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Abstract

Let d(n,q) be the number of labeled graphs with n vertices, ¢ < N = (g) edges,
and no isolated vertices. Let x = g/n and k = 2¢ —n. We determine functions wy ~ 1,
a(z), and ¢(x) such that d(n,q) ~ wy (g)e”@(”ﬁH“(m) uniformly for all n and q > n/2.
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1 Introduction and statement of results.

For integers n and ¢, an (n, q)-graph is a labeled graph having n vertices and ¢ edges. In a
recent paper [1] we studied ¢(n, q), the number of connected (n, ¢)-graphs. We proved the
following asymptotic formula, with error bound uniform in ¢,

c(n,q) = uy (f) F(z)"A(z)(1+ o(1)), (1.1)

wherein k = ¢—n, N = (g), x = q/n, and uy, is a known function with uy, = 1+0O(1/k). The
functions F'(z) and A(x) appearing in (1.1) may be obtained by substituting the expression
(];)F(x)"A(x) for ¢(n, q) into an exact recursion for ¢(n, q), rearranging to obtain 1 on one
side of the equation, expanding the other side as an asymptotic series, and then “equating
coefficients.” The last step leads to differential equations involving F'(x) and A(x) which turn
out to have exact solutions. One may say that (1.1) is the formal asymptotic solution of the
recursion satisfied by ¢(n,q). The proof that the formula so obtained provides a uniformly
good estimate of ¢(n, ¢) is long and messy.

It is of interest to see if this method of “formal solution” can succeed on other classes
of graphs, and also to see if the general form of (1.1) holds for other classes of labeled
graphs. The present paper begins this further study. The class of graphs singled out for
investigation are the (n,q)-graphs having no isolated vertices. The number of such graphs
will be denoted d(n,q), “d” being both the next letter after “c” and also the first letter
of the word “dumbbell,” which is the typical component for small ¢q. (See Lemma 3.1.)
This class is interesting for two reasons. First, the recursion satisfied by d(n,q), (see (1.2)
below), is simpler than the nonlinear recursion satisfied by ¢(n, q), (see [1, (1.11)]). Hence,
it may be easier to gain insight into the method from the results on d(n, ¢) than from those
on ¢(n,q). Second, the functions F(z) and A(z) in (1.1) reduce when ¢ = inlnn + un,
to an expression for ¢(n,q) equivalent to a famous theorem of Erdds and Rényi featured
in the classic paper [3]. As is well known in the study of random graphs, the proof of
the latter theorem begins by showing that, for the stated range of ¢, “connected” and “no
isolated vertices” are roughly equivalent properties. With a uniform estimate of d(n,q) we
can compare these two properties for the entire range of q.

Here is the recursion satisfied by d(n, ¢), the number of (n, ¢)-graphs having no isolated
vertices, with N = (g)

qd(n,q) = (N —q¢+ 1)d(n,qg—1) +n(n—1)d(n—1,g— 1)+ Nd(n —2,q — 1). (1.2)

With the boundary conditions d(0, ¢) = d,0 and d(n,0) = 0,0, the above determines d(n, q).
The proof of (1.2) is immediate: the removal of an edge from a graph counted by d(n, q)
creates either zero, one, or two isolated vertices, respectively.

In the remainder of this paper, we will use the following notation:

n = number of vertices
N = (Z) = number of possible edges



g = number of edges
k = 2g—n
r = q/n
the positive solution of 22y = —In(1 —y), ifz > %,
y=ylz) = - (13)
0, if v = %,

Thus, associated with the pair (n,q) is a triple of values (k,z,y), and given n, any one of
q,k,x, or y determines the other three. If £ and n are given rather than ¢ and n, it is
always understood that ¢ = (n+k)/2 is an integer, that is, we assume that k =n (mod 2).
Similarly, if  or y is given rather than £ or g, it is understood that they are such that ¢ is an
integer. By expanding x = —In(1 — y) /2y as a power series in y, it is clear that = — y(z) is
an increasing bijection from [1/2, 00) to [0, 1). We use the notation (n)s for n falling factorial
s), that is, the product n(n —1)---(n — s+ 1).
For k > 0 we define

w, = V2rk(k/e)*/k!

N e—2:cy1—2oc n 1— y ) )
(n.9) wk(q)( 1—y 1—2:(1—y) ©

Note that, by Stirling’s formula, wy, = 14 O(1/k). The easily derived alternative expression
—2z,1-2x\ "
(e Yy ) _ y—ke—Zq(l—y)
L—y

may be useful, but is not used here. For even n, we define

N
d*(n,n/2) = (n/2> /42,

which, in fact, is the limit of d*(n,q) as y | 0.
Our main goal is to prove

Theorem 1. Let e > 0 be a real constant and let n/2 < g < N. Uniformly in ¢ as n — oo
we have

d(n,q) = d"(n,q) (1+0(1/n"")).

