coupling). As we will discuss below, the system parameters are described

by a matrix

G =
( − 1

2L
†L− iH −L†S

L S− I

)
=

 −γ
2 a∗a− i∆a∗a −√γ βa∗ √

γ αa∗√
γ a β − 1 −α
0 α β − 1

 , (8)

where the asterisk indicates the Hilbert space adjoint. The complete system consisting of the input and output fields, the beam

splitter, and the cavity is described by the triple

(Â,G, ˜̂A). (9)

As will be discussed in general below, this is an example of a cascade of two components constituting a network; indeed, we

can write

G = (C ! N) $ B, (10)

where C is a matrix of cavity parameters

C =
( −γ

2 a∗a− i∆a∗a −√γ a∗√
γ a 0

)
, (11)

N =
(

0 0
0 0

)
, (12)

is a trivial system (pass-through), and

B =

 0 0 0
0 β − 1 −α
0 α β − 1

 , (13)

is an ampliation of the beamsplitter S. The meaning of the concatenation ! and loading $ products will be explained below in
sections II-B (Definitions 2.1 and 2.2) and III (the principle of loading components, Theorem 3.1). A schematic representation

of the network is shown in Figure 2.

√
γ a

B̃2
0

!

! !

!A1

A2

B̃1
!
!

Fig. 2. Beam splitter-cavity system represented as a network.

For the purposes of network modeling and design, it can be useful to perform manipulations of the network to yield equivalent

networks; this, of course, is common practice in classical electrical electrical engineering. For instance, in our example we

could move the beam splitter to the output, but the cavity should be modified as follows (see Remark 3.5):

G = (C ! N) $ B = B $ (C′ ! N′). (14)

Here, the modified cavity (see Figure 3) is described by the subsystems

C′ =
( −γ

2 |β|2a∗a− i∆a∗a −β
√

γ a∗

β∗√γ a 0

)
, N′ =

( −γ
2 |α|2a∗a α

√
γ a∗

−α∗√γ a 0

)
. (15)

As will be explained in subsection II-C.4, it is quite convenient to use a shorthand notation for specifying systems. For

example, for the system G the shorthand notation

G = (S,L,H) =
((

β −α
α β

)
,

( √
γ a
0

)
,∆a∗a

)
can be used; this simply lists the system parameters.

The interactions described here so far are unidirectional field mediated interactions. Components interact indirectly via

a quantum field, which acts as a quantum “wire”. One can also consider bidirectional direct interactions, which can be

accommodated by using interaction Hamiltonian terms in the models. Our emphasis in this paper will be on field mediated

interactions, with direct interactions readily available in the modeling framework if required. See subsection III-C.

Complete network

G = (S,L, H) =

 β −α

α β

 ,

 √
γ a

0

 , ∆a∗a



4



Complete network

G = (S,L, H) =

 β −α

α β

 ,

 √
γ a

0

 , ∆a∗a



4

Description in terms of concatenation and series products:

G = (C ! N) $ B,

where

C = (1,
√

γ a, ∆a∗a),

describes the cavity,

N = (1, 0, 0)

is a trivial system (pass-through), and

B = (

 β −α

α β

 , 0, 0)

is a representation of the beamsplitter S.
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B̃1

! "

#
#

##

$

$
! !a

cavity

B1 = Ã1
A1

A2
modified

B̃2

Fig. 5. Equivalent beam splitter and cavity network.

As will be explained in subsection II-D.4, it is quite convenient to use a shorthand notation for specifying systems. For

example, for the system G the shorthand notation

G = (S,L,H) =
((

β −α
α β

)
,

( √
γ a
0

)
,∆a∗a

)
can be used; this simply lists the system parameters.

The interactions described here so far are unidirectional field mediated interactions. Components interact indirectly via

a quantum field, which acts as a quantum “wire”. One can also consider bidirectional direct interactions, which can be

accommodated by using interaction Hamiltonian terms in the models. Our emphasis in this paper will be on field mediated

interactions, with direct interactions readily available in the modeling framework if required. See subsection III-C.

C. Matrices with Operator Entries and the Concatenation and Series Products

It is clear from the previous subsection that matrices (and vectors) with operator entries play an important role in this paper.

In this subsection we provide some relevant definitions that will be used in this paper, including the concatenation and series

products.

