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tThis paper studies the probability that a random tournament with spe
i�eds
ore sequen
e 
ontains a spe
i�ed subgraph. The exa
t asymptoti
 value is foundin the 
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ores are not too far from regular and the subgraph is not toolarge. An n-dimensional saddle-point method is used. As a sample appli
ation, we1



prove that almost all tournaments with a given s
ore sequen
e (not too far fromregular) have a trivial automorphism group.
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1 Introdu
tionA tournament is a digraph su
h that between every pair of verti
es there is exa
tly onear
. Throughout this paper, we �x the vertex set to be V = f1; 2; : : : ; ng. Let d�j ; d+j bethe in-degree and out-degree of vertex j in a tournament. De�ne Æj = d+j � d�j and 
allÆ1; Æ2; : : : ; Æn the ex
ess sequen
e of the tournament. Let Æ = maxfjÆ1j; : : : ; jÆnjg.Let H be a digraph with vertex set V and ar
 set A(H) su
h that between ev-ery pair of distin
t verti
es there is at most one ar
. We use d+j (H) and d�j (H) todenote the out-degree and in-degree, respe
tively, of vertex j in H. De�ne Æj(H) =d+j (H) � d�j (H), dj(H) = d+j (H) + d�j (H), Æ(H) = maxfjÆ1(H)j; : : : ; jÆn(H)jg, andd(H) = maxfd1(H); : : : ; dn(H)g.Let T (H; Æ1; : : : ; Æn) be the number of tournaments that 
ontain a spe
i�ed digraphH and have ex
ess sequen
e Æ1; : : : ; Æn: As spe
ial 
ases, we have T (Æ1; Æ2; : : : ; Æn) to de-note the number of all tournaments that have ex
ess sequen
e Æ1; : : : ; Æn, and T (n) =T (0; 0; : : : ; 0) to denote the number of labelled regular tournaments with n verti
es.Spen
er [1℄ evaluated T (n) to within a fa
tor of (1 + o(1))n and obtained the estimateT (Æ1; : : : ; Æn) = T (n) exp���12 + o(1)� nXj=1 Æ2j=n�for tournaments 
lose to regular. The asymptoti
 value of T (n) was obtained mu
h laterby M
Kay [2℄, who showed thatT (n) � �2n+1n� �(n�1)=2�ne�1=2 (n odd):Re
ently, M
Kay and Wang [3℄ obtained the asymptoti
 value of T (Æ1; : : : ; Æn) for Æ =o(n3=4). The following is an immediate 
onsequen
e of [3, Theorem 4.4℄.Theorem 1 Suppose Æ = o(n2=3). ThenT (Æ1; : : : ; Æn) � n1=2�2n+1n� �(n�1)=2exp��12 � � 12n � 1n2� nXj=1 Æ2j� 112n3 nXj=1 Æ4j � 14n4� nXj=1 Æ2j�2�:M
Kay suggested that a similar argument 
an be used to obtain asymptoti
s forT (H; Æ1; : : : ; Æn): We 
arry out this task in this paper. To simplify the analysis, we shall3



restri
t ourselves in the range Æ = o(n2=3) and d(H) = O(n1=2��0), where �0 is any positive
onstant.For a given digraph H and a given ex
ess sequen
e Æ1; Æ2; : : : ; Æn, de�ne�1 = 12n X1�j�n�2ÆjÆj(H)� Æ2j (H)�+ 13n3 X1�j�n Æ3j Æj(H)+ 1n4 X1�j�n Æ2j X1�j�n ÆjÆj(H); (1)and �2 = � 12n2 X(j;k)2A(H)�Æj � Æk � Æj(H) + Æk(H)�2:We shall proveTheorem 2 Suppose Æ = o(n2=3), d(H) = O(n1=2��) and d(H) Æ = o(n), where � is anypositive 
onstant. ThenT (H; Æ1; Æ2; : : : ; Æn)=T (Æ1; Æ2; : : : ; Æn) � 2�m exp(m=n + �1 + �2)uniformly as n!1.The rest of the paper is organized as follows. In Se
tion 2 we derive the asymptoti
value of an integral. In Se
tion 3, we use Cau
hy's Theorem to represent T (H; Æ1; Æ2; : : : ; Æn)as an integral and then apply the saddle point method and the results from Se
tion 2 toobtain Theorem 2. In Se
tion 4, we dis
uss several 
onsequen
es of Theorem 2.2 An IntegralIn this se
tion, we approximate the value of an n-dimensional integral we will need later.De�ne Un(t) = �x = (x1; x2; : : : ; xn) �� jxij � t; i = 1; 2; : : : ; n	Lemma 1 Let E, F and 0 < � < 1=20 be 
onstants and let Ajk(n), Bk(n), Cjk(n),Djk(n), �j(n) be real-valued fun
tions.Suppose(i) n�1Xj=1�jAjk + Akjj� = O(n1=2�3�)uniformly for all 1 � k � n� 1, and 4



