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ABSTRACT 

We survey t h e  r e s u l t s  obtained by a  l a rge  number of  authors concerning t h e  

spectrum of  a  graph. The questions of  charac te r i sa t ion  by spectrum, cospec t ra l  

graphs and information derived from t h e  spectrum a r e  discussed. 

1: INTRODUCTION 

Our aim here i s  t o  review a la rge  number of  papers which deal with t h e  

spectrum of a  graph, br inging t h e  r e s u l t s  toge ther  i n  one place f o r  easy and con- 

venient access. P r i o r  t o  t h i s ,  two s i m i l a r  surveys have been undertaken by 

~ v e t k o v i 6  1161 and Wilson E741. We attempt t o  b r i n g  these  surveys up t o  da te .  

Throughout we w i l l  consider simple graphs on a  f i n i t e  s e t  of v e r t i c e s .  

The adjacency matr ix A(G) of a  graph G on n v e r t i c e s ,  i s  t h e  n x n matrix ( a i j ) ,  

where a  = 1 i f  vertex i i s  adjacent  t o  ver tex  j  and a  = 0 ,  otherwise. By G ( X )  
i j  i j 

we mean t h e  c h a r a c t e r i s t i c  polynomial of  the  graph G. This we define t o  be t h e  

c h a r a c t e r i s t i c  polynomial, d e t ( ~ 1  - A ( G ) ) .  We note t h a t  some authors p r e f e r  

det(A(G) - X I ) ,  but  t h a t  t h i s  c l e a r l y  does not a f f e c t  t h e  r e s u l t s  obtained. The 

eigenvalues of  G a re  t h e  eigenvalues of A ( G ) ,  and t h e  s e t  of a l l  such eigenvalues 

i s  t h e  spectrum o f  G .  The s p e c t r a l  rad ius  of G ,  spec. rad .  (G), i s  t h e  l a r g e s t  

eigenvalue of  G. 

The f i r s t  paper published i n  t h i s  a r e a  appears t o  have been t h a t  by 

Collatz  and Sinogowitz [ill i n  1957. But obviously work had been done i n  t h i s  a r e a  

long before ,  as  one author ,  Sinogowitz, had already been dead f o r  13 years  when t h e  

paper appeared. Fur ther ,  some of  t h e  r e s u l t s  of [Ill were reviewed i n  [lo]. 

n 
Collatz  and Sinogo'witz put G ( X )  = 1 a \  and were able  t o  obtain 

r=0 
r e l a t i o n s  between some o f  t h e  c o e f f i c i e n t s  a  and c e r t a i n  graphical  p roper t i es .  For 

ins tance ,  they proved 



THEOREM 1.1. an = 1; a1 = t r ( ~ ( ~ ) )  = 0 ;  a, = -IE(G)I;  3.3 = -2t ,  where t i s  

the  number of t r i a n g l e s  i n  G; a4 = N ( ~ P ~ )  - 2N(c4) ;  as  = S N ( P ~  U c o )  - ~ N ( c ~ ) ,  

where N ( ~ ) i s  t h e  number of  copies of  H i n  G ,  and t r ( A ( ~ ) )  i s  t h e  t r a c e  of t h e  matrix 

A ( G ) .  n 

This r e s u l t  i s  general ised i n  [ 5 ~ N s e e  Theorem 5 .1) .  

A r e l a t e d  r e s u l t  of Col la tz  and Sinogowitz is  

THEOREM 1.2. I f  G i s  connected b i p a r t i t e ,  then ai = 0 f o r  a l l  odd i. 0 

(This condition was shown t o  be s u f f i c e n t  by Gantmacher i n  L281. He a l s o  

proved t h a t  f o r  G connected, G i s  b i p a r t i t e  i f  and only i f  - spec. rad .  (G) i s  an 

eigenvalue of  G.) 

In add i t ion ,  Col la tz  and Sinogowitz determined t h e  eigenvalues of P n y  'n' 

K ,  a l l  t h e  graphs with fewer than 6 v e r t i c e s ,  and a l l  t h e  t r e e s  with fewer than 9 

v e r t i c e s .  

They a l s o  considered t h e  s p e c t r a l  rad ius  of  a connected graph G,  and 

achieved, t h e  following r e s u l t .  

THEOREM 1.3. ( a )  i f  G* i s  obtained from G by adding a new edge, then 

spec. rad.  ( G )  < spec. rad .  (G*).  

(b) Average degree of  G 5 spec. rad .  ( G )  5 maximum degree of  G. 

c )  2 cos A + 2 spec. rad.  ( G )  5 n - 1. 

Many of  t h e  b a s i c  p roper t i es  of  t h e  spectrum of  G can be derived from 

elementary matr ix theory.  A number of these  r e s u l t s  a r e  l i s t e d  i n  [741 and we omit 

them here .  

A t  f i r s t  s i g h t  one might hope t h a t  t h e  spectrum of  a graph might somehow 

charac te r i se  it, but  it i s  very easy t o  f i n d  graphs with t h e  same spectrum. 

Examples were a l ready  ava i lab le  i n  1111. Consequently we say t h a t  two non-isomor- 

phic graphs a re  cospec t ra l  i f  they  have t h e  same c h a r a c t e r i s t i c  polynomial. The 

smallest  p a i r  of  cospec t ra l  graphs a r e  K; $ 4  and C 4  u K I ,  a f a c t  t h a t  seems t o  have 



been discovered a  number of  t imes.  Collatz  and Sinogowitz a l s o  knew of a  p a i r  of 

cospectral  t r e e s  on 8 v e r t i c e s .  We w i l l  pursue t h i s  l i n e  of  inves t iga t ion  i n  

Section 4. 

The eigenvalues o r  c h a r a c t e r i s t i c  polynomials f o r  a  number of  graphs a re  

known and a r e  t o  be found i n  [ ? I ,  [ill*. [131, [451, [531, 1631, C711. 

2 :  BASIC RESULTS 

There a r e  a  number of  s t raightforward r e s u l t s  t h a t  follow d i r e c t l y  from 

matr ix theory and which we omit here due t o  lack of  space. For ins tance ,  t h e  

eigenvalues of  any graph a r e  r e a l  and the  spectrum of a  disconnected graph i s  t h e  

union o f  t h e  spec t ra  of i t s  components. Such r e s u l t s  a re  r e a d i l y  ava i lab le  i n  [161 

and [741. 