We are interested in models for open systems, with initial space h, a Hilbert space. The initial space contains the state
vectors for the system of interest (e.g. the cavity of subsection II-B), and the word “initial” refers to the idea that variables

defined on the initial space will evolve in time from their initial values in response to interaction with a field (and possible

external influences). We shall use multichannel fields, and to accommodate this we write K = Cn for an n-dimensional field
channel. We write B (H,K) denote the set of bounded linear operators from H to K. As usual, the C*-algebra B (H,H) will
simply be denoted as B (H) and we write U (H) for the subset of its unitary elements.
We are interested in matrices X = {Xjk} with operator entries Xjk. The transpose, conjugate and adjoint are defined

respectively by XT = {Xkj}, X∗ = {X∗
jk}, and X† = {X∗

kj} = (X∗)T = (XT )∗. We write

M+1 (H;K) := M (H; C⊕ K) (19)

for the space of matrices of the form

X =
(

X00 X0!

X!0 X!!

)
, (20)

where

X00 ∈ B (H)
X0! ∈ B (K,H⊗ K)
X!0 ∈ B (H⊗ K,K)
X!! ∈ B (H⊗ K) .

Since K = Cn, the components may be represented as follows: X!0 is a column vector of length n with entries in B (H), X0!

is a row vector of length n with entries in B (H), and X!! is an n× n matrix with entries in B (H). The matrix G given by

(12) in the previous subsection is of the form (20). We denote the identity by I and introduce the projection operator Π onto

H⊗ K:

Π :=
(

0 0
0 I

)
. (21)

Network manipulations (try to pull beamsplitter through):

G = (C ! N) ! B = B ! (C′ ! N′).

Here, the modified cavity is described by the subsystems

C′ = (1, β∗√γ a, ∆a∗a), N′ = (1, −α∗√γ, 0).

6
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2
A2 Ã2

A1 Ã1

Fig. 6. Two-fold reducible plant
“
(A1,A2) ,G1 !G2,

“
Ã1, Ã2

””

1

2

! !
! !! Ã2

A1

A2 = Ã1

1

2

! !
!! Ã2

A1

Fig. 7. Direct feedback
“
A1,G2 ! G1, Ã2

”
.

A. Feedback

Let us consider a system reducible with internal space Ktotal = K1 ⊕ K2, where K1
∼= K2, and G = G1 ! G2 (recall

the concatenation product !, Definition 2.1, and Definition 2.6). The setup is sketched in Figure 6. We investigate what will
happen if we feed one of the outputs, say Ã1 back in as the input A2. Either of the two diagrams in Figure 7 may serve to

describe the resulting feedback system. Note that the outputs will be different after the feedback connection has been made.

We now state our main result applying the series product to feedback.

Theorem 3.1: (Principle of Series Connections) The generator G2←1 for the feedback system obtained from G1 ! G2

when the output of the first subcomponent is fed into the input of the second is the series product G2←1 = G2 ! G1.

A proof of this theorem is given in the appendix.

There are mathematically appealing ideas underlying this result. To begin with G2!G1 is just about the simplest asymmetric

combination of Itō matrix generators we could consider; something that is even more in evidence when we look at the

higher dimensional matrices! Moreover, the form of the eventual output Ã2 is precisely what we would expect: we will have

dÃαβ
2 (t) ≡ j2←1

(
Mαµ†

2←1M
βν
2←1, t

)
dAµν

1 (t) where M2←1 = I + ΠG2←1 is the Galilean matrix associated with G2←1 and

j2←1 (X, t) = V2←1 (t)† (X ⊗ 1) V2←1 (t), but we observe that

M2←1 = I + ΠG1 + ΠG2 + ΠG2ΠG1

= (I + ΠG2) (I + ΠG1)
= M2M1 (43)

which is the result of successive Galilean transformations associated with the first and then the second subsystem.

At first sight, the form of the series generator G2←1 = G1 + G2 + G2ΠG1 might suggest that V2←1 is somehow related

to the unitary process V2V1, the product of the unitaries for each individual component. The latter process however has

the Itō matrix V2G1V1 + G2V2V1 + G2V2ΠG1V1 which can be rearranged as V2 (G1 + j2 (G2) + j2 (G2)ΠG1)V1 where

j2 (X) = V †
2 (X ⊗ 1) V2. As j2 (G2) is rarely going to be G2 - we cannot expect the coefficients of the QSDE to be invariant

under their own dynamics—the process V2←1 is generally not just trivially equal to V2V1.