Remark. Experimental evidence suggests that the estimate in Theorem 1 has an actual
relative error of O(1/q) uniformly over n; by direct computation we have found

d 1.
M—1‘<j for n < 160.
d*(n, q) q

We obtain Theorem 1 from the following three theorems, which give better estimates for the
error in d(n, q)/d*(n, q) for various ranges of x.




Theorem 2. Let k > 0 and k = o(n*?). Then, uniformly in k as n — oo,

12k 2 1 3

2 k! 2 12n n
3
= d*(n,q) <1+O <k+1> + O <k—2>> :
n n

Theorem 3. Let k > 0. Then, uniformly in ¢ as n — oo,

N
d(n,q :< ) 14+ O(ne ).
(o=, (14 O(ne™))
Uniformly in x > 31nn as n — oo,

d(n.q) = d*(n,q) (1 + O(L/n)).

Theorem 4. Let € > 0 be a real constant and let n/2 < ¢ < N. Then, uniformly in q as
n — 0o

d(n,q) = d"(n,q) (1+ O(1/k) + O(k"7 /n?"=))

To obtain Theorem 1, use Theorem 2 for k < n*°=¢, Theorem 3 for k > 6nlnn, and
Theorem 4 for the remaining range.

Once isolated points are forbidden, there are only finitely many graphs with ¢ edges. We
will prove the following two theorems. As for Theorem 1, the relative error in Theorem 5
appears to be (1/q).

Theorem 5. For q > 1, denote the number of labeled graphs with q edges and no isolated
vertices by

d(q) = _d(n,q),
where the sum is over all n such that n/2 < g < N. For any € > 0,

d(q) = Co(C1g)*(1 + g +/™),

where
1
C, = 2 ~ 1.5313857152
T (m2)2ze T ‘



Theorem 6. The number of vertices in a random labeled graph with q edges and no isolated
vertices has an asymptotic distribution which is normal with mean q/In2 and variance

1—1In2
2(n2)2 "

The rest of the paper is organized as follows. Section 2 develops a few facts about the
function y = y(x), and some other related functions. Sections 3, 4, and 5 are devoted to
Theorems 2, 3, and 4, respectively. We prove Theorem 2 by a combinatorial argument, The-
orem 3 by computing the expected number of isolated vertices, and Theorem 4 by induction
based on (1.2), using the results of Theorems 2 and 3 for extreme ranges of z. Theorems 5
and 6 are proved in Section 6. In Section 7 we discuss further avenues for exploration.

2 Some analytic facts.

We want our asymptotic estimate of d(n,q) to be in the form (JZ) exp{ny(x) + a(z)}, and
so we introduce the functions ¢(z) and a(x), defined for = > 1/2 by

o(x)=—-2r+ (1 —22)Iny —In(1 —y) (2.1)
and
a(z) =2*(1— ")+ +iIn(1 —y) — 1 In(1 — 2z(1 — y)). (2.2)
In this notation,
d*(n,q) = wg <];[> exp{ny(z) + a(x)}. (2.3)

It is clear that as x | 1/2, ¢(x) — —1 and a(z) — oco. Our first two lemmas concern relations
satisfied by these functions.

Lemma 2.1. With ¢(x) defined by (2.1), we have the two relations

P =e ¥ @ (2.4)
y (1 +exp{—2z — ¢(z) + z¢'(x)}) = 1. (2.5)
Proof. We have
o) = —2x+(1—-2x)lny—1In(1 —y)
o) = -2 ! _y%g—i —2lny+ ﬁg—z
- ; (—Qy - 2:533; + 1;/33;) —2lny
= —2lny,



because when we differentiate the relation (1.3) with respect to x, we find that

dy 1 dy
-2y —2r—+ ———=0. O
ST T ydx
We now introduce three functions go(z), ¢i(z), and go(z). How these three functions
arise is clarified later in Lemma 5.1. For now our purpose is to record the fact that the
function a(z) given in (2.2) satisfies a certain differential equation. We define

w(r) = (3¢"(2) —d(@)y? (2.6)
gi(r) = (2-20° 4+ 3z — 1)’ (2) + (& — D)a'(2)) 2y(1 — y) (2.7)
pr) = (4—42— 42+ 122 — )% () + (22 — 1)d(2)) (1 — p)*. (2.8)

Lemma 2.2. With ¢(x), a(z), and g;(z) defined as above, we have

9o(z) + g1(x) + ga(z) = 0.

Proof. We have, since e=¥'(*) = 2 by the previous lemma,

_ —2dy/dx

1
Y (z 2.9
(z) y (2.9)
and, from (2.2),
dy dy/dx l1—y—xdy/dx
(z) =22(1 —y?) — 22%y—=+1— : 2.10
Substitution of these formulas, along with the fact from (1.3) that
dy _ 2y(1—y)
de  1—-2z(1—y)’
reduces the lemma to a calculation within the field of rational functions of x and y. 0

The next two lemmas obtain upper bounds which will be useful later.
Lemma 2.3. We have, uniformly for 0 <y < 1,

1—y=0(e)

Proof. Sincey — 1 as x — oo, the function z(1—y) = ze~2® is uniformly bounded. Hence,

1 —y=e 220y — O(e ). 0



Lemma 2.4. With ¢(z) and a(z) defined by (2.1) and (2.2), we have, uniformly for
0<y<l,

¢(x) =0(1/y), ¢"(x)=0(1/y"), d(x)=0(1/y), and a’'(x)=0(1/y").