We f i r s t  give some r e s u l t s  on methods o f  combining two graphs and t h e  way 

i n  which t h e  i n i t i a l  and f i n a l  s p e c t r a  a re  r e l a t e d .  

THEOREM 2.1. If G + H i s  t h e  join of t h e  graphs G,  H on m,  n  v e r t i c e s  respec t ive ly ,  

then 

(G + H ) ( A )  = ( - I ) ~ G ( A ) H ( - A  - 1 )  + ( - I ) ~ H ( A ) G ( - A  - 1) 

where c, H a r e  t h e  complements of  G,  H ,  r e spec t ive ly .  

Proof: See [ l6] .  When G and H a r e  regu la r ,  t h e  above r e s u l t  s impl i f i es  t o  t h a t  

obtained by Finck and Grohmann [261. Inc iden ta l ly ,  i f  G i s  regula r  o f  degree r 

with n v e r t i c e s ,  

THEOREM 2.2. I f  t h e  eigenvalues of G ,  H a r e  A ., ) - i ,  respec t ive ly ,  then 

* There a r e  some e r r o r s  h e r e ,  



Here G x H represen ts  the  ca r tes ian  product ,  G A H t h e  conjunction and G * H t h e  

s t rong  product,  

E: See L63J. The above theorem extends a  r e s u l t  of cvetkovi; [I&]. A 

formula f o r t h e  c h a r a c t e r i s t i c  polynomial of t h e  general ized composition ( ~ a b i d u s s i ' s  

X-join), G C H , ,  Hz, a * - ,  H 1, i s  given i n  C631 f o r  t h e  case where each H.  i s regu la r . [ ]  m 

I f  G @ H i s  t h e  graph obtained from G and H by joining a  ver tex  v of VG 

and a  ver tex  w of  VH by an edge, then we have t h e  following theorem. 

THEOREM 2 .3 .  ( G  @ H ) ( A )  = G ( X ) H ( A )  - G ( A ) H ( A ) ,  

where G H a r e  t h e  subgraphs of G ,  H, respec t ive ly ,  induced by V G \ { ~ > ,  VH\{W}, 
v' W 

respec t ive ly .  

Proof: See C633. 

A s imi la r  r e s u l t  can be achieved by i d e n t i f y i n g  t h e  v e r t i c e s  v e VG and 

w VH. This i s  c a l l e d  t h e  coalescence of  G and H and i s  denoted by G H. 

THEOREM 2 .4 .  ( G  . H ) ( A )  = G( A ) H ( X )  + G ( A ) H ( A )  - A G ( X ) H ( A ) .  

Proof: See C631. 

We a l s o  have t h e  following. 

THEOREM 2.5. Suppose t h a t  VG can be p a r t i t i o n e d  i n t o  d i s j o i n t  s e t s  C, , C,, --- , C ,  

such t h a t  t h e  number o f  v e r t i c e s  i n  C .  adjacent t o  a  given ver tex  i n  C i s  
J i 

independent of  t h e  choice of  t h e  ver tex  i n  Ci.  Let t h i s  number be c  and l e t  
i j 

C = ( c  ) .  Then t h e  c h a r a c t e r i s t i c  polynomial of  C divides t h a t  of  G. 
i j  

Proof: This i s  proved i n  C581, but i s  a  d i r e c t  consequence o f  a  r e s u l t  i n  C3bl. 0 



An i n t e r e s t i n g  r e s u l t  r e l a t i n g  the  c h a r a c t e r i s t i c  polynomial of a graph, 

t o  those of c e r t a i n  of i t s  subgraphs, i s  given below. 

d n 
THEOREM 2.6. Ã ( G ( A ) )  = I Gv (A),  where VG = { v l ,  v 2 ,  - * * ,  v } .  

i=l i 

Proof: See C91. In t h i s  paper Clarke a c t u a l l y  uses a  d i f f e r e n t  polynomial from 

t h e  one we a re  using. However, it i s  s t raightforward t o  obtain t h e  above r e s u l t  

from h i s  Corollary 3 t o  Theorem 5. 0 

COROLLARY. The vertex-deleted subgraphs of cospec t ra l  ver tex- t rans i t ive  graphs a r e  

cospectral .  Moreover, i n  t h e  l i g h t  of t h e  comment i n  t h e  proof of Theorem 2 .1 ,  

these vertex-deleted subgraphs a l s o  have cospec t ra l  complements. 

The following theorem r e l a t i n g  t h e  eigenvalues of G and a  subgraph of G 

i s  a l s o  worth not ing.  

THEOREM2.7. I f  v i s a v e r t e x o f  G ,  a n d ~ ( A )  = H ( \  - p i )  a n d G ( \ )  = n ( ~  - \ . ) ,  

then A, 5 \ i  5 \ 5 \ i  5 - - *  5 pn-l 5 A ,  f o r  a  s u i t a b l e  l a b e l l i n g  of t h e  eigen- 

values . 

Proof: This r e s u l t  i s  a  consequence of a  wel l  known r e s u l t  i n  matrix theory,  see ,  - 
f o r  example [ h l ,  p. 221. The theorem i s  noted, i n  C741 and considered f u r t h e r  i n  

~ 4 7 1 .  n 

3: CHARACTERISATION OF GRAPHS BY THEIR SPECTRA 

I n  t h i s  sec t ion  we consider t h e  problem of charac te r i s ing  a  graph by i t s  

spectrum. Although t h i s  p ro jec t  f o r  a  general  graph i s  doomed t o  f a i l u r e  by t h e  

examples of Section 1 and Section 4, t h e r e  a r e  a  number of types of graphs for  which 

charac te r i sa t ions  a r e  known. The r e s u l t s  'below f a l l  i n t o  two ca tegor ies .  One of  

these says t h a t  a  graph of a c e r t a i n  type with a  p a r t i c u l a r  spectrum belongs t o  a  

given s e t  of  graphs, while t h e  other  says t h a t  a  graph of  a  c e r t a i n  type with a  

p a r t i c u l a r  spectrum can only be a  spec i f ied  graph. 

By and l a r g e ,  t h e  r e s u l t s  of t h i s  sec t ion  deal  with regu la r  graphs. How- 

ever ,  t h e  reason f o r  progress  being made i n  these  d i rec t ions  i s  due more t o  t h e  



f a c t  t h a t  t h e  graphs considered have only a  small number of d i s t i n c t  e igenvalues,  

r a t h e r  than t o  t h e  r e g u l a r i t y ,  although n a t u r a l l y  t h i s  l a t t e r  i s  of  some ass i s tance .  