Remark 3.2: As the series product is associative, the generator GN←···←2←1 for a series of N consecutive plants is given

by

GN←···←2←1 = GN ! · · · ! G2 ! G1

=
N∑

k=1

∑
N≥jk>···>j1≥1

GjkΠ · · · ΠGj2ΠGj1 ,

where Gj is the Itō matrix generator associated to the jth plant. If we have Gj = (Sj ,Lj ,Hj) then we have explicitly

GN ! · · · ! G2 ! G1 = (Sn!1,
n∑

j=1

Sn!j+1Lj ,
n∑

j=1

Hj +
∑

1≤j<k≤n

Im
{
L†

kSk!j+1Lj

}
)

where we introduce the notation Sk!j := SkSk−1 · · · Sj for j < k and Sk!k := Sk, Sk!k+1 := 1. !
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A1

Fig. 7. Direct feedback
“
A1,G2 ! G1, Ã2
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Let us consider a system reducible with internal space Ktotal = K1 ⊕ K2, where K1
∼= K2, and G = G1 ! G2 (recall

the concatenation product !, Definition 2.1, and Definition 2.6). The setup is sketched in Figure 6. We investigate what will
happen if we feed one of the outputs, say Ã1 back in as the input A2. Either of the two diagrams in Figure 7 may serve to

describe the resulting feedback system. Note that the outputs will be different after the feedback connection has been made.

We now state our main result applying the series product to feedback.

Theorem 3.1: (Principle of Series Connections) The generator G2←1 for the feedback system obtained from G1 ! G2

when the output of the first subcomponent is fed into the input of the second is the series product G2←1 = G2 ! G1.

A proof of this theorem is given in the appendix.

There are mathematically appealing ideas underlying this result. To begin with G2!G1 is just about the simplest asymmetric

combination of Itō matrix generators we could consider; something that is even more in evidence when we look at the

higher dimensional matrices! Moreover, the form of the eventual output Ã2 is precisely what we would expect: we will have

dÃαβ
2 (t) ≡ j2←1

(
Mαµ†

2←1M
βν
2←1, t

)
dAµν

1 (t) where M2←1 = I + ΠG2←1 is the Galilean matrix associated with G2←1 and

j2←1 (X, t) = V2←1 (t)† (X ⊗ 1) V2←1 (t), but we observe that

M2←1 = I + ΠG1 + ΠG2 + ΠG2ΠG1

= (I + ΠG2) (I + ΠG1)
= M2M1 (43)

which is the result of successive Galilean transformations associated with the first and then the second subsystem.

At first sight, the form of the series generator G2←1 = G1 + G2 + G2ΠG1 might suggest that V2←1 is somehow related

to the unitary process V2V1, the product of the unitaries for each individual component. The latter process however has

the Itō matrix V2G1V1 + G2V2V1 + G2V2ΠG1V1 which can be rearranged as V2 (G1 + j2 (G2) + j2 (G2)ΠG1)V1 where

j2 (X) = V †
2 (X ⊗ 1) V2. As j2 (G2) is rarely going to be G2 - we cannot expect the coefficients of the QSDE to be invariant

under their own dynamics—the process V2←1 is generally not just trivially equal to V2V1.

Remark 3.2: As the series product is associative, the generator GN←···←2←1 for a series of N consecutive plants is given

by

GN←···←2←1 = GN ! · · · ! G2 ! G1

=
N∑

k=1

∑
N≥jk>···>j1≥1

GjkΠ · · · ΠGj2ΠGj1 ,

where Gj is the Itō matrix generator associated to the jth plant. If we have Gj = (Sj ,Lj ,Hj) then we have explicitly

GN ! · · · ! G2 ! G1 = (Sn!1,
n∑

j=1

Sn!j+1Lj ,
n∑

j=1

Hj +
∑

1≤j<k≤n

Im
{
L†

kSk!j+1Lj

}
)

where we introduce the notation Sk!j := SkSk−1 · · · Sj for j < k and Sk!k := Sk, Sk!k+1 := 1. !

Theorem

(Principle of Series Connections) The parameters G2←1 for the feedback

system obtained from G1 ! G2 when the output of the first subcomponent is fed

into the input of the second is the series product G2←1 = G2 ! G1.

7



Reducible Networks

A reducible quantum network N = ({Gj}, K, {Gj ! Gk}) consists of

• A reducible decomposition G = !jGj, where S = diag{S1, . . . ,Sn},
• a direct interaction Hamiltonian K of the form

K = i
∑

k

(N∗
kMk −M∗

kNk)

• a compatible list of field-mediated connections L = {Gj ! Gk} such that (i)

the field dimensions of the members of each pair are the same, and (ii) each

input and each output has at most one connection.

