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NOTES 7/7/7T

(a) Fig. 5.2 may be incomplete.

(b) p.143 : The Hoffman-Singleton graph on 50 points is an
example of a transitive graph with M2 # 0.

(c) Fig. 9.4 : Execution times are now considerably better for
edge-sparse graphs. For random graphs, new time = old time
x o x 1.05,

(a) 9.53 : The assertions in this section are not in general true.

Suppose [ = [Cllcz C. ] and define

v = {y e r(G)]cZ nc, #¢, 1<is<k}.

It is easy to show that the set Y of all elements of T
found by 9.21 or 9.24 lies in V¥, %but in general it may not be in

FE' However, if Y E'FC’ then <Y¥> = FC.

FC will be found correctly if V¥ = (example : all but

T
4
one of the cells of ¢ are trivial), if M, =0 (for 9.21, not 9.24)

or under various other conditions.

In practice, FC and f(G, ¢) can be determined by extending

G with a few extra vertices in the right way.



PREFACE

This thesis originally arose from the need for an algorithm
suitable for canonically labelling a graph with a large automorphism
group I'(G). Since all the existing algorithms that we knew of had
execution times highly dependent on |T(G)|, an effort was made to
devise a program which did not suffer from this deficilency. Eventually,
a system was devised by which elements of TI'(G) could be found during
the labelling process and used to reduce the amount of work. It soon
became evident that our algorithm was ideal for the study of I'(G),
since it appeared to find only a small set (less than [V(G)|) of

generators for I'(G).

When it came to constructing rigorous proofs for the
correctness of our algorithm, it became immediately obvious that a
more general setting was possible. Very soon a theory had emerged of
backtrack programming of a certain type and of the Znvariance group of
such a program. This theory is presented in Chapters Six and Seven.

Except as stated there, it is all original.

In earlier chapters we develop the necessary groundwork.
Chapters One to Three are devoted to the elementary concepts of
permutation groups, graphs, lattices, partitions and various other
objects. In Chapter Four we introduce the lattice 0(¥) of partitions
defined by the orbits of subgroups of Y. In Chapter Five we treat a
related lattice E(G) of equitable partitions of the point-set of a
graph G. The relationship between Z(G) and 0(T(G)) is considered,
and a new algorithm for finding the coarsest equitable partition finer

than a given partition is presented.

In Chapter Eight we give a reasonably general treatment of

existing solutions to various "graph isomorphism problems”. This



treatment is probably new. We then concentrate on the problem of
canonically labelling a graph, and devise a general method of solution

which appears to include most existing algorithms.

In Chapter Nine, we present several versions of our own
algorithm for canonically labelling a graph. We show that it falls
into the general class described in Chapter Eight but differs in that
the methods developed in Chapter Seven have been applied. We demonstrate
that the algorithm finds a set of no more than |V(G)| - p generators
for I'(G), where T(G) has p orbits. The efficiency of the algorithm
is then examined. For large random graphs we claim that it is impossible

to devise an algorithm which is very much faster.

There are many people without whose help this thesis might
have been considerably more difficult to complete. Special thanks are
due to Dr. B.D. Craven for his many efforts, and to Dr. D.A. Holton
for his detailed criticisms of the manuscript. I would also like
to acknowledge Mr. Chris Godsil for helping in the practical evaluation
of the program and for the many spirited discussions which kept my
enthusiasm alive, Finally, thanks are due to Miss Joan Beverley for
helping to read the proofs and to Mrs. Ann Windsor for her excellent

typing.



CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

ONE:

TWO:

THREE:

FOUR:

FIVE:

SIX:

SEVEN:

EIGHT:

NINE:

CONTENTS

INTRODUCTION

LTATTICES AND PARTITIONS

TECHNICAL PREREQUISITES

PERMUTATTON GROUPS

EQUITABLE PARTITIONS

BACKTRACK PROGRAMMING - I

BACKTRACK PROGRAMMING - IT

GRAPH ISOMORPHISM PROBLEMS

A NEW CANONICAL LABELLING ALGORITHM

BIBLIOGRAPHY

14

21

28

o9

T

102

116

153



CHAPTER ONE

INTRODUCTION

1.1 In this chapter we introduce some of the basiec concepts from

the theories of matrices, permutation groups and graphs.

1.2 If A is any set, |Al is the cardinality of A and 2A is its
power set. The null set will be denoted ¢. If A; and Ar are sets, the
set difference of Ay and Ay, is denoted Aj\Ap = {xlxe Ay, but x ¢ Ay}.
The cartesian product of A; and A, is denoted A7 X Ay. The symbol Zff

is an abbreviation for "if and only if".

To avoilid confusion with our notation for permutations, a
sequence (or vector) of elements of A will be denoted [x7, xp, *°°, Xr].

The sequence with no elements is the null sequence, and denoted L[1J.

Let f(n) and g(n) be real-valued functions defined for
positive integers n. If there is a constant M so that |f(n)! < Mlg(n)!|

for n > 0, we write f(n) = 0(g(n)).

1.3 Let A and B be matrices. The entry in the i-th row and

J=th column of A is denoted Aij’ The transpose and inverse (if it
exists) of A are respectively denoted A' and A" !. The tensor product
A ® B of A and B is defined as follows. Suppose A is n x m. Then

A ® B consists of n rows of m blocks, the j-th block in the i-th row
being the matrix AijB° The basic properties of the tensor product can
be found in Lancaster [38], but we will only have need for the

definition.

1.k Let V be a finite set. A permutation of V is a bijection

from V onto itself. The set of all permutations of V is denoted S(V),



2.
or 8 if V=411, 2, *c«, n}. If y ¢ S(V) and v ¢ V, the image of v
under y is denoted v'. Similarly, if @ < S(V), W is the set

{VY|Y € Q}. More generally, if uY ig defined for u € U and

Yy e ¢ S(V), we define = {WlueU, vy e ).

Permutations will be written using the familiar cyclic
notation. Thus if V = {1, 2, 3, 4, 5, 6} ana [17, 2¥, 3¥, LY, 57, 6]
=[2, 1, 4, 5, 3, 61, v can be written as (1 2)(3 4 5). 1In this case
(1 2), (34 5) and (6) are called the cycles of y. Trivial (unit-
length) cycles, like (6) are commonly omitted from the notation. The
points (elements) of V they contain are said to be fized by the
rermutation. The identity map on V, which fixes every point of V, is
called the identity or trivial permutation, and denoted (1). A
permutation of the form (vy vp), where vy, vo € V is called a

transposition.

1.5 Two permutations can be multiplied in the manner usual for
map composition. Thus if v € V and vy, 8§ € S(V) we have y§ € S(V)

where VYCS = (vY)G. Under this operation S(V) forms a group, called the
symmetric group on V. We can now define a permutation group on V as a
subgroup of S(V). The smallest such group is the trivial group {(1)}.