We note t h a t  many of  the  r e s u l t s  below have already been surveyed i n  t h e  

papers by cvetkovic Cl61 and Wilson [741, but we include them again here f o r  t h e  

sake of completeness. The f i r s t  few concern l i n e  graphs. 

THEOREM 3.1. The l i n e  graph of t h e  complete graph on n v e r t i c e s  has a s  d i s t i n c t  

eigenvalues, {-2, n, 2n - 21. Except f o r  n  = 8 ,  i f  

on n v e r t i c e s  with these eigenvaluesy then G =L(Kn 

G i s  a  regu la r  connected graph 

I f  n  = 8, then t h e r e  a re  t h r e e  exceptions 

Proof: See [TI, [81, [121, [ l i t ] ,  [351, r361. The exceptions a re  given i n  [81. 0 

THEOREM 3.2. The l i n e  graph of  t h e  complete b i p a r t i t e  graph K has a s  d i s t i n c t  
n  .=' 

eigenvalues, {-2, n - 2 ,  2n - 21. Except f o r  n  = 4,  i f  G i s  a  regu la r  connected 

graph on 2n v e r t i c e s  with these eigenvaluesy then G L ( K ~ , ~ ) .  If n = 4 ,  then 

there  i s  one exception. 

m: See 1691. 

THEOREM 3.3. The l i n e  graph of t h e  complete b i p a r t i t e  graph K has a s  d i s t i n c t  
m.n 

eigenvalues,  {-2, m - 2, n - 2,  m + n - 21. 

I f  G has mn v e r t i c e s  and t h e  eigenvalues l i s t e d  above, then G L ( K ~ , ~ )  

i f  and only i f  G has an m-clique. 

Proof: See [211. A number of o ther  r e s u l t s  concerning L(K ) and i t s  charac te r i -  
m.n 

sa t ion  a re  given i n  t h i s  paper. 0 

Now a b i p a r t i t e  graph on 2v v e r t i c e s  can be derived from a ( v ,  k ,  X) 

symmetric "balanced incomplete block design,  where every ver tex  has degree k and any 

two v e r t i c e s  i n  t h e  same p a r t  a r e  adjacent t o  exac t ly  A v e r t i c e s  i n  t h e  o ther  p a r t .  

Ca l l  t h i s  graph B. 

THEOREM 3 . b .  Let G be a  regu la r  connected graph on 2v v e r t i c e s .  The d i s t i n c t  



eigenvalues of G a re  given by Â±k Â±/(  - X )  i f  and only i f  G i s  isomorphic t o  t h e  

graph obtained from some symmetric b . i .b .d .  with parameters ( v ,  k ,  A). 

Proof: See [ U l l .  

Continuing on t h e  l i n e  graph theme, we have 

THEOREM 3.5. L ( B )  has a s  d i s t i n c t  eigenvalues ( - 2 ,  2k - 2 ,  k  - 2 Â /(k - A)}. 

Except f o r  v = 4, k = 3, A = 2 ,  i f  G i s  a  regu la r  connected graph on vk v e r t i c e s  

with these  eigenvalues, then G i s  isomorphic t o  t h e  l i n e  graph of a  symmetric 

b. i .b .d.  with parameters ( v ,  k ,  A ) .  I f  v  = 4, k = 3, A = 2,  t h e r e  i s  one 

exception. 

Proof: See [ U l l .  0 

Let IT be a  p r o j e c t i v e  plane with n + 1 poin ts  on a  l i n e ,  i . e .  ir i s  of 

order n. Let H ( T T )  be t h e  b i p a r t i t e  graph whose v e r t i c e s  a r e  t h e  2 (n2  + n + 1 )  

points  and l i n e s  of TT, where two v e r t i c e s  a re  adjacent  i f  and only i f  one of t h e  

v e r t i c e s  i s  a  po in t ,  t h e  other  i s  a  l i n e ,  and t h e  point  i s  on t h e  l i n e .  

THEOREM 3.6. The l i n e  graph of ~ ( i r ) ,  f o r  any IT of order  n ,  has a s  d i s t i n c t  eigen- 

values {-2, 2n, n  - 1 Â /n}. I f  G i s  a  regu la r  connected graph on ( n  + l ) ( n 2  + n + 1) 

ver t ices  with these  eigenvalues, then G Z L ( H ( I I ) ) ,  f o r  some II of order  n. 

Proof: This was proved d i r e c t l y  i n  [371, but i s  properly a  coro l la ry  t o  Theorem 

3.5. n 

On t h e  way t o  proving Theorem 3.6, Hoffman a l s o  proved t h e  following 

charac te r i sa t ion .  

THEOREM 3.7. A regu la r  connected graph G on 2(n2  + n + 1) v e r t i c e s  has a s  d i s t i n c t  

eigenvalues {Â±(  + l),  2 dn}, i f  and only i f  G = H ( T T )  fo r  some pro jec t ive  plane of 

order n. 0 

We now repeat  t h e  above process f o r  f i n i t e  a f f i n e  planes.  I f  II i s  a  

f i n i t e  a f f i n e  plane with n po in t s  on a  l i n e ,  then we define the  graph H(n) whose 

v e r t i c e s  a re  t h e  po in t s  and l i n e s  of II, with two v e r t i c e s  adjacent i f  and only i f  



one i s  a  po in t ,  t h e  o ther  a  l i n e  and t h e  point  i s  on t h e  l i n e .  

THEOREM 3.8. For a  p a r t i c u l a r  II, L(H(II))  has a s  d i s t i n c t  eigenvalues 

{-2, 2n - 1, n - 2,  7 ~ 2 n  - 3 Â J(4n + I ) ] ) .  I f  G i s  a  regu la r  connected graph on 

n2(n  + 1) v e r t i c e s  with these  eigenvalues, then G L(H(~)), f o r  some II of  order n. 

Proof: See [421. 0 

A graph can a l s o  be made from a ( v ,  b ,  r ,  k ,  1)-balanced incomplete block 

design. This has b + v v e r t i c e s  and two v e r t i c e s  a r e  adjacent i f  and only i f  one 

corresponds t o  ab lock  and t h e  other  corresponds t o  an element i n  t h a t  block. Ca l l  

t h i s  graph N. 