8

12

Proof: Clearly, if (44) is satisfied, then both cascade systems are described by the same parameters, which implies that

they are equivalent. To find G′
2, we solve equation (44) to get

G′
2 = (I + G1Π)−1 (G2 ! G1 −G1)

= (I + G1Π)−1 (G2 + G2ΠG1)
= (I + G1Π)−1 G2 (I + ΠG1) .

Substituting in the parameter values yields (45).

Remark 3.5: A useful special case of this result is moving a scattering matrix from the input to the output of a modified

system:

(S,L,H) = (I,L,H) ! (S, 0, 0) = (S, 0, 0) ! (I,S†L,H). (46)

!

C. Reducible Networks

In general, a network can be specified by a family {Gj} of components together with interconnections determined by direct
and field-mediated interactions. We now define a class of networks, which we call reducible networks, which are compatible

with the concatenation and series products, and by Theorem 3.1 are describable by an Ito generator matrix. We now explain

this in some detail, and also mention networks outside this class.

Let G = !jGj be a reducible system, Definition 2.6. Direct interactions are specified by a direct interaction Hamiltonian

K = i
∑

k

(N∗
k Mk −M∗

k Nk), (47)

where Mk, Nk are operators defined on the initial Hilbert space forG. Field mediated interactions relative to the decomposition
(35) are specified by a list of series connections

L = {Gj ! Gk} (48)

of series pairs, such that (i) the field dimensions of the members of each pair are the same, and (ii) each input and each output

(relative to the decomposition (35)) has at most one connection. Such a list of series connections is said to be compatible with

the decomposition (35).

Given any collection {Gj} of components, a network can be formed by concatenating the components into a reducible
system and specifying the direct and indirect connections.

Definition 3.6: A reducible quantum network N = ({Gj},K, {Gj ! Gk}) consists of
• A reducible decomposition G = !jGj ,

• a direct interaction Hamiltonian K of the form (47), and

• a compatible list of field-mediated connections L of the form (48).

!

An example of a reducible network is shown in Figure 10.

4

!
!
!

!

!

!

"

!

1

2

3

!

Fig. 10. A reducible network N = G1 ! (G4 ! G3 ! G2) specified by the list {G3 ! G2,G4 ! G3}.

Theorem 3.7: Let N = ({Gj},K, {Gj ! Gk}) be a reducible network. Then N can be described by an Ito generator

matrix N whose components can be determined by applying the concatenation and series products. The network model N is

a reducible system in the sense of Definition 2.6.

Symbolically, one could write

N = !jGj/(K, {Gj ! Gk}), (49)

meaning the network formed by interconnecting the subsystems as specified.



An example of a network that is not reducible [Yanagisawa-Kimura, 2003]

Notes on Linear Quantum Feedback Networks

1
John Gough, Matt James, and Masahiro Yanagisawa

December 5, 2007

1 Beam Splitter Feedback

Consider the network shown in Figure 1 for a system G = (1, L, 0). We will
check that this is equivalent to the system Geq = (Seq, Leq,Heq), where

Seq = α +
β2

1 + α
(1)

Leq =
β

1 + α
L (2)

Heq = Im(
1

1 + α
)L∗L (3)

v2

!
!

!
!

!
!

!!

" "
#

"

" G
u1

u2

y2

y1

v1

Figure 1: Beam splitter mediated feedback.

1

Original system G = (1, L, 0) with beamsplitter feedback leads to equivalent

system obtained using linear fractional transformation:

Geq = (α +
β2

1 + α
,

β

1 + α
L, − Im(α)

|1 + α|2L∗L)

26



All-optical feedback [Wiseman-Milburn, 1994]

13

Proof: First form the concatenation

N0 = (!jGj) ! (0, 0,K),

or equivalently, absorb K into the component Hamiltonians. Next, run through the list L of field-mediated connections and

apply the series product at each stage. By applying the principle of series components, Theorem 3.1, the Ito generator matrix

N can be formed.

Remark 3.8: We mention that there are important examples of quantum networks that are not reducible. An example of a

non-reducible network was considered by Yanagisawa and Kimura, [20, Fig. 4], which consists of two systems in a feedback

arrangement formed by a beam splitter, as occurs if in Figure 3 we connect the output B̃1 to the input A2 (i.e. setting A2 = B̃1).

The feedback loop formed in this way is “algebraic”, and the resulting in-loop field is not a free field in general. !