(ii) Bk(n) = O(n�4�), Cj;k(n) = O(n�4�), Djk(n) = O(n1=2�5�), �j(n) = O(n�1=2�6�)uniformly for 1 � j; k � n� 1.De�nef(x) = exp��12(n� 1) X1�j�n�1�1� �j(n)�x2j + 12Xj 6=k xjxk + nE X1�k�n�1x4k+ F� X1�k�n�1x2k�2 +Xj 6=k Ajk(n)xjxk + i n X1�k�n�1Bk(n)x3k+ iXj 6=k Cjk(n)x2kxj +Xj 6=k Djk(n)x3kxj + o(1)�;where x = (x1; x2; : : : ; xn�1). ThenZUn�1(n�1=2+�) f(x) dx = n1=2�2�n �(n�1)=2 exp� X1�j�n�1�j(n)=2 + 3E + F + o(1)�:Proof. Let I be the above integral and de�ne the linear transformation T1 :zj = �1� �j(n)�1=2xj; 1 � j � n� 1:Let V1 be the image of Un�1(n�1=2+�) under T1. It is 
lear that V1 is between Un�1(n�1=2+�=2)and Un�1(n�1=2+2�), andI = Y1�j�n�1(1� �j(n))�1=2 � ZV1 exp��12(n� 1)X z2j + 12Xj 6=k zjzk+ nEX z4j + F�X z2j�2 +Xj 6=k A0jk(n)zjzk + i n X1�k�n�1Bk(n)z3k+ iXj 6=k Cjk(n)z2kzj +Xj 6=k Djk(n)z3kzj + o(1)�dz;where A0jk satis�es the same 
onditions as Ajk.Next we perform a se
ond linear transformation T2 to diagonalise the major quadrati
terms of the integrand: zj = yj � ��1; 1 � j � n� 1;where � = 1=(pn + 1) and �m = Pn�1j=1 ymj for any m. Let V2 be the image of V1 underT2. It is easily determined that the determinant of T2 is pn, and soI = pn Y1�j�n�1(1� �j(n))�1=2 � ZV2 exp��12n�2 + nE�4 + F�225



+Xj 6=k A0jk(n)yjyk + i n X1�k�n�1Bk(n)y3k+ iXj 6=k Cjk(n)y2kyj +Xj 6=k Djk(n)y3kyj + o(1)�dy;The region of integration V2 is somewhat irregular, but by the same method as usedin [2, Theorem 2.1℄, we 
an see that it 
an be repla
ed by Un�1(n�1=2+�) with negligible
hange of value.Finally we use an average te
hnique introdu
ed in [4, Lemma 3℄ to show that someunsymmetri
al terms are negligible. Let f0(y) = �12n�2 + nE�4 + F�22 and let f(y) bethe integrand of the previous integral.For 1 � m � n, de�ne m(y) = exp�f0(y) + n�1Xk=m n�1Xj=mA0jk(n)yjyk + i n n�1Xk=mBk(n)y3k+ i n�1Xk=1 n�1Xj=mCjk(n)y2kyj + n�1Xk=m n�1Xj=mDjk(n)y3kyj�;where A0jj(n), Cjj(n) and Djj(n) are interpreted as zero for 1 � j � n� 1. Then 1(y) = f(y) exp(o(1));  n(y) = exp(f0(y));and  m(y) =  m+1(y) exp(Z);with Z = n�1Xj=m�A0jm(n) + A0mj�yjym + i nBm(n)y3m+ i n�1Xk=1 Cmky2kym + n�1Xj=mDjmy3myj + n�1Xk=mDmkymy3j :De�ne � m(y) = 12� m(y) +  m(y1; : : : ; ym�1;�ym; ym+1; : : : ; yn�1)�:Sin
e Un�1(n�1=2+�) is symmetri
 about the origin, we haveZUn�1(n�1=2+�) � m(y) dy = ZUn�1(n�1=2+�)  m(y) dy:6