1 
THEOREM 3.9. L(N) has a s  d i s t i n c t  eigenvalues 1-2, r + k - 2 ,  ~ ( r  + k - 4) -i 3, 

1 
k - 21, where B = ~ ( r  - k ) 2  + r - A .  If r + k > 18, \ = 1, and i f  G i s  a  regu la r  

connected graph on vr v e r t i c e s  with these  eigenvalues, then G = L ( N ) ,  f o r  some N. 

Proof: See L241. 0 

In  a  s i m i l a r  vein we have 

THEOREM 3.10. The l i n e  graph of a  S te iner  t r i p l e  system i s  i d e n t i f i e d  a s  such by 

i t s  spectrum i f  r > 15. 

Proof: This i s n o t e d  i n  [20] a s  a  p r i v a t e  communication from the  author t o  himself.  
D 

Ste iner  graphs can be obtained from Ste iner  t r i p l e  systems i n  a  n a t u r a l  

way by considering t h e  blocks a s  v e r t i c e s  and saying two v e r t i c e s  a r e  adjacent  i f  

t h e  blocks have a  common element ( see  C661). It can then be shown, r21, t h a t  

1 
THEOREM 3.11. For s  s u f f i c i e n t l y  l a r g e ,  any s trong graph on g s ( s  - 1) v e r t i c e s ,  

1 3 
with eigenvalues { -3 ,  ~ ( s  - 9 ) ;  ~ ( s  - 3)) i s  isomorphic t o  some S te iner  graph of 

order  s .  0 

( A  s t rong graph i s  a  graph on n v e r t i c e s  which i s  not K o r  En, and whose 

adjacency matrix A = A ( G )  s a t i s f i e s  t h e  following r e l a t i o n  



where J i s  t h e  matr ix a l l  of whose e n t r i e s  a r e  1 and p i ,  p y  are s u i t a b l e  r e a l  

numbers with pi  * p o .  ) 

In Theorems 3.1, 3.2, 3.3, 3 .5 ,  3 . 6 ,  3.8, and 3 .9 ,  which a l l  dea l  with 

l i n e  graphs, it can be seen t h a t  i n  each case,  -2 i s  an eigenvalue. Further ,  -2 i s  

t h e  smallest  eigenvalue. We now consider genera l i sa t ions  of these  observations. 

THEOREM 3.12. ( a )  The minimum eigenvalue of  a l i n e  graph i s  grea te r  than ,  o r  

equal t o ,  -2. 

( b )  I f  G i s  connected, t h e  minimum eigenvalue of  L ( G )  i s  -2 i f  and only i f  

e i t h e r  

lE(G)1 - I v ( G ) ~  + 1 > 0 and G i s  b i p a r t i t e ,  o r  

I E ( G )  1 - I v ( G )  1 > 0 and G i s  not b i p a r t i t e .  

( c )  The minimum eigenvalue of L ( G )  i s  -2 unless  every connected component of G 

i s  a t r e e  o r  has one cycle  of odd length and no o ther  cycles .  

( d )  I f  t h e  diameter of  G i s  D ,  then t h e  minimum eigenvalue of L ( G )  l i e s  

between -2 and -2 C O S ( I T / ( D  + l ) ) ,  and these  bounds a r e  bes t  poss ib le .  

e )  I f  G i s  a regu la r  graph of degree r, with n v e r t i c e s ,  then 

L ( G ) ( A )  = (A + G(X + 2 - r ) .  

( f )  Let G be a b i p a r t i t e  graph with n.  mutually non-adjacent v e r t i c e s  of 

degree ri ,  i = 1, 2,  and ni 2 n;, then 

where a .  = A  - ri + 2,  i = 1, 2 ,  and g = n l r l  - n l  - n;. 

( g )  Let G be a regu la r  connected graph o f  degree 217 and with smallest  eigen- 

value -2, then G i s  e i t h e r  a l i n e  graph or  t h e  complement of  t h e  regu la r  graph of  

degree 1. The number 17  i s  t h e  bes t  poss ib le .  



( h )  I f  G = L(H) and t h e  minimum degree of  H ,  d ( ~ ) ,  i s  24, then t h e  minimum 

eigenvalue of G i s  -2. Further ,  the  number of v e r t i c e s  adjacent t o  both ui and ~ 9 ,  

A(ui, u z ) ,  i s  such t h a t  f o r  u i ,  u2 non-adjacent, A(ui,  u2) < degp ui - 2, i = 1, 2, 

where U I ,  uz e VG. 

i )  I f  f o r  a graph G,  ( a )  d ( ~ )  > 43, ( 6 )  t h e  minimum eigenvalue i s  -2,  and 

( y )  fo r  non-adjacent v e r t i c e s  ul, u2, we have A(ul,  u2) < deg,, ui - 2, i = 1, 2 ,  

then G i s  a l i n e  graph. 

u: The proof of ( a )  can be f o u d  i n  r391, a s  i s  p a r t  of (b). The proof of ( b ) ,  

( c ) ,  (d )  i s  i n  [221. I n  [591, ( e )  i s  proved, and ( f )  i s  proved i n  Cl61. No proof of  

( g )  a s  ye t  seems t o  have appeared i n  p r i n t .  It i s  r e f e r r e d  t o  o r i g i n a l l y  i n  C381 

where it i s  a t t r i b u t e d  t o  Hoffman and Ray-Chaudhuri, and then l a t e r  i n  Cl61 and 

[241 a t  l e a s t .  Also i n  [381, an example due t o  Se ide l  i s  c i t e d  (bu t  not g iven) ,  t o  

show t h a t  17  i s  bes t  poss ib le .  In  [54], ( h )  and ( i )  a re  proved. It i s  expected 

t h a t  t h e  number 43 i n  ( a )  i s  not b e s t  possible .  a 

The following r e s u l t s  a r e  along s i m i l a r  l i n e s  t o  t h e  work above, i n  t h a t  

they dea l  with t h e  number -2. 

THEOREM 3.13. I f  T i s  a t r e e  on n v e r t i c e s ,  L ( X )  i s  t h e  c h a r a c t e r i s t i c  polynomial 

of t h e  l i n e  graph of  T, and p i s  a prime, then L(-2) E 0 (mod p )  i f  and only i f  

IVTI 5 0 (mod p ) .  