IV. EXAMPLES

In this section we look at a number of examples from the literature which can be represented by reducible networks.

A. All-Optical Feedback

We consider a simple situation first introduced by Wiseman and Milburn as an example of all-optical feedback, [19, section

II.B. A]. Referring to Figure 11, vacuum light field A1 is reflected off mirror 1 to yield an output beam Ã1 which results

from interaction with the internal cavity mode a. This beam is reflected onto mirror 2, as shown, where it constitutes the input

A2. It is assume that both mirrors have the same transmittivity, so that we can model the coupling operators for the two field

channels as L1 = L2 = √γ a, where γ is the damping rate. We may also assume that the light picks up a phase S = eiθ when

reflected by the cavity mirror.

cavity

!

"

!

light beam

mirror 1 mirror 2

A1

Ã1

A2

Ã2

a

Fig. 11. All-optical feedback. The feedback path is a light beam from mirror 1 to mirror 2, which can be realized experimentally with the aid of a Faraday
isolator (not shown).

Before feedback, the cavity is described by

G = (I,
(

L1

L2

)
, 0) = (1, L1, 0) ! (1, L2, 0).

The phase shift between the mirrors is described by the system (S, 0, 0).

L1

L2

! !
! !! Ã2

A1

!
(S, 0, 0)

L′
1

L′
2

! !
! !! Ã2

A1 !
(S, 0, 0)

Fig. 12. Network representations of the all-optical feedback scheme of Figure 11.

Two equivalent network representations are shown in Figure 12. From the left diagram in Figure 12, we see that the closed

loop system is described by

Gcl = (1, L2, 0) " (S, 0, 0) " (1, L1, 0)

= (S, SL1 + L2,
1
2i

(L∗
2SL1 − L∗

1S
∗L2)).

Before feedback, the cavity is described by

G = (I,

 L1

L2

 , 0) = (1, L1, 0) ! (1, L2, 0),

and S = eiθ (phase shift).

After feedback, we have

Gcl = (1, L2, 0) ! (S, 0, 0) ! (1, L1, 0)

= (S, SL1 + L2,
1

2i
(L∗

2SL1 − L∗
1S

∗L2)).

9
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Before feedback, the cavity is described by

G = (I,

 L1

L2

 , 0) = (1, L1, 0) ! (1, L2, 0),

and S = eiθ (phase shift).

After feedback, we have

Gcl = (1, L2, 0) ! (S, 0, 0) ! (1, L1, 0)

= (S, SL1 + L2,
1

2i
(L∗

2SL1 − L∗
1S

∗L2)).
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Proof: First form the concatenation

N0 = (!jGj) ! (0, 0,K),

or equivalently, absorb K into the component Hamiltonians. Next, run through the list L of field-mediated connections and

apply the series product at each stage. By applying the principle of series components, Theorem 3.1, the Ito generator matrix

N can be formed.

Remark 3.8: We mention that there are important examples of quantum networks that are not reducible. An example of a

non-reducible network was considered by Yanagisawa and Kimura, [20, Fig. 4], which consists of two systems in a feedback

arrangement formed by a beam splitter, as occurs if in Figure 3 we connect the output B̃1 to the input A2 (i.e. setting A2 = B̃1).

The feedback loop formed in this way is “algebraic”, and the resulting in-loop field is not a free field in general. !

IV. EXAMPLES

In this section we look at a number of examples from the literature which can be represented by reducible networks.

A. All-Optical Feedback

We consider a simple situation first introduced by Wiseman and Milburn as an example of all-optical feedback, [19, section

II.B. A]. Referring to Figure 11, vacuum light field A1 is reflected off mirror 1 to yield an output beam Ã1 which results

from interaction with the internal cavity mode a. This beam is reflected onto mirror 2, as shown, where it constitutes the input

A2. It is assume that both mirrors have the same transmittivity, so that we can model the coupling operators for the two field

channels as L1 = L2 = √γ a, where γ is the damping rate. We may also assume that the light picks up a phase S = eiθ when

reflected by the cavity mirror.
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Ã1
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a

Fig. 11. All-optical feedback. The feedback path is a light beam from mirror 1 to mirror 2, which can be realized experimentally with the aid of a Faraday
isolator (not shown).

Before feedback, the cavity is described by

G = (I,
(

L1

L2

)
, 0) = (1, L1, 0) ! (1, L2, 0).

The phase shift between the mirrors is described by the system (S, 0, 0).