The theory of permutation groups additional to what we give here can be

found in Wielandt [79] or Scott [6L].

If ¥ < 8(V) and v ¢ V, then v! is called an orbit of ¥. Tt
is easy to see that every point of V is in some orbit (since (1) ¢ V)
and that no two orbits overlap. If ¥ has just one orbit it is called

transitive.

1.6 It ¥ <s(V), Uc V and ot = U, then ¥ induces a group of
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permutations on U, which we denote W'U. Again, if U € V we can define

the (point-wise) stabiliser of U in ¥ to be the group Y = {y ¢ yiu' = u

U
for all u € U}. We will find it convenient to write WV instead of

Y , ¥ instead of V¥ and so on.
v}’ “v,w {v,w}

9

If @ < 8(V), the group generated by © is defined to be the

smallest subgroup <52> of S(V) which contains Q. In particular,

<o = {(1)}.

If 2 ¢ 8(V) and v € S(V) we define v = {y8[8 ¢ Q} and
similarly Qy = {6yl € Q}. If ¥ < 8(V) and Q1, Q2 < ¥ we say that O
and Qp are conjugate in ¥ if Qp = y_lﬂly for some vy € ¥. Conjugacy
forms an equivalence relation on the power set 2W and partitions 2?

into conjugacy classes.

1.7 Suppose ¥, A < S(V) and any point of V not fixed by ¥ is
fixed by A. Then the permutation group <:W U A>> will be called the

direct sum of ¥ and A and denoted ¥ @ A.

Suppose that V = X X Y, where X = {x7, °°°, xm} and
Y = {y1, °°*, ym}e Let ¥ < 8(X) and A < 8(Y). The wreath product
Y[A]l is a permutation group on V defined as follows. Each element vy of

VLAl corresponds to a sequence [a, By, °°°, Bm] where o € ¥ and

B, € A (1 £i <m). The action of y on V is defined by
Y o o Bi -
(Xi, yj) (Xi . yj ) for (Xi, yj) e V. If we set a (1) and
B, = (1) for i # k, for fixed k, we find a subgroup of Y[A] isomorphic

to A, which we will call a copy of M in ¥[A].

1.8 In general, our graph-theoretic notation will follow that

of Behzad and Chartrand [ 4], and any definitions we have inadvertantly
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omitted can be found in that book. A directed graph (digraph) G consists
of a finite non-empty set V = V(G) and a set E(G) of ordered pairs of
distinct elements of V. Elements of V(G) and E(G) are respectively
called the points and directed edges of G. A graph G consists of a
finite non-empty set V = V(G) and a set E(G) of unordered pairs of
distinct elements of V. Elements of V(G) and E(G) are respectively
called the points and edges of G. If {vi, vao} € E(G) we can say that
the point vy is commected to the point vy, or alternatively that v; and
vy are adjacent. We can also say that the point vy and the edge

{vy, vo} are incident.

1.9 Two graphs are isomorphic if there is a bijection

Y : V(Gy) » V(Gp) which preserves adjacency. A labelled graph is a
graph whose points are associated in a 1-1 fashion with a set of
distinct labels. We will not always maintain a concise distinction
between graphs and labelled graphs in this thesis for the reasons which
follow. Almost invariably, we have used the set V= {1, 2, *++, n}
both for the point-set of a graph and for the labels of a labelled
graph. A graph with V as its point-set can be considered labelled if
we think of the point v belng labelled with the number v. Similarly, a
labelled graph whose points have been labelled with the numbers

{1, 2, #<e, n} can be thought of as corresponding to a graph whose
points are the labels of the labelled graph. In general, we will use
the adjective "labelled" when we wish to emphasize that the properties
we are considering may not be preserved under a re-labelling, or that
we are taking a particular graph G with points {1, 2, °°°, n} rather
than any graph isomorphic to G. Thus when we define G(V) to be the

set of all labelled graphs with point-set V we mean that isomorphic

but non-identical graphs are to be considered distinct elements of G(V).
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1.10 Let G € G(V) and v € S(V). We define G to be the graph with
point-set V such that {vly, vo'} € E(GY) iff {vy, v2} € E(G). Obviously
G and GY are isomorphic. If they are actually identical we say that y
is an automorphism of G. The set of all automorphisms of G form a group
called the automorphism group of G and denoted I'(G). G is said to be

transitive if T'(Q) is.

1.11 A graph H is called a subgraph of the graph G if V(H) < V(G)
and E(H) cE(G). If V(H) = V(G), H is called a spanning subgraph of G.
If U c V(@) and U # ¢ the subgraph <UD of G induced by U has point-

set U and all edges of G incident with two elements of U.

1.12 Several important families of graphs are given special names.
The complete graph on n points, Kn’ has every pair of points adjacent.
K3 is also called a triangle. The cycle on n points, z» has
V(Zn) = {vy, *°°, vn} and E(Zn) = {{vi, vj}|1 - J=1 (mod n)}. We are
avoiding the more common notation Cn since this will be used for the
cells of a partition. Finally, the path on n points, Pn’ has

= ° 6 o ey = < 4 .
v(P,) = {vy, R vn} and L(Pn) {{vi, Vi+1}'1 < i <n}. The points

vy and v_ and the endpoints of P_and the length of P isn - 1.

A subgraph of G isomorphic to Pn for some n =2 1 is called a
path in G. A subgraph of G isomorphic to Zn for some n =2 3 is called a

cycle in G. Spanning paths or cycles are commonly called Hamiltonian.

1.13 If u, v e V(G), au~vpath in G is a path in G whose
endpoints are u and v. If there exists au-vpath in G, we define the
distance 93(u, v) from u to v to be the length of the shortest u - v
path in G. 1In particular, d(u, u) = 0. If there is no u - v path in

G we define d(u, v) = ». If v e V(G), U c V(G) we define
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3(v, U) = min{d(v, u)|u € U}. The diameter of G is max{d3(u, v)|u, v e V(G)}.

If 3(u, v) is finite for all u, v € V(G), then G is called
connected. The maximal connected subgraphs of G are called its components.
If G has no cycles it is called a forest; if it is also connected it is

called a tree.

1.1k The degree dG(v) of a ﬁoint v in a graph G is the number of
edges incident with v. If v has zero degree it is called an isolated
point of G; if it has degree one it is called an endpoint of G. If
every point of G has the same degree, G is said to be regular.
Generalizing the notion of degree, for any set U € V(G) and v € V(G)
we can define the degree of v relative to U, dG(v, U), as the number
of edges incident with both v and an element of U. If it is clear
from the context which graph we are referring to, the notations

dG(v) and dG(v, U) can be abbreviated d(v) and d(v, U) respectively.