Using (eZ + e�Z)=2 = exp�O(Z2)�we obtain, for y 2 Un�1(n�1=2+�), that� m(y) =  m+1(y) exp�O(n�1�2�)�uniformly over m, and hen
e����ZUn�1(n�1=2+�)  m(y) dy � ZUn�1(n�1=2+�)  m+1(y) dy����= exp�O(n�1�2�)� ZUn�1(n�1=2+�) j m+1(y)j dy:Applying the same argument to j m(y)j, we obtainZUn�1(n�1=2+�) j m(y)j dy = exp�O(n�1�2�)� ZUn�1(n�1=2+�) j m+1(y)j dy:Therefore ZUn�1(n�1=2+�) j m(y)j dy = exp�O(n�2�)� ZUn�1(n�1=2+�) j n(y)j dy;and �nally ����ZUn�1(n�1=2+�)  1(y) dy � ZUn�1(n�1=2+�)  n(y) dy����= exp�O(n�2�)� ZUn�1(n�1=2+�) j n(y)j dy:Putting these results together, we �nd thatI � pn Y1�j�n�1(1� �j(n))�1=2 � ZUn�1(n�1=2+�) f0(y) dy;whi
h is 
overed by [3, Theorem 2.1℄. This gives the desired result on noting thatY1�j�n�1(1� �j(n))�1=2 � exp 12 X1�j�n�1�j!:
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3 Proof of Theorem 2Throughout this se
tion, we assume Æ = o(n2=3), d(H) = O(n1=2��0), d(H) Æ = o(n), andthat �0 < 1=100 is a positive 
onstant.For a given digraph H, de�ne �jk = 1 if (j; k) 2 A(H), and �jk = 0 otherwise. Alsode�ne 
j = Æj � Æj(H). LetG(x) = G(x1; x2; : : : ; xn) = Y1�j<k�n(x�1j xk + xjx�1k ) Y(j;k)2A(H) xjx�1kxjx�1k + x�1j xk :Then T (H; Æ1; : : : ; Æn) is the 
oeÆ
ient of xÆ11 � � �xÆnn in G(x). Setting xj = rj exp(i�j), wehave by Cau
hy's Theorem thatT (H; Æ1; : : : ; Æn) = (2�)�n Y1�j�n r�Æjj ZUn(�)G(r1ei�1 ; : : : ; rnei�n) exp��i X1�j�n Æj�j� d�:De�ne Tjk��� = r2j exp�i(�j � �k)�+ r2k exp�i(�k � �j)�r2j + r2k ;g(�) = exp��i X1�j�n(Æj�j)� Y1�j<k�nTjk(�) Y(j;k)2A(H) ei(�j��k)=Tjk(�);and I = ZUn(�=2) g(�) d�: (2)Sin
e g(�) is invariant under the translation of any �j by �, we obtainT (H; Æ1; : : : ; Æn) = ��nI Y1�j�n r�Æjj Y1�j<k�n(rj=rk + rk=rj)� Y(j;k)2A(H) r2j=(r2j + r2k): (3)Sin
e the integrand is invariant under a uniform translation of �j by �n, andPnj=1 Æj = 0,we have I = � ZUn�1(�=2) g(�1; �2; : : : ; �n�1; 0) d�0;where �0 = (�1; : : : ; �n�1). For a positive 
onstant � satisfying � < �0=6, let I1 be the
ontribution to I from � 2 Un�1(n�1=2+�). As in [3℄, we �rst estimate I1 and then show8