L1
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! !
! !! Ã2

A1

!
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L′
1

L′
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! !
! !! Ã2

A1 !
(S, 0, 0)

Fig. 12. Network representations of the all-optical feedback scheme of Figure 11.

Two equivalent network representations are shown in Figure 12. From the left diagram in Figure 12, we see that the closed

loop system is described by

Gcl = (1, L2, 0) " (S, 0, 0) " (1, L1, 0)

= (S, SL1 + L2,
1
2i

(L∗
2SL1 − L∗

1S
∗L2)).



Direct measurement feedback [Wiseman, 1994]

14

Here we have twice applied the formulas (38) given in Lemma 2.8.

Alternatively, we may use our theory of equivalent components (Theorem 3.4) to move the phase change (S, 0, 0) to the
very end, as shown in the right diagram in Figure 12. Then

Gcl = (S, 0, 0) ! (1, S∗L2, 0) ! (1, L1, 0)

= (S, SL1 + L2,
1
2i

(L∗
2SL1 − L∗

1S
∗L2)),

as before.

Either way, the closed loop feedback system is described by Gcl = (Scl, Lcl,Hcl) where

Scl = S ≡ eiθ,

Lcl = SL1 + L2 ≡
(
1 + eiθ

)√
γa,

Hcl = Im {L∗
2SL1} ≡ γ sin θ a†a.

From this we obtain the Heisenberg dynamical equation for the mode

da = − [
a,

(
1 + eiθ

)√
γa†

]
dA1 − γ

2
(
1 + eiθ

) (
1 + e−iθ

)
adt

−iγ sin θ adt

≡ − (
1 + eiθ

)
(
√

γdA1 + γadt) ,

and the input/output relation

dÃ2 = eiθdA1 +
(
1 + eiθ

)√
γadt.

This is in agreement with [19, eq. (2.29)] who deduce the same relations by a time-lag argument based on [8].

B. Direct Measurement Feedback

In the paper [18], Wiseman considers two types of measurement feedback, one involving photon counting, and another based

on quadrature measurement using homodyne detection (which is a diffusive limit of photon counts). In both cases proportional

feedback involving an electrical current was used. We describe these feedback situations in the following subsections using

our network theory.

1) Photon Counting: Consider the measurement feedback arrangement shown in Figure 13, which show a vacuum input

field A, a control signal c, a photodetector PD, and a proportional feedback gain k.

feedback gain

!

" "

"

PD

i(t)

control signal photocurrent

input field output field

k

quantum system

A(t)

c(t)
G

Fig. 13. Direct feedback of photocurrent obtained by photon counting using a photodetector (PD).

Before feedback, the quantum system is described by

G = (1, L,H0 + Fc), (50)

where H0 and F are self-adjoint, and c represent a classical control variable. The photocurrent i(t) resulting from ideal

photodetection of the output field is given by

‘i(t)dt′ = dΛ + LdA∗ + L∗dA + L∗Ldt, (51)

where, mathematically, the photocurrent i(t) is the formal derivative of a self-adjoint commutative jump stochastic process
Λ̃(t) (the output gauge process) whose Ito differential is given by the RHS of (51) (which contains the input gauge process
Λ). The feedback is given by

c(t) = ki(t), (52)

Controlled Hamiltonian

H0 + Fc

Before feedback, the quantum system is described by

G = (1, L, H0) ! (S, 0, 0)

where S = e−iF is unitary.

After feedback, we have

Gcl = (S, 0, 0) ! (1, L, H0) = (S, SL, H0)

dX = (−i[X, H0]+Le−iF L(X))dt+[L∗, X]e−iF dA+eiF [X, L]dA∗+(eiF Xe−iF−X)dΛ.

10
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where k is a (real, scalar) proportional gain. The feedback gain can be absorbed into F , and so we assume k = 1 in what
follows.

Due to the singular nature of the jump process differentials, we interpret the formal control Hamiltonian differential Fc(t)dt
in the Ito calculus by (e−iF − 1)dΛ. Therefore we can represent the system before feedback as

G = (1, L,H0) ! (S, 0, 0)

where S = e−iF , a unitary operator. The second subsystem (S, 0, 0) captures the gauge coupling of the control signal, viewed
as a field. The self-adjoint commutative nature of the output gauge Λ̃ means that it describes the outcome of the photon

counting measurement, and only this part of the field is coupled to the system. The closed loop system after feedback is given

by

Gcl = (S, 0, 0) ! (1, L,H0) = (S, SL,H0)

using formulas (38) from Lemma 2.8. This is illustrated in Figure 14. This agrees with the results obtained by Wiseman, [18,

eq. (3.44)], which we write in our notation as

dX = (−i[X, H0] + Le−iF L(X))dt + [L∗, X]e−iF dA + eiF [X, L]dA∗ + (eiF Xe−iF −X)dΛ. (53)

S

!!