Proof: See [221. n 

THEOREM 3.14. The only s t rongly  regu la r  graphs with smallest  eigenvalue -2, a r e  t h e  

l a t t i c e  graphs, t h e  t r i a n g u l a r  graphs, the pseudolat t ice  graphs, t h e  pseudotriangu- 

l a r  graphs, t h e  graphs of  Petersen,  Clebsch and S c h l g f l i ,  and t h e  complements of 

the  ladder  graphs. 

Proof: See L651. The graphs mentioned i n  t h i s  theorem are  described i n  [651 and 

elsewhere. It should be pointed out t h a t  Se ide l  works with ( 0 ,  -1, 1) matrices i n  

t h i s  paper ,  and hence t h e  value 3 i n  i t s  t i t l e .  These r e s u l t s  can be converted 

i n t o  r e s u l t s  f o r  ( 0 ,  1 )  matr ices .  Other r e s u l t s  on ( 0 ,  -1, 1) matrices  may be 



found i n  [311, r641, C661, [671. 

We now see t h a t  t h e r e  a r e  graphs o ther  than l i n e  graphs which a r e  

charac te r i sed  by t h e i r  spec t ra .  

THEOREM 3.15. The graphs on a  prime number o f  v e r t i c e s ,  whose automorphism groups 

a r e  t r a n s i t i v e ,  a r e  i d e n t i f i e d  within t h i s  c l a s s  of  graphs by t h e i r  spec t ra .  

Proof: The eigenvalues of  such graphs a re  given i n  1721 along with t h e  proof of  

t h i s  r e s u l t .  They a r e  e a s i l y  obtained s ince t h e  adjacency matr ices  of t h e  graphs 

i n  question a r e  c i r c u l a n t  matr ices .  It should be noted t h a t ,  i n  general ,  graphs 

whose adjacency matr ices  a r e  c i r c u l a n t s  a r e  not characterised, by t h e i r  spec t ra .  

An example of  such graphs on 20 v e r t i c e s  i s  given i n  t h e  Appendix. u 

A cubic l a t t i c e  graph with c h a r a c t e r i s t i c  n  (n  > 1) i s  a  graph whose 

v e r t i c e s  a r e  a l l  t h e  n 3  ordered t r i p l e t s  on n symbols, with two t r i p l e t s  adjacent  

i f  and only i f  they d i f f e r  i n  exac t ly  one coordinate. These graphs a r e  character-  

i s e d  a s  follows, where ~ ( x ,  y )  i s  t h e  number of  v e r t i c e s  adjacent  t o  both x and y. 

THEOREM 3.16. Except t o r  n  = 4 ,  G i s  t h e  cubic l a t t i c e  graph with c h a r a c t e r i s t i c  n ,  

i f  and only i f  i t s  eigenvalues a r e  \ = 3n - 3 - f n ,  with m u l t i p l i c i t y  

f  
pf = :](n - 1) , f  = 0 ,  1, 2,  3  and ~ ( x ,  y)  > 1 f o r  a l l  non-adjacent x, y. 

Proof: See c151 a f t e r  C481 and 111. 

A t e t r a h e d r a l  graph i s  def ined t o  be a  graph G, whose v e r t i c e s  a r e  

i d e n t i f i e d  with t h e  unordered t r i p l e s  on n symbols, two v e r t i c e s  being adjacent  a 
i f  and only i f  t h e  corresponding t r i p l e s  have 2 symbols i n  common. 

THEOREM 3.17. I f  G i s  a  t e t r a h e d r a l  graph, then ( i )  IVGI = , ( i i )  G i s  [;I 
regu la r  and connected, ( i i i )  t h e  number of  v e r t i c e s  a t  dis tance 2 from a given 

3 
vertex v i s  ~ ( n  - 3 ) ( n  - 4) f o r  a l l  v  VG, ( i v )  t h e  d i s t i n c t  eigenvalues of  G a re  

{-3, 2n - 9, n  - 7 ,  3n - 91. For n > 16 any graph possessing proper t i es  ( i ) - ( i v )  

i s  t e t r a h e d r a l .  

Proof: See C61. 



In  1331, Harary and Schwenk pose t h e  problem of determining a l l  graphs 

whose spectrum consis ted e n t i r e l y  of in tegers .  They c a l l e d  these graphs i n t e g r a l  

graphs . 

THEOREM 3.18. The s e t  I of a l l  r egu la r  connected i n t e g r a l  graphs with a fixed 

degree r ,  i s  f i n i t e .  

Proof: See [171. 0 

The problem suggested by Theorem 3.18 then i s  t o  completely determine t h e  

s e t  I .  For r 5 2 ,  these  a re  P2, C 3 ,  C 4  and C g  ( see  [331) .  What i f  r = 3? 

THEOREM 3.19. There a r e  t h i r t e e n  connected cubic i n t e g r a l  graphs. 

Proof: See [ I71  and [621. 0 

It can a l s o  be shown t h a t  Cayley graphs of  Z; always have i n t e g r a l  spectra. 

A t  t h i s  s tage l i t t l e  more seems t o  be known about i n t e g r a l  graphs. 

In a s imi la r  ve in ,  Doob has t r i e d  t o  determine which graphs have a small 

number of eigenvalues. Some of t h i s  work r e l a t e s  back t o  e a r l i e r  theorems con- 

cerning l i n e  graphs. 

THEOREM 3.20. ( a )  G has one eigenvalue i f  and only i f  G = K . 
( b )  G has  two d i s t i n c t  eigenvalues a-\ > 0 2  i f  and only i f  each component 

of G i s  Kal+l  and a2 = -1. 

c )  G has eigenvalues r ,  0 ,  ay i f  and only i f  G i s  t h e  complement of  t h e  union 

of  complete graphs on -a2 v e r t i c e s .  (r i s  t h e  degree of G . )  

( d )  G has  eigenvalues ?a, 0 i f  and only i f  G = K and mn = a2. 
m.n 

e )  I f  G i s  regu la r ,  then it has eigenvalues Â±r  Â±1 i f  and only i f  

G = K  r+l,r+l minus a 1-factor .  

Proof: See [201. 