Let G e G(V). Then G € G(V) is the complement of G.
{vi, vo} is an edge of G iff vy # vo and {vy, vo} ¢ E(G). The proof

of the following lemma is trivial.
1.15 Lemma: If G e G(V), then T'(G) = I'(G). O

Here and elsewhere, the symbol [l indicates the end or

absence of a proof.

1.16 Let G e G(V) where V = {v,, =<-, Vn}° The adjacency matrix
of G is the n x n matrix A = A(G) where Aij =1 if {vi, Vj} e E(Q)
and Aij = 0 otherwise. We use the adjacency matrix to simplify the

definition of two graph operations. For any m > O define Im to be
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the m X m identity matrix and Jm'to be the m x m matrix with every

entry one.

Let G, H be labelled graphs, where |V(G)| =n, |[V(H)] = m.

cartesian product G x H is defined by
A(G x H) = A(G) ® I+ I, ® A(n).
The composition G[H] is defined Dby

A(G[H]) = I ® A(H) + A(G) ® I

The



CHAPTER TWO

LATTICES AND PARTITIONS

2.1 In this chapter we first introduce the idea of a lattice and
give a few basic lemmas. We then define the lattice of partitions of a
set and develop the elementary theory that will be needed later. All

the results of this chapter are well-known.

2.2 Let A be any set. A binary relation < on A is called a

partial order if for x, y, z € A we have

P
[

p—
b
A

Xy

—
[
e
e
w
in
IA

x implies x = y, and

Ys ¥

IA
IA
I

(iii) x <y, vy £ z implies x

If, in addition, either x £ y or y £ x for any pair of

elements x, v of A, then < is called a total order on A.

If < is a partial order on A, then the pair (A, <) is called
a partially ordered set, or simply poset. We will normally write
(A, <) simply as A, unless it is necessary to emphasise the order

relation.

Suppose A is a poset, and A" < A. An element x € A is the

least upper bound (lub) of A' if

(i) vy < x for all y € A', and

(ii) if y <z for all y ¢ A", then x < z.

Similarly, x is the greatest lower bound (glb) of A' if



(i) y 2 x for all y € A', and
(ii) if y 2 z for all y € A', then x > z.
2.3 A poset A is called a lattice if every two-element subset
{x, y} € A has a glb and a 1lub. The glb of x and y is called their

meet and denoted x A y. The lub of x and y is called their join and

denoted x V y.

Information on lattices additional to what we give here can

be found in Birkhoff [7]. The following two lemmas are standard.

2.4 Temma: [ 71 Let (A, <) be a lattice, and let x, vy € A. Then

(i) xAx=x, X VX

il
>
<

o
)
<
>
<
it

Yy AXs X VY=YV X

(ii1) xAa (xVvy) =x, xV (xAy) =x. 0

2.5 Lemma: Let (A, <) be a lattice, where |A| is finite. Then for

any subset A' c A, lub A' and glb A' exist.

Proof: Let A' = {x1, xp, °°*, Xr}. Then

glb A?

X1 A Xp Acce AR, and

Iub A' = x] V Xp V == V X, - 0
From now on we will assume that all our lattices are finite,
since we have no need for infinite ones. Sometimes lub A' and glb A

will be written V(A') and A(A') respectively.
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2.6 lemma: Let (A, <) be a lattice, and let A' < A. Then Tf A is

closed under v and contains A(A), (A', <) is a Llattice.

Proof: Let x, y € A'. By definition x Vy ¢ A'. Furthermore, the
glb of x and v in A' can be identified as V{z e A'|z < x A y}, where

A is the meet operation in A. O

2.7 Let V be a finite set. A partition of V is a set T of
disjoint non-empty subsets of V whose union is V, The elements of
are known as its cells . If a cell of 7 contains just one element
v e V, it will be called a trivial cell of w, and 7 will be said to

fix v.

Two partitions of V have special names. The discrete
partition of V consists of |V| trivial cells. At the other extreme,

the unitt partition of V consists of the one cell V.

Suppose the cells of T are Cy, Cop, **°, C To emphasise

"
the fact that 7 is a partition we will write it as {01|02[*°'|Cr}
rather than as {Cj, Co, °°°, Cr}' This will be especially convenient
when actual values are given. For example, if the cells of 7 are

{1, 2}, {3} and {4, 5, 6}, then 7 will be written as {1, 2|34, 5, 6}

or simply as {1, 2|4, 5, 6}, in which case elements of V not mentioned

are assumed to be in trivial cells.

2.8 The collection of all partitions of V will be denoted I(V).
We now proceed to define a partial order < on n(V) and then to show

that (II(V), <) is a lattice.

Let w1, mp € N(V). We say that mp is finer than my,

written w; £ wp if for every cell C; e m; there exists a cell Cp € m)
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such that C;

In

Co. In the same circumstances we call my coarser than

my (mp = m). For example, {1, 2|34, 5} < {1, 2, 3[4, 5}.

2.9 Lemma: < 18 a partial order on T(V).

Proof: Referring to the definition of partial order (2.2) we see that
conditions (i) and (ii) are satisfied trivially. Condition (iii)

follows from the transitivity of set inclusion. O

2.10 Lemma: Suppose my < mo where mi, mp € (V). Then each cell of

mo 18 a union of cells of wi.

Proof: If the lemma is not true, there are cells C; € m] and Cy € Ty
such that both C; n C» and C;\Cy are not null. But then w; is not

finer than mp. (]

2.11 Lemma: Suppose my, mo € L(V). Then glb {my, mo} exists (under <).

Proof: Define m = {C # ¢|C =Cy n Cy, C; € m, Cyp € mp}l. Clearly

me N(V) and m € wy, ™ £ 7o,

Now suppose that for some 7' € I(V), we have m' < 71 and
m' £ my. Then for any C' ¢ 7', there are cells C; € m; and Co € T

such that C' ¢ C; and C' ¢ C». Consequently, C' < C; n Cy and so

Therefore, m = glb {my, mo}. 0

2.12 Lemma: Suppose my, mo € I(V). Then lub {wy, mo} exists.
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Proof: Define a graph G € G(V) as follows. Two points vy, vy € V
are connected iff vy, # vy and v and vy are either in the same cell

of w1 or in the same cell of my.

Let m € (V) be the partition whose cells correspond to the

components of G. Trivially, w1 £ 7 and mp < T.

Now suppose that for some m' € (V) we have m; < 7' and

IA

To m'. Let C e m and vy, vp € C. Then there is a path in G of the

form vy = wg, Wi, *°°, v, = V2.