! !

A

C C̃

ÃL!

Fig. 14. Network representation of the direct photocount feedback scheme of Figure 13.

2) Quadrature Measurement: We again consider the quantum system G given by (50), but replace the photodetector PD

in Figure 13 with a homodyne detector HD.3 The homodyne detector produces a photocurrent i(t) given by

‘i(t)dt′ = dI(t) = (L(t) + L†(t))dt + dA(t) + dA∗(t).

The feedback is given by (52) as above, with feedback gain can be absorbed into F , as above. The measurement result I(t) is
a self-adjoint commutative diffusive process. We replace the formal control Hamiltonian differential Fc(t) in the Ito calculus
by a field coupling with operator M = −iF .
We can now describe the system before feedback as

G = (1, L,H0) ! (1,M, 0).

After feedback, the closed loop system is

Gcl = (1,M, 0) ! (1, L,H0) = (1, L− iF, H0 +
1
2
(FL + L∗F ))

using (38). This is illustrated in Figure 15.

This agrees with [18, eq. (4.21)], which we write as

dX = (−i[X, H0 +
1
2
(FL + L†F )] + LL−iF (X))dt + [(L− iF )∗, X])dA + [X, (L− iF )]dA∗. (54)

C. Realistic Detection

Consider a quantum systemGq continuously monitored by observing the real quadrature of an output field. This measurement

can ideally be carried out by homodyne detection, but due to finite bandwidth of the electronics and electrical noise, this

measurement could be more accurately modeled by introducing a classical system (low pass filter) and additive noise as shown

in Figure 16, as analyzed in [17]. Here, B is a vacuum field, I is the output of the ideal homodyne detector (HD), v is a
standard Wiener process, and Y is the (integral of) the electric current providing the measurement information. We wish to

derive a filter to estimate quantum system variables Xq from the information available in the measurement Y .

3An ideal homodyne detector HD takes an input field A and produces a quadrature, say A + A∗, thus effecting a measurement. This is achieved routinely
to good accuracy in optics laboratories, [10, Chapter 8].

(can also do quadrature measurement)

Controlled Hamiltonian

H0 + Fc

Before feedback, the quantum system is described by

G = (1, L, H0) ! (S, 0, 0)

where S = e−iF is unitary.

After feedback, we have

Gcl = (S, 0, 0) ! (1, L, H0) = (S, SL, H0)

dX = (−i[X, H0]+Le−iF L(X))dt+[L∗eiF , X]e−iF dA+eiF [X, e−iF L]dA∗+(eiF Xe−iF−X)dΛ.

10



Realistic detection [Warszawski-Wiseman-Mabuchi, 2002]

16

M

!
!!

!!

A

C C̃

ÃL!

Fig. 15. Network representation of the direct homodyne feedback scheme (Figure 13 with HD replacing PD).

Gq

! !!
"

!!
+

+
Yclassical system

I
quantum system HD

B

detection system

v

Gc

"#$%

Fig. 16. Model of a realistic detection scheme for a quantum system, showing ideal homodyne detection followed by a classical system (e.g. low pass filter)
and additive classical noise.

The quantum system is given by

Gq = (1, Lq,Hq), (55)

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),
dY (t) = h(x(t))dt + dv(t), (56)

where x(t) ∈ Rn, y(t) ∈ R, f̃ , g are smooth vector fields, h is a smooth real-valued function, and w and v are independent
standard classical Wiener processes. As described in the Appendix B, this classical system is equivalent to Gc = (1, Lc1,Hc)!
(1, Lc2, 0), where Lc1 = −igT p − 1

2∇T g, Lc2 = 1
2h and Hc = 1

2 (fT p + pT f). We represent the system of Figure 16 as a

network, as shown in Figure 17.

Y!
! !!

!!

!

!

classical system

A2

A1 = B̃

quantum system

B Lc1

Lc2

Gq Gc

Lq
Ã1

Ã2
HD

!

Fig. 17. Network representation of the realistic detection scheme of Figure 16.