THEOREM 3.21. If H i s  t h e  graph of a b . i .b .d .  and G ~ L ( H ) ,  then 

i )  G has t h r e e  eigenvalues i f  and only i f  t h e  b .  i .b .  d. i s  symmetric and 



t r i v i a l ,  

( i i )  G has  four  eigenvalues i f  and only i f  t h e  b . i .b .d .  i s  symmetric o r  

t r i v i a l ,  but  not both,  

(iii) G has f i v e  eigenvalues i f  and only i f  t h e  b. i .b .d.  i s  n e i t h e r  symmetric 

nor t r i v i a l .  

Proof: See [201. 

THEOREM 3.22. I f  G i s  a  graph with four  d i s t i n c t  e igenvalues,  t h e  smallest  o f  

which i s  -2, and G L(H), then 

( i )  H i s  s t rongly  regu la r ,  

i i )  H i s  t h e  graph of a  symmetric b . i .b .d . ,  

o r  (iii) H g K  w i t h m > n > 2 .  
m,n 

Proof: See c211. In f a c t  i f  G has four d i s t i n c t  eigenvalues, t h e  smallest  o f  

which i s  -2, then G ^ L ( H )  f o r  some H, except i n  a  f i n i t e  number of  cases .  

4:  COSPECTRAL GRAPHS 

I n  t h i s  sec t ion  we re turn  t o  a  considerat ion of  those graphs which have a  

cospectral  mate. The exis tence of  cospec t ra l  graphs was recognised i n  t h e  paper of  

CollatzandSinogowitz [Ill.  Some of these  graphs were rediscovered i n  [271 and 131 

and no doubt elsewhere. In  C321 t h e  smallest  ( i n  terms of t h e  number of  v e r t i c e s )  

cospec t ra l  graphs and t r e e s  were noted. Also i n  t h i s  paper ,  t h e  smallest  cospectral  

digraphs were l i s t e d .  We note i n  passing t h a t  more work on cospec t ra l  digraphs i s  

done i n  1461, C531. 

In  L301, t h e  number of cospec t ra l  graphs on 5 ,  6 ,  7, 8, 9 v e r t i c e s  a r e  

given, while i n  C671 t h e  eigenvalues of c e r t a i n  s t rongly  regu la r  graphs a re  l i s t e d ,  

f o r  t h e  ( 0 ,  -1, 1 )  adjacency matr ix.  

I n  a  general  sense, it i s  doubtful whether very much can be s a i d  about 

cospec t ra l  graphs. It i s  possible  t o  f i n d  cospec t ra l  graphs; cospec t ra l  connected 

graphs; cospec t ra l  t r e e s ;  cospec t ra l  f o r e s t s ;  cospec t ra l  regu la r  graphs; cospec t ra l  

ver tex- t rans i t ive  graphs; cospec t ra l  c i r c u l a n t  graphs; cospec t ra l  regu la r  graphs - 



one of which i s  ver tex- t rans i t ive ,  t h e  o ther  which i s  n o t ;  cospec t ra l  s t rongly 

regular  graphs - one whose group i s  of order 1 and i s  cospec t ra l  t o  i t s  complement, 

t h e  o ther  which i s  t r a n s i t i v e  and self-complementary; cospec t ra l  non-regular graphs 

with cospec t ra l  complements; cospec t ra l  t r e e s  with cospectral  complements; non 

self-complementary graphs which a r e  cospec t ra l  t o  t h e i r  complements; cospec t ra l  

graphs - one of which i s  self-complementary and one of which i s  no t ;  cospec t ra l  

t r e e s w i t h c o s p e c t r a l  l i n e  graphs. An example of each of t h e  above types of  graphs 

i s  given i n  t h e  Appendix. Where possible  t h e  smallest  such p a i r  i s  given. Further 

information on some of these  graphs can he found i n  [301. Two cospec t ra l  graphs 

with d i f f e r e n t  chromatic number may be found i n  [ U O I .  

It i s  n a t u r a l  t o  ask,  "How many cospectral  graphs a r e  there?"  It should 

be no s u r p r i s e  t h a t  t h e r e  a r e  a  non-f ini te  number. 

THEOREM 4 . 1 .  Given any p o s i t i v e  in teger  k, t h e r e  e x i s t s  n  such t h a t  a t  l e a s t  k 

cospec t ra l  graphs e x i s t  on n v e r t i c e s .  Further ,  n  may be chosen so t h a t  k of  

these cospec t ra l  graphs may be connected and regula r .  

Proof: Due t o  Hoffman, published i n  [531. 

THEOREM 4.2.  There a r e  i n f i n i t e l y  many p a i r s  of non-isomorphic cospec t ra l  t r e e s .  

Proof: By construct ion i n  C531. 0 

In  f a c t ,  cospec t ra l  t r e e s  a r e  more t h e  r u l e  than t h e  exception. 

THEOREM 4.3. If p i s  t h e  p r o b a b i l i t y  t h a t  a  randomly chosen t r e e  on n v e r t i c e s  i s  

cospec t ra l  t o  another t r e e  on n v e r t i c e s ,  then p + 1 as n -+ -. 

Proof: See L6l l .  

So i n  t h e  above sense,  almost a l l  t r e e s  have a  cospec t ra l  mate. But more 

can he sa id .  

THEOREM 4 . 4 .  Let a be t h e  property t h a t  an a r b i t r a r y  t r e e  S on n v e r t i c e s ,  has a  

cospectral  mate T which i s  a l s o  a  t r e e  and 3, T a r e  a l s o  cospec t ra l .  I f  



number of t r e e s  with property q 
r =  
n number of t r e e s  with n v e r t i c e s  ' 

then rn -+ 1 a s  n -+ m. 

The same r e s u l t  holds i f  i n  add i t ion ,  we requi re  S and T t o  have co- 

s p e c t r a l  l i n e  graphs whose complements a re  a l s o  cospec t ra l .  

Proof: See [30] f o r  t h e  f i r s t  p a r t  of  t h e  Theorem and C501 f o r  t h e  second p a r t .  1 

THEOREM 4.5. Given any graph G on n v e r t i c e s ,  the re  e x i s t  a t  l e a s t  

isomorphic p a i r s  of cospec t ra l  graphs on 3n v e r t i c e s  such t h a t  each member of each 

of t h e  p a i r s  contains  th ree  d i s j o i n t  induced subgraphs isomorphic t o  G ,  and i s  

connected i f  G i s .  

E: See C291. 

COROLLARY 4.6. Asymptotically, t h e r e  a r e  a t  l e a s t  hn-'//mi p a i r s  of cospec t ra l  

graphs on 3n v e r t i c e s .  