If wg is in cell C' of m', then either wg and wi are in the
same cell of M1, in which case 77 < 7' implies wy € C', or in the
same cell of mo, in which case mp < 7' implies wy € C'. Continuing
along the path in this fashion we see that vi; and vy, are both in C',

and so C < C',
Therefore m < 7' and so m = lub {my, 7o}. 0

From 2.9, 2.11 and 2.12 we have the following result.

2.13 Theorem: (I(V), <) s a lattice. 0

If my, mp € I(V), then the notations m; A mp and m; V 7o
will always indicate the meet and join in the lattice (N(V), <) even

though we consider other lattices of partitions.

2.1h There is a natural correspondence between (V) and the family
of equivalence relations on V. Given m e N(V), we can define the
equivalence vy > V2 iff vy and vy are in the same cell of n. Con-

versely, given an equivalence relation defined on V, we can find
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a partition whose cells are the equivalence classes.

We conclude with a final point of notation. Suppose m € I(V)
and that U ¢ V is a union of cells of m. Then ﬂlU is the partition of

U whose cells are those cells of m contained in U. might be called

Ty
the partition of U induced by w. TFor example, if w = {1, 23|k, 5, 6}

and U = {1, 2, 3}, then ﬂ|U = {1, 2[3}.
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CHAPTER THREE

TECHNICAL PREREQUISITES

3.1 In this chapter we present various items of technical
information which will be necessary for the proper evaluation of the
material in later chapters. We begin by describing the computer on
which our algorithms were implemented, and discuss the methods used
for representing various data items. Also in this chapter we give an
algorithm for computing a generalized form of the join of two partitions.

Finally, the concept of a "random graph" is discussed.

3.2 The algorithms described in this thesis have been implemented
on a CDC Cyber 70 model T73. The languages used have been FORTRAN and

assembly language (COMPASS).

In order that the execution times we present may be approxi-
mately translated into the context of another machine, we list a few

of the basgic operations and their execution times in microseconds.

FETCH 1.2
STORE 1-0
BOOLEAN OPERATION 05
SHIFT (any length) 0:6
POPULATION COUNT 6-8

The population count instruction counts the number of one-
bits in a word, and has proved especially useful. The Cyber has a
word size of 60 bits. Consequently our implementations have been
restricted to graphs of from 1 to 60 points, although larger graphs

may be accommodated with more complicated programming.
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3.3 In the description of algorithms in this thesis we have
attempted to adopt a free and simple format without sacrificing
rigour, but without adhering to any formal code. Briefly,

(1) The operator := indicates an assignment of value as in

ALGOL. For example the statement

means "increment i by 2", thus avoiding the contradiction
i=1i+2.

(2) Recursive definitions will be avoided (even if occasionally
at the expense of elegance).

(3) Semicolons will be used freely for punctuation. They do
not have any special significance.

(L) Unless otherwise specified, control flows from one step to

the next. The statement "stop" terminates execution.

As an example we give an algorithm for a generalized form
of the joln operation introduced in Section2.12. We shall need this

algorithm in Chapter Seven.

3.4 Let V be a finite set, and let Vi ¢ V, Vo, © V. Take

partitions my e T(Vy), mo e M(Vy).

We define a graph G as follows. The points of G are the
elements of V;. If vy, vp € Vy, then v; and vy, are connected iff

Vi ﬂ"i Vo or V1 ﬂ'_“z V.

M} V mp can now be defined as the partition in N(V;) whose

cells correspond to the components of G.



16.
3.5 Lemma:
(1) IfVynVy =¢,then my V mpy = my,
(2) In general w1 V mp 2 my V my. However, 1f Vi = Vy, then

TV Ty =Ty VU] = W]V oM. a

We now give an algorithm for finding m = w1 V my. Suppose

mz = {Dy[Dyl+=~ D } (1< 2).

3.6 Algorithm: Compute m = m; V mj.

(1) Set m := 713 i := 1. Suppose © is the partition

(2) Set k := 1.
(3) Ifk =27 go to step (9).
() 1r D, nC. = ¢, go to step (5). Otherwise set k := k + 1

and go to step (3).

(5) Set j :=k + 1; j' := k.

(6) 1r Cj nD;, =¢set j' :=J' +1and Cj' 1= Cj' Otherwise
set Ck = C_u CJ

(7T) Set j := j+ 1. Ifj<kgotostep (6).

(8) set r := j°

(9) Set i :=1i+ 1. Ifi < & go to step (2). Otherwise stop.

3.7 Theorem: At the termination of Algorithm 3.6, m = {01|C2|--°|Cr}

is the generalized join w1 V ma.

(1) Note that at step (6) we always have j' < j and so the
assignment Cj' H= Cj does not destroy cells which have not
been examined.

(2) The effect of steps (5)-(7) is to merge all those cells
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of m which have non~zero intersection with Di' Since no
other changes are made to 7 (as an unordered collection of
cells), we must have m < w1 V my.

(3) Suppose vy and vy are in the same class of m; V mp. Then

there exists (by definition) a sequence of points

V] = Wo, W1, °tt, W TV of Vi so that for 1 £ 1 < Kk,
. ~ W, . ~ W, .
Vi1 m Vi or W1--1 Ty 1
Suppose that for some i, Vo4 and v, are not in the same

cell of m3. Then there exists a cell D of mp so that
Wi_1 and w:.L are in D. However, the cells of 7 containing

Vg and v, will be merged when D is being considered in

steps (4)-(T7) of the algorithm. Hence m = m; V ms. l

3.8 The efficiency of most graph theoretic algorithms, including
those presented here, is highly dependent on the way in which the
data items are stored in the computer. In our case the data items

to be considered are graphs and partitions.

3.9 The two most common forms in which a graph (or digraph) can
be stored in a computer are the adjacency matrix and the adjacency

list.

In the latter method, each point is associated with a list
of those points adjacent to it. In this form questions like "What is
the next point adjacent to v?" are very easily answered. This type of
representation is especially useful when the nurber of edges is small

as, for example, in planar graphs.

In the former method each of the n? entries of the adjacency
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matrix is stored. ©Since each entry is either O or 1, it requires
only one bit. The usual system, and the one we employ here, is to
store each row of the adjacency matrix in a separate machine word
(assuming that n is not too large). This has several advantages:

(1) Only n words are required to store the entire matrix.

(2) Set operations between the rows (AND, OR etc.) can be
performed in single machine operations, thus achieving a
degree of parallelism.

(3) The position of one-bits in a word can be found by use
of the floating-point normalisation instruction on most
machines. This involves adding an exponent to all or part
of a word and then observing the new exponent after normalisation.
It does not involve a bit-by-bit search of the word as is

often assumed.

Further discussion and references can be found in Corneil [13]
and Kirkpatrick [32]. Another means of representing a graph, the

"K-formula" has been studied by Krider [35] and by Berztiss [ 5 J.