that I1 � I. In the following analysis, we shall assume �0 2 Un�1(n�1=2+�) and �n = 0. Toapply the saddle point method, it is 
onvenient to 
hoose rj =p(1 + bj)=(1� bj); wherebj = 
j=n+ dj(H)
j=n2 � nXk=1(�jk + �kj)
k=n2 + 
j nXk=1 
2k=n4: (4)It is important to note that bj = 
j=n+ o(1=n) = o(n�1=3) and P1�j�n bj = 0. Letajk = (r2j � r2k)=(r2j + r2k) = (bj � bk)=(1� bjbk): (5)Using Taylor expansion, we have, for �0 2 Un�1(n�1=2+�), thatTjk(�) = exp�iajk(�j � �k) + (�12 + 12a2jk)(�j � �k)2+ 13ajki(�j � �k)3 � 112(�j � �k)4 +O(n�2��)�: (6)Noting thatPk�1(�jk + �kj) = dj(H) = O(n1=2��0) and expanding the powers of �j � �k,we obtaing(�) = exp�i X1�j�n� X1�k�n ajk � Æj + Æj(H)� X1�k�n(�jk + �kj)ajk��j+ X1�j�n�1��12(n� 1) + X1�k�n a2jk=2 + dj(H)=2��2j+ 12Xj 6=k �j�k +Xj 6=k��a2jk=2� �jk(1� a2jk)��j�k+ i n X1�j�n�1O(n�1=3)�3j + iXj 6=k O(n�1=3)�j�2k� 112n X1�j�n�1 �4j � 14� X1�j�n�1 �2j�2 +Xj 6=k �j�3k + o(1)�:Using (4), (5) and the 
omment after (4), we haveX1�k�n ajk = 
j + dj(H)
j=n� X1�k�n(�jk + �kj)
k=n+ o(n�2=3)and X1�k�n(�jk + �kj)ajk = dj(H)
j=n� X1�k�n(�jk + �kj)
k=n+ o(n�2=3);
9



and hen
eg(�) = exp� X1�j�n�1��12(n� 1) + X1�k�n a2jk=2 + dj(H)=2��2j+ 12Xj 6=k �j�k +Xj 6=k��a2jk=2� �jk(1� a2jk)��j�k+ i n X1�j�n�1O(n�1=3)�3j + iXj 6=k O(n�1=3)�j�2k� 112n X1�j�n�1 �4j � 14� X1�j�n�1 �2j�2 +Xj 6=k �j�3k + o(1)�: (7)Applying Lemma 1 and using12(n� 1) X1�j�n�1 X1�k�n a2jk = 1n2 X1�j�n Æ2j + o(1)and 12(n� 1) X1�j�n�1 dj(H) = mn + o(1);we obtain I1 � �n1=2�2�n �(n�1)=2 exp�m=n+ X1�j�n Æ2j=n2 � 1=2�: (8)The proof of the fa
t that the 
ontribution to I from the region other than that of I1is negligible is essentially the same as that of [3℄ and will be omitted.Using (4) and (5) with some 
al
ulation, we obtainY1�j<k�n(rj=rk + rk=rj) Y1�j�n r�Æjj= 2n(n�1)=2 exp�� 12n X1�j�n Æ2j � 112n3 X1�j�n Æ4j � 14n4� X1�j�n Æ2j�2+ 1n2 X(j;k)2A(H)�Æj(H)
k + Æk(H)
j�+ 12n X1�j�n Æ2j (H)� 1n2 X1�j�ndj(H)Æj(H)
j + o(1)� (9)
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and Y(j;k)2A(H) r2j=(r2j + r2k)= 2�m exp� 1n X1�j�n Æj(H)
j + 1n2 X1�j�ndj(H)Æj(H)
j+ 13n3 X1�j�n Æj(H)Æ3j + 1n4 X1�j�n Æj(H)Æj X1�j�n Æ2j� 1n2 X(j;k)2A(H)�(
j � 
k)2=2 + Æj(H)
k + Æk(H)
j�+ o(1)�: (10)Now Theorem 2 follows from (3) and (8){(10).4 Consequen
esFrom Theorem 2, we see that T (H; Æ1; Æ2; : : : ; Æn) usually depends on the stru
ture of thedigraph H. However, it 
an have mu
h simpler form in some spe
ial 
ases. Noting that�1 = 12n X1�j�n�2Æj(H)Æj � Æ2j (H)�+ o(1); �2 = � 12n2 X(j;k)2A(H)(Æj � Æk)2 + o(1)when X1�j�n jÆj(H)j = O(n);we obtain the following two 
orollaries.Corollary 1 Suppose Æ = o(n2=3), d(H) = O(n1=2��), d(H)Æ = o(n) andP1�j�n jÆj(H)j = O(n). ThenT (H; Æ1; Æ2; : : : ; Æn)=T (Æ1; Æ2; : : : ; Æn) � 2�m exp�mn + 12n X1�j�n�2Æj(H)Æj � Æ2j (H)�� 12n2 X(j;k)2A(H)(Æj � Æk)2�:Corollary 2 Suppose Æ = o(n2=3), m = O(n1=2��), and Æ(H)Æ = o(n). ThenT (H; Æ1; Æ2; : : : ; Æn)=T (Æ1; Æ2; : : : ; Æn) � 2�m exp� 1n X1�j�n Æj(H)Æj�:11