Constructions f o r  obtaining i n f i n i t e  fami l ies  of cospectral  p a i r s  of 

graphs a re  given i n  C291, [301, C531. 

F ina l ly ,  we note t h a t  

THEOREM 4.~. Every graph can be embedded i n  each graph of a p a i r  of  cospec t ra l  

regular  graphs. In  f a c t  t h e  degree and diameter of  these  cospec t ra l  graphs may be 

a r b i t r a r i l y  l a rge .  

Proof: See C231. 

5: INFORMATION FROM SPECTRA 

The information t h a t  can be obtained from s p e c t r a  b a s i c a l l y  breaks down 

i n t o  two kinds.  In t h e  f i r s t  kind we obtain information about various p roper t i es  

of t h e  graph i t s e l f ,  such a s  t h e  chromatic number, while t h e  second kind gives us 

information about something outside graph theory  (and even outside mathematics ) , 



such a s  molecular  s t r u c t u r e .  

We cons ide r  what informat ion i s  ob ta inab le  about t h e  graph from t h e  

spectrum o f  t h e  graph.  

Suppose t h a t  U i s  a  graph on r v e r t i c e s  whose components a r e  s o l e l y  

edges and c y c l e s .  Then we have 

n  
THEOREM 5.1.  I f  G i s  any graph wi th  G ( X )  = 1 a X  

i = O  
where p ( ~  ) i s t h e  number o f  components o f  U and c  

o f  U which a r e  c y c l e s  

P roof :  See [571. 

n-r , t hen  a  = 1 ( - l ) ~ ( u r ) 2 ~ ( u r )  
U r c G  

( U  ) i s  t h e  number o f  components 

We now s e e  t h a t  Theorem 1.1 i s  an immediate consequence o f  t h i s  more 

gene ra l  r e s u l t ,  a s  i s  Theorem 1 . 2  and t h e  c o r o l l a r y  below. An independent proof  i s  

given i n  [531. 

COROLLARY 5.2.  I f  G i s  a  t r e e ,  t hen  la2kl i s  t h e  number o f  matchings o f  o rde r  k 

i n  G. 

Seve ra l  o t h e r  r e s u l t s  o f  Sachs ,  which a r e  l i s t e d  i n  [601,  and fol low more 

o r  l e s s  d i r e c t l y  from s t anda rd  m a t r i x  r e s u l t s ,  a r e  given below. 

THEOREM 5 .3 .  ( a )  Let G be a  graph wi th  s p e c t r a l  r a d i u s  p ,  e igenva lues  X i ,  IVGI = n  

and maximum degree 6 .  

i )  G i s  r e g u l a r  i f  and on ly  i f  l~~~ = np. 

( i i)  G i s  r e g u l a r  i f  and on ly  i f  p = 6 .  

( iii) The chromatic number o f  G i s  l e s s  than  o r  e q u a l  t o  p  + 1. 

( b )  I f  G i s  r e g u l a r ,  t hen  t h e  spectrum o f  G determines  

( i )  t h e  l e n g t h  o f  t h e  s h o r t e s t  odd cyc le  i n  G and t h e  number o f  such c y c l e s ,  

i i )  t h e  g i r t h ,  t ,  o f  G ,  

i i i )  t h e  number o f  cyc le s  o f  l e n g t h  h ,  where h  5 2 t  - 1. a 

It i s  a l s o  p o s s i b l e  t o  determine t h e  number of  spanning t r e e s  o f  a  graph. 



THEOREM 5.4. Let G be a graph on n v e r t i c e s .  

a )  I f  G i s  regu la r  of  degree r ,  with eigenvalues A 9 \ , * * .  , A n - l ,  r ,  then 

the  number of  spanning t r e e s  of G i s  p rec i se ly  

( b )  I f  G i s  a r b i t r a r y ,  G i s  t h e  graph obtained from G by adding s u f f i c i n t  

loops t o  make t h e  row sums of A ( G )  equal t o  n - 1 and A ,  A , , A n - l ,  n - 1 a r e  

the  eigenvalues of GO,  then t h e  number of spanning t r e e s  of G i s  equal  t o  

We mention i n  passing,  t h a t  t h e  number of spanning t r e e s  can equal ly well  

be determined by using t h e  matr ix M ( G ) ,  where m = -1 i f  v. - v i n  G,  m . .  = deg v. 
i j 1 j 11 

and m.. = 0 otherwise. F ied le r  [251 a l s o  uses t h i s  matrix t o  give a d e f i n i t i o n  of 
I J  

a lgebraic  connect ivi ty  of  graphs. 

Some information about t h e  automorphism group, r (G) ,  of a graph G can 

a l s o  be derived from i t s  spectrum. 

THEOREM 5 . 5 .  ( a )  I f  G has a l l  eigenvalues of m u l t i p l i c i t y  1, then every element of 

r (G) i s  of order  two, and so r(G) i s  elementary abel ian.  

( b )  I f  G ( X )  i s  i r reduc ib le  over Z, then I r ( G ) l  = 1. 

c )  I f  A = A ( G )  and t h e  minimal and c h a r a c t e r i s t i c  polynomials of A a r e  

i d e n t i c a l  over G F ( ~ ) ,  then g e r(G) can be expressed i n  t h e  form 

for  some bi G F ( ~ ) ,  where p ( A )  i s  t h e  minimal polynomial of  A' and 

1 
m = deg p(A) = {~n}. 



Proof: See [511 f o r  ( a ) .  The proofs of ( b )  and ( c )  a re  i n  C521. It i s  worth com- 

menting t h a t  ( b )  i s  a c t u a l l y  proved i n  a more general s e t t i n g ,  and i s  a general isa-  

t i o n  of  some remarks of Collatz  and Sinogowitz [ I l l .  The converse of (b )  i s  not 

t r u e .  

I f  we r e s t r i c t  our a t t e n t i o n  t o  t h e  b i p a r t i t e  graph G, then we can derive 

some information from r ] ( ~ ) ,  t h e  m u l t i p l i c i t y  of t h e  eigenvalue 0.  

THEOREM 5.6. ( a )  The maximal number of mutually non-adjacent edges of a t r e e  G 

1 
with n v e r t i c e s  i s  ~ ( n  - r](G)) .  

( b )  I f  G i s  a b i p a r t i t e  connected graph and n(G) = 0 ,  then G has a 1-factor .  