3.10 The following storage method for partitions has been found

convenient.

et m = {cllcz|---[ck}. Then 7 is represented by k machine
words wi, °*°, W, Where bit i of word j (L<i<n, 1<J<k)is

set to one iff 1 ¢ Cj'

This form of representation was chosen to simplify
partition operations and for compatibility with the structure used

for graphs.

In some circumstances it is convenient to keep track of
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those cells which have exactly one element. This can be done by keeping

an extra machine word whose one-bits indicate these cells.

3.11 Once a graph-theoretic algorithm has been implemented there
are several approaches which can be made towards its practical

evaluation.

In one approach the performance of the algorithm is examined
when it is applied to a specifically selected class of graphs. For
example, it can be applied to all the graphs on a small number of
points or to members of recognised families (paths, cycles etc.).
Alternatively, graphs may be constructed in an attempt to bring out
the worst of an algorithm, in order to guess at its "worst-case"

behaviour.

A fundamentally different approach is to apply the algorithm
to a collection of graphs chosen in some "random" manner from a
larger class. For example Kithn [36], [37] has devised a procedure by
which "random" graphs having a specified degree sequence can be con-

structed.

For our own purposes we have found the following process
convenient. Let 0 £ ¢ £ 1 be a real number, and let n = 1. Suppose
the edges of the complete graph are labelled ej, eg, *°°, ey where
N = (g). Then we can construct a graph G on n points as follows. For
each 1 £ 1 £ N generate a random number x from a population rectangularly

distributed between 0 and 1. If x £ ¢ then we include the edge e, in

G; otherwise we leave it out.

A sequence of graphs produced in this manner for say o = 0°5

will be referred to as "random graphs with o = 0¢5". The numbers of
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edges in the graphs of the sequence clearly have a binomial distribution
with mean No and variance No(l - o). For a fixed number of edges m
every labelled graph with n points and m edges has an equal probability

of occurring.
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CEAPTER FOUR

PERMUTATION GROUPS

h,1 In this chapter we consider a few basic results on permutation
groups. Sections 4.2 to 4.6 are standard and can be found in any
reasonable text. The results in Sections 4.7 to 4.1l are unlikely to

be new, but we have not seen them previously in print. In the last

part of the chapter we consider a lattice 0(¥) defined by the orbits

of subgroups of ¥. While this lattice seems to have been rarely

defined, the results we obtain about it are well known.

Let ¥ be a group of permutations of the points V, where

V= {1> 2: 39 ° 1'1]'.

b4
Let vy € V and suppose vi = {vi, vp, °**, vgl.

h.2 Lemma: VY can be written as the disjoint union

\PVIYI \PV1Y2 e v \PV].‘YS’

where v i8 the stabiliser of vy in ¥ and for 1 <1 < s, e 18 any
1
element of ¥ such that vi'1i = v,
P f: Cl v oo i i i .
jgele] early lel v Wvlyz U U Wvlys is contained in ¥ If
iz Y . = i .
i J, then lel n Wvlyj ¢ since elements of Wvlyi take vy onto vl

whereas elements of Wv Yj take vy onto vj.
1

Let vy € Y. Then le =V for some i. Therefore

~1
= V.Yi = V1.
1

-1
leYi

—-1
Hence yy; * ¢ Wvl so that v € leyi. (]
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) , o . - ¥
4.3 Corollary: (Orbit-stabiliser relation) V| l?vlllvl [. O

The sets ¥_ v, (1 <1< s) are called the (right) cosets of
1

¥  im ¥ and the set {Yi}? is a set of (right) coset representatives for

¥y Iin V.
Vi
Let {vy, *°°, Vr+1} c V be a set of points such that the
point-wise stabiliser V¥ is trivial. For 1 < k £ r+l denote
» V].’...ﬂvr‘i‘l
y by v ) anay vy ¥(0),
Vl)'.'avk

In the manner of 4.2 write

) _ (5, Gen), () ¢ ()
Lok oy = F) ¥ Yy » where s = ka+1 | (0 <k <7r)
i=1
4.5 Lemma: For 0 <h < 7, W(h) i8 generated by the set

Q. = {y (k)

n ; hsk<r, 1< <5,

k

Proof: The lemma is clearly true when h = r. Suppose it is true when

h =J where 1 < j £ r. In other words, suppose <:Qj>‘ = W(J).

Then by 4.2 and 4.4, any element of W<J—1) can be written
(uniquely) in the form yyi(J_l), where vy € W(J) and yi(J—l) € Qj—l'
Hence Qj—l generates W(J_l). 0
T
4.6 Lemma: [¥] = I s .
—_— k
k=0
Proof: From 4.3 and L.k, O

4.7 Theorem: Let Y be a subset of ¥. For 0 <k < r+l define

k . . . .
Y, =Yn W( ). Then 1f the orbit 0f'<iYk:> containing Vg LS the same

+1
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(k)

as the orbit of ¥ containing Vet for k 2 h 2 0 we have

_ ylh)
<Yh> =y,

In particular, ¢f h = 0, <Y> = V.

Proof: The theorem is trivially true for h=r + 1.

Suppose it is true for 1 £ h= Q2 + 1 <r + 1,

(SL)-

Obviously <Y£> <y Let {wy, *°°, Ws} be the orbit

+
(2) = ‘P(M-l)yl U e U \P(SL 1)Ys where

(2)

(2)

of ¥ containing v By 4.2, ¥

2+1°

such that in = W, .

for 1 £ 1 < s, Y5 is any element of ¢ 1 5

But {wy, *°-, ws} is an orbit of <Y2> by hypothesis and so

such a set {yl, coe, Ys} can be found in <Y2>.

Hence <Y2> = \P(z). U

4.8 Theorem: Let Y c ¥ satisfy the requirements of 4.7 for h = 0.
Then Y has a subset Y' satiefying these requivements and such that

IY'| £ n - p where Y has p orbits.

Proof: Label the elements of Y as Yl > "t Yy in an order such that

if ! 4 ‘P(k) and Yj € ‘{’(k) for some i, j, k then i < j.

Then the required set Y' can be produced by the following

algorithmn.

4.9 Algorithm: Compute the generators Y' for V.

(1) set Y' := ¢;

El
1]

discrete partition of V;

i =1,
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{(2) Set 7' to the partition of V whose cells correspond to the
cycles of e If 7' is not finer than w set 7 := m' V 7 and
1] «= ] .
Y' = Y' v {Yi}

(3) Seti:=1i+1. Ific<t gotostep (2); otherwise stop.