In parti
ular, T (H; Æ1; Æ2; : : : ; Æn)=T (Æ1; Æ2; : : : ; Æn) � 2�muniformly for all Æ = o(n2=3) and m = O(n1=3).For regular tournaments, we haveCorollary 3 Let Tn(H) be the number of regular tournaments with n verti
es 
ontainingthe digraph H. Suppose d(H) = O(n1=2��). Then, for odd n,Tn(H) � �2n+1n� �(n�1)=2�ne�1=2�12�m� exp�mn � 12n X1�j�n Æ2j (H)� 12n2 X(j;k)2A(H)�Æj(H)� Æk(H)�2�:A simple appli
ation of Theorem 2 is the unsurprising fa
t that very few tournamentswith Æ = o(n2=3) have nontrivial automorphisms. This allows us to estimate the numberof isomorphism types.Corollary 4 Suppose Æ = o(n2=3). Then the number of unlabelled tournaments withex
ess sequen
e Æ1; Æ2; : : : ; Æn is asymptoti
ally T (Æ1; Æ2; : : : ; Æn)=n! .Proof. Consider a random (labelled) tournament T with ex
ess sequen
e Æ1; Æ2; : : : ; Æn.It suÆ
es to prove that the expe
ted number of automorphisms of T is asymptoti
ally 1.We know that jAut(T )j is odd, be
ause T is a tournament. Let g be a non-trivialpermutation of V of odd order. De�ne S = S(g) to be the set of verti
es moved by g,and let k = jSj.Consider the set E of pairs of distin
t verti
es de�ned byE = � fi; jg; fig; jgg �� i 2 S; 1 � j � i � 12dlnne (mod n)	:It is easy to see that E (
onsidered as an undire
ted graph) has maximum degreeat most 48dlnne, and that jEj = m for 6kdlnne � m � 48kdlnne. De�ne a simpleundire
ted graph G = G(E; g) whose verti
es are the elements of E and whose edges arethe pairs fe; egg for whi
h both e and eg are in E. From the de�nition of E, G has atmost m=2 
omponents.Now 
onsider digraphs H whi
h are orientations of E. Within ea
h 
omponent of G,there are only two orientations that are 
onsistent with g being an automorphism of T ,and so there are at most 2m=2 possibilities for H with that 
onsisten
y. From Theorem 2,12



we have that ea
h su
h H is a subgraph of T with probability less than 2�m exp(mn�1=3)for suÆ
iently large n. Consequently, the probability that g is an automorphism of T isat most 2�m=2 exp(mn�1=3) � n�2kfor large n.There are less than nk permutations of V that move exa
tly k verti
es, so the totalexpe
ted number of nontrivial automorphisms of T is asymptoti
ally at mostnXk=3 n�k = O(n�3) = o(1):This 
ompletes the proof. Note that the bound O(n�3) is mu
h larger than the real value;we have been 
ontent to �nd a bound tending to 0.Referen
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