Proof. During this proof let Z =1 —2x(1 —y). Because dy/dx = (1 —y)2y/Z, we find that
the class R of all functions of the form

p(z,y)
zm

(1-v)

in which p(z,y) is a polynomial and m is a nonnegative integer, is closed under di. From

(2.9) and (2.10) we see, since dy/dx and dZ/dx are in R, that a”"(x), ¢"(z), and all higher
derivatives of both functions belong to R. Any function h(x) belonging to the class R will
satisfy, in view of Lemma 2.3, h(z) — 0 as  — oo. Although a'(x) does not qualify for
membership in R, it is clearly bounded for y > 1/2. Hence, d'(z),a”(x), ¢"(z), and ¢"'(z)
are all bounded for y > 1. Note that in the range y < 1/2 each of ¢"(x) and d'(z) is

2
expressable as 1/y times a power series in y convergent for y < 1. The lemma follows. O

The final lemma of this section will play an important role later. It is a bit different from
the other four lemmas in that the variables & and n are again involved.

Lemma 2.5. Let A and B be real constants with 1 > A > B/2 > 0. There is a constant
¢y such that, uniformly in A, B, and k > 1,

c1(A— B/2)
Ay B(l—y) > n ’
k n = | a(A-B/2)
%

ify <1/2,

ify>1/2.

Proof. Since 2z — 1 = k/n, the quantity in question may be written

Ay — B(1 —y)(2z — 1)
k Y

which may be expanded as a power series in y:

k<(4_§>y+ Egnmn+m>

This proves the lemma for the case y > 1/2. For y < 1/2 we observe from the expansion of
2x — 1 = k/n as a power series in y that y must be greater than some constant times k/n.
The lemma follows. 0

We remark, but will not use, that ¢; in the previous lemma can be taken equal to 1/2.



3 The proof of Theorem 2.

The proof of Theorem 2 appears after we state and prove five preliminary lemmas. Through-
out this section we let D(n, q) be the class of graphs with n vertices and ¢ edges having no
isolated vertices; thus,

D(n, q) = d(n, q).

We shall see that when & = o(n??), most graphs in D(n,q) contain only four types of
components: a single edge, a path with three vertices and two edges, a star with a central
vertex joined to three others, and a path with four vertices and three edges. These are the four
possible trees with four or less vertices, and we shall refer to them by the names Ks, Ps, K 3,
and Py, respectively. Lemmas 3.2 and 3.4 below are examples of “switching arguments.”
Switching has proven to be a useful enumerative tool, especially in asymptotic enumeration
where it eliminates hard to estimate sums with alternating signs from inclusion/exclusion.
No survey exposition has appeared yet; see however [4] and [5] for early examples.

Lemma 3.1. Any graph G belonging to the class D(n,q) has at least n — 3k vertices in
K5 components.

Proof. Letting N; denote the number of vertices in question, and Ny the rest, we have
N1 + N2 = n.

Every component containing vertices of the second class has an edge/vertex ratio of 2/3 or
more; hence,

2 3 T 2
The lemma follows easily. 0

N1+27]\72<n+k

The corank of a graph G = (V, E) having ¢ components is |E| — |V| + ¢, which is the
dimension of the cycle space of G [2,p.36]. In particular, a graph is a forest if and only if its
corank is zero. We now write

D(n,q) = MogUM;U---,
M, being the class of graphs in D(n, ¢) having corank equal to h.

Lemma 3.2. Let the classes Mg, M,... be defined as above, k = o(n*?), and n — oo.
Then, uniformly in h and k,

M| = O(K*/(hn®)) [M 1.

Consequently, all but O(k3/n?) of the graphs in D(n, q) are cycle-free.



Proof. Given a graph in My, remove an edge which belongs to a cycle and use it to join
two Ky’s into a Py. The resulting graph belongs to M,_;. Since the corank is the dimension
of the cycle space, there are at least h edges which belong to a cycle. Thus the operation of
removing an edge from a cycle and joining two K5’s may be done in at least
sh-(n—3k)(n—3k—2)

ways. A given graph in Mj,_; is obtained by such an operation in at most (3k/4) (32k) ways.
In the latter estimate, the first factor bounds the number of P, components and the second
factor bounds the choices of two vertices in the same component which are not joined by

an edge. The first assertion of the lemma now follows easily, and the second assertion is
obtained by summing. 0

The next lemma is an easy consequence of the Priiffer algorithm [6, p. 229].

Lemma 3.3. Let £ be an ordered set of labels with L = |L| > 5. Then there is an injection
from Rq to Ra, where

Ri1= {T:T is a tree on the set L},

Ry = {(T, X1, Xo,...,X_4) : T is a rooted tree with three vertices from the set L, and
each X; € ﬂ}.