The element A is not accepted into Y' if, and only if,
<Yi’ Yi+1’ eee, Yt) has the same orbits as <Yi+1’ ces, Yt> . Hence,
by the ordering of ¥, <Y' n ‘P(k)> has the same orbits as <Y n ‘i’(k)>
for any k. Therefore the set Y' satisfies the requirements of

Theorem 4.7 for h = 0.

Now the partition m has n cells at the start of the algorithm
and p at the finish. Furthermore, the number of cells is decreased

each time an element is added to Y!.

Therefore |Y'| < n - p. d

L.10 Note: The set Ry defined in 4.5 satisfies the requirements of
Theorem 4.7. Therefore by 4.8 it contains a subset of at most n - p

elements which generate V.

Lh,11 Given a subset Y of ¥ which satisfies the requirements of

4.7 for the sequence Vis Vs 00, Vr+1 it is a straightforward matter

to generate the whole of ¥. The first step requires the construction

(k)} satisfying 4.4. This can be done (for

of coset representatives {Yi

each k) by defining a digraph G as follows. The points of G are the

elements of V. The edges of G are the directed pairs [v, VY] where
(k) Y , Yo o

veV, vyeYnt¥ and v' # v. The directed edge [v, v'] is labelled

with the element vy, with the proviso that no directed edge need be

labelled with more than one group element. Now let {Wl, eee, WS} be
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s)

IA

the component of G containing w; = W

<
e For each Wy (1 <1

there is a path of directed edges from w; to AT Then define

(k)

\f = 6162---62 where 8y, *+°, 8,6 are the labels of the edges of the

L

path chosen.

Clearly the above procedure generates coset representatives

(k)

{Yi } satisfying 4.4. Once this has been done the generation of V¥

is routine. Every element of ¥ can obviously be written in the form

R (1)Y- (2)"'Y- (r), and by 4.6 this decomposition is unique.

11 12 ir

Although we will not give further details here an algorithm based on
these ideas can be devised which for large |¥| requires only

marginally more than one permutation multiplication for each element

of V.

Let v be an element of ¥. Then vy is said to fiZx a partition

e (V) if v ~ v' for all v € V. The set of all elements of ¥ which

fix m is denoted by ¥ , and is called the stabiliser of m in VY.
For example, if n = L4, ¥ = 8, and m = {1,2]3,4} then
v is the set {(1), (1 2), (34), (12)(34)}.
4.12 Lemma: Let w1, wp e N(V). Then L wﬂz iff my £ mo. 0
- 1

4,13 Corollary: v < ¥ forany me n(v).

Proof: VY = W“O where 7y 1s the unit partition of V. g

Let X be a subset of Y. Then we denote by 6, the partition

X

whose cells correspond to the orbits of the group generated by X.

In particular, if vy € ¥ then the cells of G{Y}, which we
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write as SY, correspond to the cycles of y. If X is null eX will be

taken to be the discrete partition of V.

L.1h Th : ¥ = .
1 eorem: If Xy, Xp ¢ ¥ then eXluXZ exl v eXZ

Proof: Let v and vy be in the same cell of © Then there is a

X1uXp~

sequence Y1, Y2, °°°, Yo of elements of X3 U X», such that vy = le

where y = Y1Y2‘°-Yr. From this we can construct a sequence

Wos Wis *°°, W of points by setting wg = vi, W, = wi_lYi (1 <1i<mr).

For 1 £ 1 £ r we see that Wi and wi are either in the

1

same cell of 8 or of 6X2 and so vy and vy are in the same cell of

Xy
v .
6X1 9X2
The converse follows in a similar fashion. O
L, 15 We can now define

oY) = {m e W(V)|7m = eX for some X ¢ V¥}.

0(¥) will be called the orbits lattice of ¥ and its elements

will be called orbital with respect to V.

o(¥) is not in general isomorphic to the lattice of subgroups

of ¥ since distinct subgroups may have the same orbits.

Define a function 6 by 6(m) = 6, for any m e n(v). e(w) is

L
thus the coarsest orbital partition which is finer than w. Note that

6 depends on VY.

Then we can equivalently define 0(Y¥) as

L. 16 oY) = {7 e (V) |7 = 6(m)}.



4,17 Example: Consider the group

v = {(1), (x2), (78), (L2)(78), (1 7)(28)(36)(k5),
(182 7)(36)(L5), (1728)(36)(k5), (18)(2T7)(36)(k5)?.

Then ©(¥) is the lattice of Figure L.1.

{1, 2, 7, 813, 614, 5}
{1, 2|7, 8}
{1, 7l2, 813, 614, 5} {1, 812, 713, 6|4, 5}
{1, 2} {7, 81

AN

{1}
Figure 4.1

4,18 Lemma: ©(Y¥) is closed under vV but is not necessarily closed

under A.

Proof: The first part is immediate from L.14. For the second part
consider the partitions my = {1, 7|2, 8|3, 6|4, 5} andwy,= {1, 2|7, 8}
of Figure 4.1. Then wj A mp = {3, 6]k, 5} which is not in the

lattice. J

4.19 Lemma: If my, mp € O(¥) then the meet of my and 7y in the

lattice oY) s 6(my A mo).

Proof: From 2.6 , noting that the discrete partition of V is always

in o(¥). 0
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CHAPTER FIVE

EQUITABLE PARTITIONS

5.1 In this chapter we examine the lattice of equitable partitions
of the points of a graph. This lattice, although it is rarely defined
as such, plays a central role in many existing algorithms for graph
isomorphism [14, 46, 51, 62, 697 and in our own. Results not
attributed to other authors are either new or trivial. Later in the
chapter we present a new algorithm for computing the coarsest equitable
partition finer than a given partition, an operation related to Unger's
"extending" process [T6]. We show that it is at least one order of n

faster than the usual algorithm.

5.2 Until otherwise specified, G is a graph with points
V=1{1,2, ¢, n} and T = T'(G) is its automorphism group. ©O(T) is

the orbits lattice of T defined in k.15,

Let m € N(V) and C;, Cp, € m. Then C; is said to be
equitably joined to Cp (in G) if d(v, Co) is constant for all v e Cj.
If any pair of cells of 7 (not necessarily distinct) are equitably
joined to each other then, following Schwenk [63], we say that = is
equitable. The set of all equitable partitions for G will be called

the equitable partitions lattice of G and denoted by E(G).

Consider for example the graph drawn in Figure 5.1. The

lattice 2(G) consists of the eight partitions illustrated.
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1 7
3 4 5 KI
2 8

{1525)-]'95 ,758|336}
|
{1,2,7,813,614,5}
I
{1, 2|7 8}

{1,712,813,61(4,5} {1,812,713,614,5}
{1}
Figure 5.1

A Graph and its HEquitable Partitions Lattice

The following result justifies, by 2.6 , our referring to

5(G) as a lattice.