Here, the classical noises are represented as real quadratures w = A1 + A∗
1, v = A1 + A∗

2. Note that since Lc1 is skew-

symmetric, only the real quadrature w = A1 + A∗
1 = B̃ + B̃∗ affects the classical system (this captures the ideal homodyne

detection). The complete cascade system is

G = ((1, Lc1,Hc) ! (1, Lq,Hq)) ! (1, Lc2, 0)

= (I,
(

L1 + Lc1

Lc2

)
,Hq + Hc +

1
2i

(L∗
c1Lq − L∗

qLc1)) (57)

The quantum system is given by

Gq = (1, Lq, Hq),

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),

11
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M

!
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A

C C̃

ÃL!

Fig. 15. Network representation of the direct homodyne feedback scheme (Figure 13 with HD replacing PD).

Gq

! !!
"

!!
+

+
Yclassical system

I
quantum system HD

B

detection system

v

Gc

"#$%

Fig. 16. Model of a realistic detection scheme for a quantum system, showing ideal homodyne detection followed by a classical system (e.g. low pass filter)
and additive classical noise.

The quantum system is given by

Gq = (1, Lq,Hq), (55)

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),
dY (t) = h(x(t))dt + dv(t), (56)

where x(t) ∈ Rn, y(t) ∈ R, f̃ , g are smooth vector fields, h is a smooth real-valued function, and w and v are independent
standard classical Wiener processes. As described in the Appendix B, this classical system is equivalent to Gc = (1, Lc1,Hc)!
(1, Lc2, 0), where Lc1 = −igT p − 1

2∇T g, Lc2 = 1
2h and Hc = 1

2 (fT p + pT f). We represent the system of Figure 16 as a

network, as shown in Figure 17.

Y!
! !!

!!

!

!

classical system

A2

A1 = B̃

quantum system

B Lc1

Lc2

Gq Gc

Lq
Ã1

Ã2
HD

!

Fig. 17. Network representation of the realistic detection scheme of Figure 16.

Here, the classical noises are represented as real quadratures w = A1 + A∗
1, v = A1 + A∗

2. Note that since Lc1 is skew-

symmetric, only the real quadrature w = A1 + A∗
1 = B̃ + B̃∗ affects the classical system (this captures the ideal homodyne

detection). The complete cascade system is

G = ((1, Lc1,Hc) ! (1, Lq,Hq)) ! (1, Lc2, 0)

= (I,
(

L1 + Lc1

Lc2

)
,Hq + Hc +

1
2i

(L∗
c1Lq − L∗

qLc1)) (57)

The quantum system is given by

Gq = (1, Lq, Hq),

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),

The classical system is equivalent to

Gc = (1, Lc1, Hc) ! (1, Lc2, 0)

where Lc1 = −igT p− 1
2∇T g, Lc2 = 1

2h and Hc = 1
2(f

T p + pT f).

The complete cascade system is

G = ((1, Lc1, Hc) ! (1, Lq, Hq)) ! (1, Lc2, 0)

= (I,

 L1 + Lc1

Lc2

 , Hq + Hc +
1

2i
(L∗

c1Lq − L∗
qLc1))
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The quantum system is given by

Gq = (1, Lq, Hq),

and the classical detection system is given by the classical stochastic equations

dx(t) = f̃(x(t))dt + g(x(t))dw(t),

dY (t) = h(x(t))dt + dv(t),

The classical system is equivalent to

Gc = (1, Lc1, Hc) ! (1, Lc2, 0)

where Lc1 = −igT p− 1
2∇T g, Lc2 = 1

2h and Hc = 1
2(f

T p + pT f).

The complete cascade system is

G = ((1, Lc1, Hc) ! (1, Lq, Hq)) ! (1, Lc2, 0)

= (I,

 L1 + Lc1

Lc2

 , Hq + Hc +
1

2i
(L∗

c1Lq − L∗
qLc1))

11

The unnormalized quantum filter for the cascade system is

dσt(X) = σt(−i[X, Hq + Hc +
1

2i
(L∗

c1Lq − L∗
qLc1)] + L0BB@ L1 + Lc1

Lc2

1CCA
(X))dt

+σt(L
∗
c2X + XLc2)dy.

For instance, X = Xq ⊗ φ, where φ is a smooth real valued function on Rn.

Filtered estimate of quantum variables:

πt(Xq) = σt(Xq)/σt(1)

12



Conclusion

• Concatenation and series products 
facilitate quantum network analysis and 
design (reducible networks).

• Very useful for quantum control

• Allows designers to focus more on 
systems, less on equations.

• Physical realization a key issue.

• Network paradigm powerful and likely 
to be helpful for quantum technology.