Proof. Asin the usual Priifer algorithm, prune the given tree T of one leaf at a time, always
pruning the leaf with the smallest label. Each time a leaf is removed, write down in sequence
the vertex to which it was attached, except for the (L — 3)-rd, which is the last. When the
(L —3)-rd vertex is removed, let the point of its attachment become the root of the remaining
tree of size 3. That this process is injective follows from the usual Priifer bijection. 0

The algorithm for realizing the injection of Lemma 3.3 will be referred to as the “partial
Priifer algorithm,” since it amounts to applying the usual algorithm and stopping just a few
steps early.

We now write

Mo:NOUN1U"',

N, being those cycle-free graphs in the class D(n, ¢) having h components of size 5 or greater.

Lemma 3.4. Let Ny, N1, ... be the class of graphs defined above, k = o(n?/?), and n — oc.
Then, uniformly in k and h,

NG| = O (K*/(hn?)) [Ni-a .

Consequently, all but O(k*/n?) of the graphs in D(n, q) are forests whose components belong
to the set {KQ, P3, K173, P4}

10



Proof. First, we claim there is a injection from &; to S; where

S = {(G,C, X1, Xs,..., X 3) : Gis a graph in N}, C' is a component of G having L > 5
vertices, each X; is an endpoint of a Ky component of G, and no two X; belong to the
same K component}

Sy = {(G, T, {Y1,Ya,...,Y 3}, Z1,Zs, ... Z14) : Gis a graph in N},_1, T is a component of
G which is a tree of size 3, T' has been rooted, the set {Y;} is an unordered collection
of endpoints of P3 components of GG, no two Y; belonging to the same P3; component,
each Z; is either a vertex of T' or one of the Y;, and repitition is allowed among the

Z;}.

Although the sets &7 and Sy are lengthy in description, the bijection is not: Given
(G,C,...)in 81, apply the partial Priifer algorithm to the tree C', obtaining a rooted tree T of
size 3 and an (L —4)-tuple (Z1, Z, ..., Z_4) of points of attachment; the set Y1,Ys, ..., Y, 3
is the set of leaves removed from C'; each is attached, in turn, to the corresponding ordered
X, yielding a P3 component of which Y; is an endpoint; the order of removal is then forgotten.

As a consequence of this injection we have, with N, ,EL) denoting the class of graphs in N,
having a component of size L > 5 distinguished,

L—4
IV TL (0 =3k —2i) < [8i] <[8)]
1=0

1 L—4

< oy (T =20 )@0) - 27 1N

=0

The leftmost inequality follows from the fact that, given (G, C) € N, ,EL), we have by Lemma 3.1
at least n — 3k vertices from which the X;, Xs,..., X;_3 may be selected. The rightmost
inequality follows from the fact that, given G € Nj,_;, we have by Lemma 3.1 at most 2k
endpoints of P3’s from which to choose Y, at most 3k choices for a root of a tree of size 3,
and of course L¥™* choices for the Z;. In all of the above, L can be at most 3k. Hence,
uniformly in k, h, and L,

o (s (2) o) i o (o B i

L—-3)! \n—-3k L—-3)! nt=3
When we sum the above for L > 5 we obtain
hINL| = Ok /n?) [INj—_1].
This is equivalent to the first assertion of the lemma. The second follows by summing on h,

and using Lemma 3.2. 0

Lemma 3.5. Let k> 1,k = o(n??), and n — oco. Then, uniformly in k,

> (8K2/3n)*

|
s>4k1/2 s

= O(k*/n?).

11



Proof. Considering ratios of consecutive terms, the sum is O(1) times the first term. Using
sl > (s/e)® and 4k/? > 2 completes the proof of the lemma. O

We are now ready for the proof of Theorem 2.

Proof. (of Theorem 2) When k = 0, and n is even, we have

n!

d(n,n/2) = W

=202 2(1 + O(1/n)),

which is consistent with the first equality in the theorem. The second equality follows easily.
Henceforth in the proof we assume k& > 1, and note, uniformly in £,

nl — (1/2)k n+3k)/2 2
GO O V2 expon/2 — 0k fan)
x (14 O(k/n) + O(k* /n?)), (3.1)

where we have used k = o(n?/?). Consider a graph G whose every component is one of Ky,
P;, K3, or Py. If the graph G contains s components of size 4, then it must contain k£ — 2s
of size 3 and s+ (n — 3k)/2 of size 2. In view of Lemma 3.4 and the fact that there are n" 2
unrooted, labeled n-vertex trees, we have

- n (33—2)k—2s(44—2)s (1+ O(kzg/n2))
d(n,q) = %E%ﬂmyﬂmmwz@+E§Quaﬁﬂﬂk—2ﬁwﬁﬁﬂ
n! (1+O(k%/n?))

= >t (3.2)

(n52E) K 20—/

where
(k>28 (4/3>S

B T —3k)/2).