5.3 Lemma: E(G) Zs closed under Vv but not necessarily under A.

Proof: Let my, Ty € E(G) and let m = my V Mo, C € .

Since m; < 7, C is a union of cells of w7 (2.10). Hence if

V1 ﬁi vy, then

£
<

—
Q
I

= d(Vz, C)a

since

fol]
—

<
e
“

Q
—

il

d(VZ, Cl)

for each Cy e 7.
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Similarly,
a(vy, C) = alvy, C)

if vy f; vo.

Now suppose that vy ~ V2. Then as in the proof of 2.12 there

is a sequence of points

V1 T Wps W1, W2, °°°, WI' = V2

with the property that whenever 1 < 1 < r, either Ve g %1 w, or

Vie1 %; Vi
Hence d(wi—l’
d(Vl, C) = d(VZ, C).

c) = d(wi, C) for 1 <i < r, and so

Thus 7 ¢ 2(GQ).

To demonstrate the second part of the lemma, consider the
partitions m = {1, 7|2, 83, 614, 5}, mp, = {1, 8|2, TI3, 6]k, 5} of

Figure 5.1. Then my A wo = {3, 6|4, 5}, which is not equitable. [

It would be interesting to characterise those graphs for
which E(G) is closed under A, but nothing seems to be known about

this problem.

5.4 For any 7 € N(V) we define £(w) to be the coarsest equitable
partition (with respect to G) which is finer than m. For example, if
G is the graph of Figure 5.1 and m = {1, 2, 7, 8|3, 6, 4, 5} then

g(m) = {1, 2, 7, 813, 6|k, 5}.

Formally, £(w) = v{n' ¢ 2(G)|n' < w}. The set here is not

3]

null since the discrete partition is always equitable. The Jjoin

exists by 2.5 and 1s equitable by 5.3.
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5.5 The meet of two partitions m; and 7y in the lattice EZ(G)

can now be identified as £(m; A mp).

The following results (5.6-5.10) are elementary and well

known.

5.6 Lemma: Let me E(G) and 7' < w. If G' is the subgraph of G

induced by the points in w', then w' € E(G').

a! olves €) =

dG(Vz, C) = dG,(Vz, C). 0

Proof: If C e 7' and v V2, then a4 ,(vy, C) =4
1

5.7 Corollary: The subgraph of G induced by the points in one cell

of ™ e E(G) 28 regular. 0

1]

Proof: Let m ¢ E(G), C e m and v € V. Then

Icl - aq(v, C) if veC
da(v, c) =
Icl - ay(v, C) -1 if v 4C.
Hence if vi ~ v then dG(vl, c) = d@(vz, C). Therefore
2(G) < 8(G) and the opposite inequality follows similarly. 0

5.9 Theorem: ©O(T) < (G).

Proof: Let m e ©(T). Then m = 8(w).

Let C be a cell of m and let v ~ Va. Then there 1s an

element vy of l"1T such that vlY = Vy.
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Now v maps C onto itself, and vy is joined to v e C iff

Y
vy = le is joined to v .

Hence d(vy, C) = d(ve, C) and so m € E(G). 0
5.10 Corollary: For any m e I(V), 6(w) < &(w). 0

The conclusion of the last theorem suggests the following
definition. A graph G will be called simply-equitable (or s-e for
brevity) if equality holds in 5.9. That is to say, G is s-e if
o(r) = 2(G). The characterization of s-e graphs appears to be'very

difficult and only partial results have been obtained.

The smallest graphs which are not s~e are the disconnected

LA

and its complement. In these cases the unit partition is equitable

graph

but not orbital.

In practice it is very difficult to tell whether a given
graph is s-e or not, due to the large size of NI(V) for moderate n.
However, if it is s-e, then the coarsest equitable partition is also

the coarsest orbital partition. That is,

5.11 8. = v(5(@)).

This necessary (but not sufficient) condition is readily

tested empirically. A search of all the graphs with 8 points has shown

that 5.11 holds except for those shown in Figure 5.2, together with
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their complements. The graph marked (¥) is self-complementary. The
coarsest equitable partition is indicated by the labelling; two
points are in the same cell if they have the same label (or no
label). It is not known whether there are any 8-point graphs satis-

fying 5.11 but not s-e.

A similar search of the 274668 graphs with 9 points has

revealed 168 for which 5.11 does not hold.

AL > D
:

Figure 5.2

8-Point Graphs not Satisfying 5.11

It is not easy to find graphs which satisfy 5.11 but are not

s-e. In fact it seems to be usually the case that all equitable

partitions of G which are not orbital are coarser than ©6 The smallest

T
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counter-example known to the author is the 16-point graph shown in
Figure 5.3, which appeared in [66] in a different context. This graph
igs transitive and so 5.11 is satisfied. However, if
T = {1l2, 4, 5, 8, 13, 143, 6, 7, 9, 10, 11, 12, 15, 16} then
T is equitable, but 6(w) = {1|2, 4, 5, 8, 13, 14|3, 9, 1116, 7, 10,

12, 15, 16}.

Points with the

same label are

to be identified.

Corneil [11] has proved that all trees satisfy 5.11. We can

generalize this result considerably as follows.

If G is tree define G = K;. If G is not a tree but is
connected, define G to be the largest induced subgraph of G which has

no points of degree zero or one.

5.12 Lemma: If G is connected, then G is uniquely defined and connected.

Proof: If G is a tree the lemma is trivial.

Suppose G is not a tree and G; and Gy are different induced
subgraphs satisfying the definition of G. Then let Gz be the subgraph
of G induced by the points of Gy, the points of Go and the points of
every path in G joining a point of G; to a point of Gy. Then Gz has

no points of degree zero or one and is larger than either G; or G».

If G is disccnnected, then by including the points of
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every path joining one component of G to another we derive a similar

contradiction. U

If G is disconnected and has components Gy, Gz, °°°, Gr

then we define G to be the disjoint union G; U Gp U °°° U QT.

For example the graph G of Figure 5.4 has G as shown.
o
//
G: I::>o———o~——o
> : >

Figure 5.4

llc2

5.13 Theorem: If G is s-e, then so 1s G.
Proof: Suppose the theorem is not true. Then there is a s-e graph H
and a graph G of smallest size (for H) that is not s-e but has G = H.

Let ™ ¢ 5(G). We now proceed to show that m is orbital,

thus arriving at a contradiction.

Since G # H, G has at least one point of degree one. We

consider two cases:

Case A: BSuppose G is of the form

______ o I iI

>

—~——

m copies

where m 2 1 and G' is a (possibly disconnected) graph with no points

of degree one.
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Then H is clearly the graph

G' O 0O cce o]
-

s

m copies
Since G' has no point of degree one, 7 can be written in the form

{Cllczl---lcrlDllDzl---IDk} (0 <randl <k)
where
{cylcal-=-lc t e E(G"). (5.6)
Consequently,

o= {01ICZI---lCrlD} e =(H)

where D is a cell containing the illustrated m isolated points of H.