Proof: Par t  ( a )  i s  given i n  Cl81 and follows from a r e s u l t  i n  C571 and from 

Corollary 5.2,  while (b) can be found i n  [49]. 0 

It i s  of  p a r t i c u l a r  i n t e r e s t  t h a t  C491 i s  not a graph t h e o r e t i c a l  paper. 

In  f a c t ,  both chemists and p h y s i c i s t s  have taken i n t e r e s t  i n  what amounts t o  t h e  

spectrum of a graph f o r  a long period,  indeed, they were i n t e r e s t e d  i n  t h e  t o p i c  

even before graph theore t ic ians .  It seems l i k e l y  t h a t  Collatz  and Sinogowitz came 

on t h e  t o p i c - v i a  physical  motivations. A discussion of t h e  relevance of t h e  

p a r t i c u l a r  number T I ( G ) ,  t o  chemistry, i s  given i n  rl81. I f  n(G) > 0 ,  then t h e  

molecule corresponding t o  G cannot have t h e  t o t a l  e lec t ron  spin being equal  t o  

zero. This impliesmolecular i n s t a b i l i t y .  

A number of  references t o  chemical app l ica t ions  a re  ava i lab le  i n  [l81. 

Other papers which a r e  of i n t e r e s t  i n  t h i s  a rea  can be found l i s t e d  i n  [l61. The 

papers [b31 and [ T O ]  a re  a l s o  i n  t h i s  a rea .  

One question i n  physics which bears  on t h e  spectrum of a graph i s  whether 

o r  not one can "hear t h e  shape of a drum". Collatz  and Sinogowitz were probably 

motivated by t h i s  quest ion.  This problem i s  discussed i n  [31, 1271, C441, f o r  

example. 



APPENDIX: COSPECTRAL GRAPHS 

In t h i s  appendix we give a  number of examples of  famil ies  of cospec t ra l  

graphs. The graphs given i n  (1) t o  (71, (10)  and (11)  come from L301, while ( a ) ,  

(9) and (14)  have been found by t h e  authors .  

For (1) t o  (11)  we make t h e  claim t h a t  t h e r e  a re  no smaller famil ies  

i . e .  on l e s s  v e r t i c e s )  with t h e  proper t i es  s t a t e d .  

(1) Cospectral graphs 

( 2 )  Cospectral connected graphs 

(3) Cospectral graphs with cospec t ra l  complements 

( 4 )  Cospectral f o r e s t s  

( 5 )  Cospectral t r e e s  



(6) Cospectral t r e e s  with cospec t ra l  complements 

( 7)  Cospectral t r e e s  with cospec t ra l  l i n e  graphs 

(8) Cospectral t r e e s  with cospec t ra l  complements, cospec t ra l  l i n e  graphs, cospec- 

t r a l  complements of l i n e  graphs, cospec t ra l  l i n e  graphs of complements and 

cospec t ra l  dis tance matr ices  

( 9 )  Cospectral regu la r  graphs: we present  the  two p a i r s  of cospec t ra l  graphs on 

t e n  v e r t i c e s .  Each graph can be obtained from i t s  cospec t ra l  mate by switching 

about t h e  black points  ( ( a )  i s  cospec t ra l  t o  (b), ( c )  t o  ( a ) ) .  Switching i s  

defined i n  C671. 



(10)  Two examples of graphs cospec t ra l  but not isomorphic t o  t h e i r  own complements 

(11) A family of four cospec t ra l  graphs of which ( a )  and ( b )  a re  complements of 

each o ther ,  while ( c )  and ( d )  are  self-complementary. Furthermore, the  l i n e  graphs 

of ( a )  and (b) are  cospec t ra l ,  with cospec t ra l  complements. 

(12)  Two cospectral  regu la r  graphs, the  f i r s t  t r a n s i t i v e ,  t h e  second n o t .  These 

come from Cifll. We remark t h a t  ( a )  i s  the  l i n e  graph of  t h e  cube. ( ~ h e s e  graphs 

may not be t h e  smallest  such p a i r . )  

(13)  There a r e  two cospec t ra l  s t rongly regu la r  graphs on s ix teen  v e r t i c e s ,  namely 

the  l i n e  graph of K4 x K4, and Shrikhande's graph ( see  L691). These a re  t h e  



smallestcospectralstrongly r e g u l a r  graphs [671. They a r e  a l s o  both ver tex-  

t r a n s i t i v e .  We know of  no smal ler  p a i r  of  c o s p e c t r a l  v e r t e x - t r a n s i t i v e  graphs. 

(14)  We def ine  a  c i r c u l a n t  graph C ( S )  on n  v e r t i c e s  with  connection s e t  S  a s  

fol lows:  Let S be a  subset  of  t h e  i n t e g e r s  (mod n )  such t h a t  i f  x  e S,  then -x S. 

Then C ( S )  i s  t h e  graph with  v e r t i c e s  0 ,  1, --â , n - 1 and with  ve r tex  i adjacent  

t o  v e r t e x  j  i f  and only i f  i - j  S. 

The c i r c u l a n t  graphs on twenty v e r t i c e s  def ined by t h e  connection s e t s  

Si = {Â±2 Â±3 Â±h Â±7 and S; = {Â±3 Â±6 Â ± T  Â±8 a r e  non-isomorphic and c o s p e c t r a l .  

There a r e  no c o s p e c t r a l  c i r c u l a n t s  on l e s s  than twenty v e r t i c e s .  

(15)  Let G be t h e  graph on twenty-five v e r t i c e s  obtained by regarding t h e  v e r t i c e s  

a s  elements of t h e  f i e l d  of order  twenty-five, and t a k i n g  t h e  v e r t i c e s  t o  be 

adjacent  i f  t h e i r  d i f fe rence  i s  a  square i n  t h e  m u l t i p l i c a t i v e  group of t h e  f i e l d .  

Let H be t h e  graph obtained from t h e  graph denoted S t  2 . 1  i n  [671 by 

switching about t h e  neighbourhood of  ve r tex  t h r e e  i n  t h a t  graph, and d e l e t i n g  t h e  

i s o l a t e d  v e r t e x  which r e s u l t s .  Let be t h e  complement of  H.  

Then G i s  self-complementary and ve r tex- t rans i t ive ,H (and so E )  i s  an 

i d e n t i t y  graph and G ,  H and a r e  a l l  cospec t ra l .  
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