Since
ts 8k?

<
ts—1 — 3s(n —3k)’
it is readily seen that t, < (8k?/3(n — 3k))°/s! and so

ol3/2 4Kt/
X n-om (i) —owm,

k/2>s>4k1/2

the first bound following from the facts that the sum is O(1) times its first term (k = o(n%?))
and that s! > (s/e)®, and the second bound from the fact that 4k'/2 > 2. Because ¢, = 1,

N ( S t$> (1+ 00k /n%)) . (3.3)

0<s<k/2 0<s<4kt/2

12



Uniformly for 0 < s < 4kY? we have
(K)as = k> (1+0(s*/k)),
(s+(n—3k)/2), = ((n—3k)/2)" (1+0(s*/n))
— (1/2)° (14 O(ks/n)),

and

teo= (8k*/3n)"(s)) ™" (14 O(s*/k) + O(ks/n)) .

The sum of the right side over s > 0 is exp{8k?/3n} (1 + O(k*/n?)). Invoking Lemma 3.5,
we find
> to=exp{8k*/3n} (1+ O(k*/n?)). (3.4)
0<s<4k!/2
The first equality of the theorem, for £ > 1, now follows by combining (3.1), (3.2), (3.3),
and (3.4), noting —% + g = 15—2 We have the following uniform estimates, which follow from
Stirling’s formula and the definition of y:

( N > _ n(n+k)/2 eXp{n/Q B 3/4 . k2/4n 4 O(k/n) + O(k3/n2)},

nik v
y = (2k/n)(1—4k/3n) (1+ O(K*/n?)),
y=2om — =k — (n/2k)k exp {4k2/3n + O(k3/n2)} ,

1—y)™ = exp{Qk—2k2/3n+O(k33/n2)}7
1-22(1—9y) = (k/n)(1+O0(k/n)),
and
?(1—y*)+a = 3/44O0(k/n).

Putting the above together yields the second equality in Theorem 2. 0

4 The proof of Theorem 3.

The probability that there is an isolated vertex in a randomly chosen (n, ¢)-graph is no greater
than the expected number of isolated vertices. With X denoting the random variable which
counts isolated vertices, we calculate

(5 (5,
PO = =y =,
< n <n]€q) =n (1 — %)q < ne %,

and the first part of Theorem 3 follows. The following lemma completes the proof of the
theorem and provides a tighter error bound.

13



Lemma 4.1. Let x > 3Inn, and n — co. Then, uniformly in q,

dt0) = (1 esplngte) + al} (14 0(1/a).

Proof. For large x we have the following, using Lemma 2.3 and (1.3),

y = 1+0(e?),
y(172x)n — yfk =1+ O(kef%:)’
1 — y = 672933/ _ 67296622:(171,/) _ 67250 (1 + O(l’@iQI)) :

e 2z n
< ) = 1+ O(nwe "),

I—y

Vi—y = €@ (1 + O(xe_%)) :
and

1—
22 (1-y?)+z —y - 1 9] 2 _—2x
e =201 — ) + O(x"e™ "),
leading to
exp{np(z) +a(z)} = 1+ O(ge™™).

Comparing with the first part of Theorem 3, the lemma follows. 0

5 The proof of Theorem 4.

Let the two dimensional array b(n, k) be defined by the equation

d(n,q) = <];7> eP@+al®) (1 4 p(n, k), (5.1)

where p(z) and a(x) are given by (2.1) and (2.2). Our object is to establish an upper bound
on b(n, k). Throughout this section we shall use the three inequalities

y<1/2, z<In2, and k< (2In2-1)n

interchangeably, without repeatedly remarking on the equivalence. We define the function
A = A(n,q) by
A~ { 1k, ify<1/2
I/n, ify>1/2.

Subﬁsti(tiuting (5.1) into the recurrence (1.2) and dividing through by q(JZ) exp{np(z)+a(z)},
we fin

14+0b(n,k) = Wo(l+b(n,k—2))
+Wi(14+bn—1,k—1)) (5.2)
+ Wo(l 4 b(n — 2,k)),

14



where, for example,

n—1

n(n —1 ( 2 )
( q(z)vg -1 ) exp {(n - 1)90(%) + a(%) —np(x) — a(x)},

and similar quotients may be written for W, and W,. The object of the next lemma is to
estimate each quotient W;.

W1 =

Lemma 5.1. Let the three quotients Wy, Wy, and Wy be defined as above in (5.2), let the
functions g;(x) be as introduced in (2.6) — (2.8), and let the “error terms” e; = e;(n,q) be
defined so that

Wy = y2+¥+eo(nﬂ)
X

Wy, = 2y(1—vy)+ 917(1 ) +e1(n,q)
e

Wo = 2+ 2 g

Finally, let n?/®> < k = o(n%/?), and n — co. Then, uniformly in k, the error terms e; satisfy
e; = O(z*A?).

Proof. We shall write down details for W;. The proofs for W, and W5 are very similar.