But H is s-e by hypothesis, and so w' ¢ ©6(H).

Take points vy and vy such that v T V2. We have two
possibilities:
(a) vy, vo € Cs (1 <4 <r).
Since m' e O(H) there is an element y' of T_,(H) such that
le = vy,
-YV
v if v e G
Defining y by v' = { we find that v € F“(G)
v

otherwise
and le = v

5
(b) vy, vy € Di (1 <1i<xk).

Since the subgraph F of G induced by Di is regular (5.7)

it consists of copies of I or of isolated points.
(1) If F consists of copies of I then D, is an orbit of Fﬂ(G).

(2) If F consists of isolated points, denote by v, and vy
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the points connected (in G) to v; and vy respectively. Suppose

vy € Dj' Then v, € Dj since
alvy, Dj) = d(vy, Dj).

Hence the permutation (vlvz)(ngz) is an element of Pﬂ(G) and takes

vy onto vp.

Case B: If G is not of case A, then it must have a point v of

degree one connected to a point of degree greater than one.

Suppose v is in the cell C of w. Then all points in C have

degree one.
Define R = {v ¢ V|d(v, €) = 0}.
Let C' be a cell of m g.t. C' n R 2z ¢. Let vy € C' n R.

(1) Suppose there is a point v, in C'\R. Then d(vy, C) = 0O

but d(vy, C) = 0 which contradicts 7 being equitable, since vy > Va.

(2) Suppose there is a point vy in R\C'. Then choosing 51 and vy
in C connected to v; and vy, respectively we find d(vy, C') = 1 but

d(vy, C') = 0 which again gives us a contradiction.
Consequently we must have R = C' so that R is a cell of m.
Suppose R is the set {ry, ro, °°*, rm} (1 <m).

Now define S = {v € V]v has degree one (in G) and

a(v, R) = 0}.

Let C' be a cell of m s.t. C'" n S # ¢. Let vy ¢ C' n 8.
Suppose there is a point vy in C'\S. Then d(vy;, R) = 1 but d(vy, R) =0

which contradicts w being equitable, since v; ~ V2 and R € m. Hence
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C' ¢ 8, and so S5 is a union of cells of .

Say S = C7 UuCy U = U Cr where each Ci is a cell of w.
For 1 <i<r, 1 <3 <mnmdefine
c.d = {vec. |vis adjacent to r.}.
1 i J

Since R € 7 and d(rj, Ci) = ICiJI we find that ICiJl is independent

of j.

Qur constructions so far may be made clearer by considering

the following schematic diagram, where m = r = 2.

(QS Cz 6?)
1 p2 Cq Q3 OV) 5 =C; uCy
/ \ ¢l =1{1, 2}, 12 = {3, b}
] R 1772) c,l = {5}, Cr? = {6}

Ve = wm momomoe ow om o ww me owm e e e me

Figure 5.5

Let G' be the subgraph of G induced by VAS and let

n' = ﬂ\{Cl, 02, cee, Cr}.

Then 7' e E(G') by 5.6. TFurthermore, G' = G = H since we have

only removed endpoints of G. Hence by our induction hypothesis,

m e 0(G').
Now suppose v3 Y V2.

(1) If vy, vo & S then v i V2. Hence there is an element y'
1]
of Fﬂ,(G') such that v;' = vp. Construct Y as follows:
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(a) If v e V\S let v = v

(b) For 1 <i<r,1<j<mnlet vy map CiJ onto Cik where rs

maps onto rk according to part (a). Any bijective mapping will do.

Then it is easy to see that vy ¢ Fﬂ(G), and that y takes

vy onto vy,

(2) If vy, Vo € C, for some 1 <1i < r, suppose that vy e CiJ
and vy € Cik. Then we can find y' € Fﬂ,(G') which takes rj onto rk

and extend it to vy € Pﬂ(G) in the same way as in (1) above. This

gives us vy which takes CiJ onto Cik and we can choose y to take v; onto

Vo .

So in any case we have v € PF(G) which takes v; onto vj.
Therefore 7 ¢ 0(G). O
5.14 Corollary 1: ALl trees and forests are s-e. 0

5.15 Corollary 2: For a graph G define a(G) to be the complement of
G with any isolated points (of G) removed. Then if &' (G) is null or

s-e for anyr, then G is s-e.

Proof: By applying 5.13 to G and G and using 5.8. O

Let m € N(V) and Cy, Cy € m. Then we say that C; is
trivially goined to Cp (in G) if one of the following holds for all

vV € Cl-

(1) alv, Cp) = 0.

(2) Cy = Cy and a(v, Cp)

1

[Co .

i

(3) €1 =Cy and d(v, Cy) = |Cy| = 1.
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Obviously, if m € E(G), then a trivial cell of m is trivially

Joined to every cell of .
The following result is well known, for example to Levi [L40].
5.16 Lemma: Let w e T(V) and let C e 7w be trivially joined to every

cell of m\C. If Gy and Gy are respectively the subgraphs of G

induced by C and V\C then PF(G) =T(G;) @ Fﬂ\C(Gz).

Proof: Obviously PN(G) < T(Gl) @ Fw\C(GZ)' Suppose y; € T(Gy) and
Y, € PW\C(GZ), and define vy = v,v,. Suppose {vy, vo} is an edge of

G. If vy and vp are both in C or both not in C, then obviously

{vi¥, vo¥} is an edge of G. If vy e C but vy 4 C, then {v1", vp'}

is an edge of G because C is trivially joined to the cell of m con-
taining vp, and vo,'. Thus y € Fw(G)' 0
5.17 Theorem: Let m ¢ E(G), C € w and suppose that
(1) The subgraph of G induced by C is transitive.
(2) For any C' e w\C, then either (|C|, IC'|) = 1 or IC| = |C'| = 2.
Then C is an orbit of r -
Proof:
(1) Suppose |C| > 2, Let C' e w\C.
Then counting the edges Jjoining C to C', we have
Icla(v, ¢') = |c']|d(v', C) for any ve C, v' e C'.

But |C| and |C'| are coprime and so [C]| divides d(v', C)

and [C'| divides d(v, C'). However, 0 < d(v', C) < |C| and
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0 < d(v, C') < |C'|]. Hence either d(v, C') = d(v', C) = 0 or
a(v, ¢') = [¢'] and d(v', C) = |C|. Consequently, C satisfies the
requirements of 5.16 and so C is an orbit of I, since <C> is

transitive.

(2) Suppose the cells of size 2 of 7 are C1, