ANU ENGN 3226

AUSTRALIAN NATIONAL UNIVERSITY
Department of Engineering

ENGN 3226 Digital Communications
Problem Set #8 Block Codes

Q1

Consider a (6,3) linear block code defined by the generator matrix

1 00110
—
G = 01 0011
0 01101

(a) Determine if the code is a Hamming code. Find the parity check midtiak the code in systematic form.

(b) Find the encoding table for the linear block code.

(c) What is the minimum distana®i, of the code. How many errors can the code detect. How many errors
can the code correct.

(d) Draw the hardware encoder diagram.

(e) Find the decoding table for the linear block code.

(f) Draw the hardware syndrome generator diagram.

(g)SupposéC =[1 1 1 O O OJissentandr =[1 1 1 0 0 1]isreceived. Show how

the code can correct this error.

Q2
Consider a (7,4) linear block code defined by the generator matrix
1 000110

g _ 0100011
~loo10111
0001101

(a) Determine if the code is a Hamming code. Find the parity check midtiak the code in systematic form.

(b) Find the encoding table for the linear block code.

(c) What is the minimum distana®;, of the code. How many errors can the code detect. How many errors
can the code correct.

(d) Draw the hardware encoder diagram.

(e) Find the decoding table for the linear block code.

(f) Draw the hardware syndrome generator diagram.

(@Supposé&=[1 0 0 1 0 1 1]issentand”=[1 1 0 1 0 1 1]isreceived. Show
how the code can correct this error.

Q3

Consider a (5,1) linear block code defined by the generator matrix
—
G =[1111 1]

(a) Find the parity check matrid of the code in systematic form.

(b) Find the encoding table for the linear block code.

(c) What is the minimum distana®;, of the code. How many errors can the code detect. How many errors
can the code correct.

(d) Draw the hardware encoder diagram.

(e) Find the decoding table for the linear block code (consider single bit errors only).

(f) Draw the hardware syndrome generator diagram.

(9)Supposec =[ 1 1 1 1 1]issentand”=[0 1 1 1 1]isreceived. Show how the code
can correct this error.
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Q4
Consider the generator polynomial for a (7,3) cyclic code defined by

g(p) = p*+p°+pP+1

(a) Find the encoding table for the cyclic code.
(b) What is the minimum distanay, of the code.

Q5
Consider the generator polynomial for a (7,4) cyclic code defined by
9(p) = p°+p*+1

(a) Find the encoding table for the cyclic code.
(b) What is the minimum distanak, of the code.
(c) Find the systematic output codeword forinpEit=[ 1 1 1 1].
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AUSTRALIAN NATIONAL UNIVERSITY
Department of Engineering

ENGN 3226 Digital Communications
Problem Set #8 Solution

Q1: Complete Solution
(a)
Testing for hamming code, we have

k = 2"-m-1=28-3-1=4+3
n = 2M_1=22_1=7+#6

Hence(6, 3) is not a Hamming code.

We have
1 0 01 10
-
G = 010011
001101
_ (1 1 0]
P = 011
|1 0 1)
_ (1 0 17
PT = 110
|01 1)
(1 0 17
R
'y = 110
|01 1)
H = [PTiTny
101100
R
H = 110010
011001
(b)

The encoding table fai6, 3) linear block code is

Message| Code word| Weight of code word
000 000000 0
001 001101
010 010011
011 011110
100 100110
101 101011
110 110101
111 111000

WhbPhbwhkhoww
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This is calculated as follows

. 100110
To=MeG = [0 0 0]|0 100 11
00110 1]
= [0 000 0 0]
. (10 0 1 1 0]
T;=m1G = [0 0 1]|0 1 00 1 1
|0 0110 1
— [0 0110 1] (3rdrowofG)
B (10 0 1 1 0]
T;=m,G = [0 1 0]|0 10011
00110 1]
— [0 100 1 1] (2ndrowofG)
. [1 0 0 1 1 0]
T3=mM3G = [0 1 1]|0 100 11
00110 1]
— [0 111 1 0] (2ndrowofG +3rdrowofG )
. [1 0 0 1 1 0]
T4=msG = [1 0 0] 0 1 00 11
001101
- -—>
= [1 00 1 1 0] (1strow of G)
. 10011 0]
Ts=mMsG = [1 0 1]|0 100 1 1
001101
R R —
= [1 010 1 1] (1st row of G + 3rd row of G )
. (10 0 1 1 0]
Te=mMgG = [1 1 0]|0 1 00 1 1
00110 1]
= [1 1010 1] (1strow of G +2nd row of G )
. 10011 0]
T;=mM;G = [1 1 1]|0 10011
00110 1]

= [1 110 0 0] (1strow of G + 2nd row of G + 3rd row of G)

()

From encoding table, we have

dmin = 3
e = dm|n—1:2

1

t {Z(dmin_ 1)J <1

IA

Hence thg6,3) linear block code can detect 2 bit errors and correct 1 bit error in 6 bit output codeword.
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(d)

The output for general code word is

T =Mma

= [m m ms][

= [m m m m

The hardware encoder implementation is

m

(6,3) Linear block code encoder

m;

ms

c

C1

C2

Cs

Cy

Cs

Figure 1: Figure for Question 1 (d).

(e)
We have
. 1 01 100
H = | 110010
(011001
(1 1 0
01 1
_)T o 1 0 l
H = 1100
010
(001
The decoding table is
Error Pattern| Syndrome Comment
000000 000 all 0's
100000 110 1strow of H T
010000 011 | 2ndrowofHT
na
001000 101 3rdrow of HT
000100 100 athrow of HT
000010 010 5th row of H T
000001 001 6th row of H T
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(f)

The syndrome for general received word is

—
§> ?HT = [I’l o I3 Ig Is rs]

oNeN i SNeN o
OPFrPOORrPEk
POORFRPFO

= [ritra+ra rit+ra+rs ra4r3+re |

The hardware syndrome generator implementation is

r (6,3) Linear block code syndrome generator s
r fo | I3 | fa | Is | Ts S S| S
®
[
.
°®

!

Figure 2: Figure for Question 1 (h).

(9)

Giventhatc =[1 1 1 0 O OJissentand”=[1 1 1 0 0 1]isreceived.

OOkrPF,r O
OPFrRrPOORrRBEF
POOPRFrRFRO

= [0 0 1]

From decoding table, this syndrome corresponds to error pagesn[000001. Hence the corrected code
word is

v =7
[
[

1]+[0 0 0 0 0 1]
0]

NN )

+
1 1 00
1 1 00
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Q2: Partial Solution

(a)
Testing for hamming code, we have

m = n-k=7-4=3
k = 2"-m-1=22-3-1=4
n = 2"-1=22-1=7

Hence(7,4) is a Hamming code.

We have
— — =
GZ[kCP}
12 0 0 0 1 1 O]
c - 01 00011
- |0 010111
| 000110 1
H = [P"Th
. 1 0 1 1 1 0 O]
H = |11 100 10
|01 110 0 1]
(b)

The encoding table faf7,4) linear block code is

Message| Code word| Weight of code word
0000 0000000 0

0001 0001101 3
0010 0010111 4
0011 0011010 3
0100 0100011 3
0101 0101110 4
0110 0110100 3
0111 0111001 4
1000 1000110 3
1001 1001011 4
1010 1010001 3
1011 1011100 4
1100 1100101 4
1101 1101000 3
1110 1110010 4
1111 1111111 7
(c)
From encoding table, we have
dmin = 3
e = dnin—1=2

1

t s |plma-n)| <1

IN

Hence thg7,4) linear block code can detect 2 hit errors and correct 1 bit error in 7 bit output codeword.
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(d)

The output for general code word is

T="MG

= [ml

= [ml

1
0
m Mg omg ||
0
+

The hardware encoder implementation is

O, OO

= O OO

R OoR

1

R e

0

PR RO

+My M+mp4+mg mMp+mg+my |

C7

(e)

We have

OORrRRROR
OrRrO0OORRBR
RPOORRRO

The decoding table is

Error Pattern| Syndrome
0000000 000
1000000 110
0100000 011
0010000 111
0001000 101
0000100 100
0000010 010
0000001 001

Problem Set #8

m (7,4) Hamming code encoder c
my m mg my C1 Cy Cs Cy
®

T ®
®
| P X\@
* = T
—4
D

Figure 3: Figure for Question 2 (d).
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(f)

The syndrome for general received word is

vl
I

a
Tl

= [r1r2 r3 rs 15 1 17|

COoORRRLROR
OrRrO0OORRR
OORrRRELRO

1
= [ritratratrs ridrabra4re ra+ra4ratry |

The hardware syndrome generator implementation is

r (7,4) Hamming code syndrome generator s

r f2 | Is Fa s e r7

I,

“ :D}X

L

Figure 4: Figure for Question 2 (h).