Starting from the identity q(l;[ ) =N (g:f), it follows that

n(n — 1)((;2)) _ 5 ((n— 1)(n — 2))‘1—1 Hﬂ
q@) n(n—1) =2 st 1—i/(N-1)

= 2exp{-22+ 222 + O(¢*/n®)}. (5.3)
Since (¢ —1)/(n—1) =2z + (x — 1)/(n — 1), we have, by Taylor’s formula with remainder,

exp {(n — 1)@(%) + a(%) —np(r) — a(m)}

= exp {_90(33) +(z— 1) (z) + (:cfl);ngO”(:c) + (:chly)La/(z) + El}, (5.4)
where
B, - 2@ D)+ (@ Dd(a)
n(n —1)
(= 1)*"(§)  (z—1)*a"(¢)
o= T 2m—12

with € and ¢ known to be between = and x + (x — 1)/(n — 1). From

y/2
20— 1) = B -
(2x ) + =+ 1 —y

o<

v
3
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we see that
y>2r—1)=k/n fory<1/2. (5.5)

If y is divided by 2 the effect on the corresponding z is to reduce it by more than y/4. Using
this, (5.5), and k& > n*° when y < 1/2, and easier reasoning when y > 1/2, we see that the
y values associated with £ and ¢ are at least y/2; by Lemma 2.4 then

P"(&) =0(1/y"), a"(Q) =O0(/y").

Applying Lemma 2.4 to the other two terms in E; we conclude

By = O(x*A?).
Again by Lemma 2.4, (%(m 1)%¢"(z) + (z — 1)a )/n = . We may thus expand
the “exp{---}” term in (5.4). Recalling that y* = e=¥' @ we ﬁnd
exp{(n — l)go( ) + a( ) —np(z) — a(:zc)} (5.6)
= e (—plo) + (o)) (14 L EEDED L o),

Combining (5.3) and (5.6) yields the desired estimate of ;. The quotients Wy and W5 may
be handled similarly, and the lemma is complete. O

The next lemma defines and bounds five additional error terms which are needed in the
proof of Theorem 4.

Lemma 5.2. Let A and B be real constants with 0 < A, B < 1 and let Wy, W7 and W,
be as in (5.2). Let e; = e;(n,q, A, B), 3 <i <7, be defined by the equations

@:ﬁﬁ@_%+d
nB -~ nB k 3
&;zi_fi@_é+§+e)
(n—1)8B — nB koon
kA kA 2B
@?ﬁ*:ﬁ@+7+@

W0+W1—|—W2 = 1—|—€6
2A A B 2B
W0<]_——+63> + Wl(l——+—+€4>+W2(1+—+65>
k kK n n
2A 2B(1 —
y 280 -y

et ]_—
k n

—|— €r.
Finally, let n*®> < k = o (n3/2) and n — oo. Then, uniformly in A, B, and q,

ei:O(:c‘lAQ), for 3<i<T7.
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Proof. The assertions about es, e4, and e5 are very simple, and that about eg follows from the
preceding lemma and the fact (Lemma 2.2) that go(z)+ g1(x) + g2(2) = 0. There remains e;.
Expand the left side of the equation which defines e; to obtain the four quantities displayed
here:

2A A B 2B
WQ(l——+€3> + Wl(l——+—+€4>+W2(1+—+65>
k kK n n

A
= Wo+Wr+Ws,) — E(QWO + W)
B
+ g(Wl + 2W2) + (W()eg + Wieq + WQ€5).

The first term on the right is 1+ e4. For the second and third terms, we note first by Lemma
5.1

2g0(z) + g1(2)

2Wo + Wy =2y + + 2e0(n, q) + e1(n, q)

) 4 91(0) +20s(2)

Wiy +2Wy =2(1—y +e1(n, q) + 2ea(n, q).

Using Lemma 2.4 we check that all three of g;(x) are uniformly bounded, as are the W; by
Lemma 5.1. Since both 1/k and 1/n are O(A), we obtain the desired bound on e; from the
known bounds on eq, . ..eg. This concludes the proof of Lemma 5.2. O

Proof of Theorem 4. Let 0 < € < 2/7 be given. Define A =1/7 and B = 2/7 — €. Since
1/k < k4 /n® for k > n?/°, it suffices to exhibit a constant C' sufficiently large that

1 kA )
- M /5
|b(n, k)| < C<k+1+n3> for k<n (5.7)
]{EA
b(n, k)| < Cn_B for n?® <k <n?—2n. (5.8)

Let ¢; be the constant given in Lemma 2.5. By Lemmas 5.1 and 5.2, there is a sufficiently
large ¢, such that |e;] < cz?A? for 0 < i < 7 and n?® < k = o(n®?). With these two
constants and € known in advance, we claim that C' may be chosen as follows:

C1. Choose ng sufficiently large that, for all n > ny,

(a) 035 > n2/5 12,
(b) (324cy/cie)(Inn)* < n'/°) and
(c) (1944cy/ci€)(Inn)’ < n.

C2. Choose C sufficiently large that (5.7) and (5.8) hold for the finitely many pairs (n, q)
with n < ng.

C3. Choose C sufficiently large, by Theorem 2, that (5.7) and (5.8) hold provided k < n®/.

C4. Choose C sufficiently large, by Lemma 4.1, that (5.8) holds provided x > 31nn.
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C5. Choose C sufficiently large that

(a) (324cy/cie)((Inn)?/nc) < C for n > ny.
(b) (1944cy/cie)((Inn)®/n*/5+€) < C for n > ny.

We now prove that (5.7) and (5.8) hold for this choice of C, using proof by contradiction.
Assume that the set of pairs (n,q) for which one of (5.7) or (5.8) fails is nonempty, and
choose one such pair which is minimal with respect to the product partial order on N x N.
By Conditions C2, C3, and C4 we must have n > ng,k > n%°, and = < 3Ilnn. Because
(n,q—1), (n—1,9—1), and (n—2, g—1) are all smaller than (n, ¢) in the product partial order,
and because Condition C1(a) implies k —2 > n?5 k—1> (n —1)*/°, and k > (n — 2)?/°,
we will have, by minimality of our counterexample,

bn,k—2) < C'(]{;;;)A
bn—1,k—1) < C%
b k C K
n — < S —
(n=2k) < (n—2)B

Denoting the three quantities b(n,k — 2), b(n — 1,k — 1), and b(n — 2, k) by bg, by, and by
respectively, we have from (5.2)

b, k)| < [ S Ws = 1] + [ Wibi| < |3 Wi — 1+ 3w b

since W; > 0. By the definitions of e; in Lemma 5.2, > W, — 1 = eg(n, ¢) and

kA 2A EA A B
k4 2B
+W2'Cn_B(1+7+65>
kA 24y 2B(1 —vy)
= On_B (1— 2 -+ n +€7(ﬂ,g) s

and so, by Lemma 5.2,

kA 24y  2B(1 —
b(n. )| < c2*A? + O <1 - ky L B-y)

+ 02964/\2) : (5.9)

In terms of A and € the conclusion of Lemma 2.5 may be expressed

24y 2B(1—y) L ac
k n — Ank’

When y < 3 A =1/k, and k > n*?®, Condition C1(b) implies

2t — 4Ank

18



and Condition C5(a) implies
cortA? < C’E c
? — nB 4Ank’
When y > 1/2, A =1/n, and x < 31nn, Condition C1(c) implies
C1€

AAnk’

crtA? <

and Condition C5(b) implies
cortA? < Cﬁ ac
? — " nB 4Ank’

Thus, from (5.9),

LA cl€ kA Ci€ Ci€
< C— vl ey

kA C1€
e —_— 1 —
CnB < 2Ank) ’

contradicting the assumption that |b(n, k)| > Ck*/nP. This completes the proof. O

6 The proof of Theorems 5 and 6.

We require the following estimate for d(n + ¢, q).
Lemma 6.1. Fix e > 0. Then uniformly for 1 + ¢ <z = O(1) and |t| < ¢*/®, we have

d(n+t,q)

= (V)enetorrat

= 1(2x + p(z) — 2¢/(2)) + 0% (=1 + Ja¢"(2)) + Olg~ /™ + |t ?).

Proof. By writing

T T

(K)g= [] (K —r+i)= T (K —r)* -

i=—T f=—17

with » = (¢ — 1)/2 and routine expansion, we find that

(("?) B tz?(t — 2o — 1) 1t +1
7<(g)) = 2t — . +O< 7 )

From Theorem 1, (2.4), (2.9) and the fact that ¢*®) and its derivative are bounded for
z € [5 + €,00], we have

In

d(n+t,q)

In (V)enetersate)

= 2tw —*2% /g +uln +t)¢' (z) + Ju*(n+ t)¢" () + to(x)

+O0(g V™ +nful + 1+ [t + [tPg7),

where u = ¢/(n +t) — g/n. Substituting u = —tz?/q + O(t*z3q~?), we have the required
expansion. 0
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We now prove Theorems 5 and 6.

Note first that o = In2 is a solution to the equation 2z + ¢(x) — x¢'(z) = 0. Define
ng = q/xo. Substituting into Lemma 6.1, we find that for |t| < ¢*3 and integer ng + t, we
have

no

d(no+t.q) = <(2>> (6.1)

q

242

noe(zo)+a(zo) . (IHQ)t 1 O —1/7+e t3 -2

: oxp (- e ) (L 0T )

Applying Euler-Maclaurin summation, we find that

o (1 =1n2
2 Mot = <( ; ))enwmomm)u(l +O0(q ™).
|t|<q2/3 q In2

Finally, we substitute the values of xq and ny with the aid of the expansion

((’;°)> _ <_Q> (2mg) 205 (1 4 O(g71))

q 21§
to obtain
Z d(ng +t,q) = Co(Crg)?(1 + O(Q_I/HE))- (6.2)
[t|<q?/3

It remains to be shown that larger values of ¢ do not significantly contribute. We begin
by establishing a log-concavity result. For any ¢ > 0 and all n, define

N onep(q/n) 1.
atnq) = { () o>y
0, otherwise.