(9)

Giventhatc =[1 0 0 1 0 1 1Jissentand”=[1 1 0 1 0 1 1]isreceived.

—THT = [1 1010 1 1]

OCOoORrRRLROR
OrRrO0OORRR
RPOORRRO

= [0 1 1]

From decoding table, this syndrome corresponds to error padieen[010000Q. Hence the corrected code
word is

Y = T+
1 1]+[0 1.0 0 0 0 O]

See alsd.ecture 19, Example 1
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Q3: Solution

()]
— —_ =
G = [T¢P]
e
G = [1111 1]
H = [P
11000
= _ |1to0100
= 10010
1000 1
(b)

The encoding table faf5, 1) linear block code is

Message| Code word| Weight of code word
0 00000 0
1 11111 5

(©)
From encoding table, we have
dmin = 5
e = dmin - 1 - 4

(-1 <2

t
2

IN

Hence thg5,1) linear block code can detect 4 bit errors and correct 2 bit errors in 5 bit output codeword.
(d)
The output for general code word is

T=MG = [m][1 1 1 1 1]
= [ml mMm M m ml]

The hardware encoder implementation is

m (5,1) Linear block code encoder c

Figure 5: Figure for Question 3 (d).
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(e)
We have
111
1 00
T
H' = 010
0 01
0 0O
The decoding table is
Error Pattern| Syndrome
00000 0000
10000 1111
01000 1000
00100 0100
00010 0010
00001 0001

(f)

R OOOLPR

The syndrome for general received word is

S

S _PHT

[r1 r2 r3 rg 15|

QO ORPF
OOFr O
Ok OO0OPFr
= OOOLPRk

[ ri4r2 ri4r3 ri+rg ri+rs |

The hardware syndrome generator implementation is

r

(5,2) Linear block code syndrome generator

i

2

I3

g

I's

st

S
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(@)

Giventhatc =[1 1 1 1 1]issentandr=[0 1 1 1 1]isreceived.

_
S=THT

[0 1 1 1 1]

OO OrPE
OORr O
Or OO
P OOOPR

= [1 11 1]

From decoding table, this syndrome corresponds to error paées{1000. Hence the corrected code word
is

Yy =T

Il
B o
_ o @

1 1]+[1 0 0 0 O]
11

]

N

Q4: Complete Solution

(a)

Given that the generator polynomial for a (7,3) cyclic code is
9(p) = p*+p*+pP+1

The output code words are given by

c(p) =M(p)g(p)

Tabulating the results

Input M(p) c(p) =M(p)g(p) | Code word| Weight of code word
000 0 0 0000000 0
001 1 p*+p>+p>+1 | 0011101 4
010 p p°+p*+pi+p | 0111010 4
011 p+1 pP°+p?+p+1 | 0100111 4
100 p? pé+p°+p*+p% | 1111000 4
101 p?+1 P®+p°+p3+1 | 1101001 4
110 p?+p p®+pd+p?+p | 1001110 4
111 | pP?+p+1| pP+p*+p+1 | 1010011 4
Note: XOR addition is used here, e.g.
P+ +p+pP+1) = pPP+p+p'+pP+pt+pP+pP+1

PP+ p°+ (1+1)p*+ pP+ (1+1)p*+1
= PP+p°+(0)p*+pP+(0)p*+1
= pPP+p+pP+1

(b)

dmin =4.
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Q5: Partial Solution

(@)

See Lecture 19, Slide 18 for solution.

(b)

dmin =3.

(©)

Giventhatc =[1 1 1 1].

Given that the generator polynomial for a (7,4) cyclic code is

g(p)=p>+p°+1

The systematic output code word is

I:)n—k — p3
M(p) = p°+p°+p+l
P*M(p) = (PP + PP p 1) =P+t pt
M) _ PP pttp?
ap PP+ pPtl
3 P’ +p+1
= p+p+1+7p3+p2+1
b(p) p*+p+1
o(p) = p"*M(p)+b(p)
= pP+pP+pt+pP+piptl
4 (111111 1]

See Lecture 19, Example 3 for detailed steps.
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