Note that a(2q,q) = 0. Since
()= ()0
(@) =()()

Also, if g(z) = 2¢(1/2) then ¢"(z) = ¢"(1/z) /2, which is negative for z < 2. Hence,

we have

(2nP(a/n) > o(n=1)pla/(n=1) (n+1p(a/(n+1)
for 2¢ > n+ 1. If a(n,q) = 0, then a(n + 1,¢) = 0 and so we have
a(n,q)* = a(n —1,q)a(n +1,q) (63)

for all n.
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When t < —¢*3, the ratio q/(ng + t) is strictly larger than ¢/ny = log2 > %, and so
a(q/(ng +t)) is bounded. By Theorem 1 we have

> dno+t,q)=0(1) > alno+t,q). (6.4)

t<—q?/3 t<—q?/3

Define n; = |no], no = [ng — ¢*?|. Using Lemma 6.1 we find that for sufficiently large ¢
and some ¢ > 0,
O((?lg, q)
a(nla q)
By (6.3), this implies that for i > 0,

—eq/3

<e

a(ny —1i,q) < alna, q) exp(—cqg"*i/(n1 — na))

and so, summing a geometric series,

S alng +i,q9) = O(@"*)a(na, q) = O(¢"Pe= """ Ya(ny,q) = O(¢"?e " )d(n1, q).

>0

Since d(n1,q) is a term of the sum (6.2), we see that the terms for ¢ < —¢?/3 contribute to
d(q) less than the error terms of (6.2).
For the upper tail (the sum over t > ¢?/3), almost the same argument applies. The range

of the sum is 2¢ —ny >t > ¢*/3. Since a(2¢, ¢) had been defined to be 0, it is necessary (and
easy) to account for d(2¢, q) separately. In the remaining range, namely 2¢g—ng—1 >t > ¢*/3,
we have

¢ _49 1 1

no+t  2¢—17"2 4q

Noting that a(x) is decreasing, that

2x(1—y)z¥(l—y):1—(%—i—yg-i-'“),

and that y > ¢;(22 — 1) for some ¢; > 0, we find that for x = ¢/(no +t) and 2g —ng — 1 >

t > ¢*/3, we have
11—y 2(1—q)2 Co
a@ — [ 1TY w0 o @2 o102
’ 1—22(1-y) y'/? )

for some ¢y > 0. Replacing the O(1) term in (6.4) by O(¢*/?), we may now follow the same
argument used for t < ¢=%/3.
Theorem 6 follows from Equation (6.1) and the tail bounds established above. 0
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7

Some unexplored trails.

The above results leave a lot of unanswered questions. Here are a few in what may be an
increasing order of difficulty.

1.

The probability that a random graph with n vertices, ¢ edges has exactly t isolated

vertices is N
(2)ro-ea /(5)

When g = %nlogn + pn, routine analysis shows that this is asymptotically a Poisson
distribution with parameter e2*, as noted by Erdés and Rényi [3]. One might explore
the entire range from this Poisson to the normal distribution that occurs when ¢ is
small.

Let G be a connected labeled graph with s vertices and t edges, and define X =
X(G,n,q) to be the expected number of components isomorphic to G in a random
labeled graph with n vertices, ¢ edges, and no isolated vertices. Then,

n S
B(X) = oy d(n = 5.0.— 0/d(n.0)
In this equation Aut(G) is the graph G’s automorphism group. Using Theorem 1, we
can estimate £(X) uniformly. Similarly, any moment of the distribution of X can be
estimated. In many cases, this would allow us to infer a Poisson or normal asymptotic
distribution for X. A more challenging project would be to consider deeper questions
such as the point at which a large component appears when ¢ increases.

For what range of ¢ is it true that almost all (n,q) graphs without isolated vertices
have only tree and unicyclic connected components ? Preliminary calculations indicate
that the boundary is near the point z = 1e/(e — 1).

Having no isolated vertices is the same as requiring that the minimum degree be at
least 1. Can one obtain similar results when the minimum degree is 27 (Requiring the
minimum degree to be at least t > 2 may bring in new difficulties.)

It might be possible to prove the stronger relative error estimate O(1/¢) mentioned in
the Remark after Theorem 1 by applying our method to
N T
<q> exp{ny(x) + a(z) + M}

n

Presumably formal expansion yields a differential equation for ;(z). Theorem 3 prob-
ably suffices for large x, but Theorem 2 may need to be extended to a larger range
of k with an explicit term of the form ck®/n? in the exponential. On the other hand
perhaps there is a different and better method awaiting discovery.

Can our results be generalized to the case in which each component has at least ¢
vertices? If so, do the functions corresponding to ¢(x) and a(x) converge to those
found in [1] for connected graphs as t — 0o? It seems likely that ¢(x) will converge
but it may be too much to ask the same of a(zx).
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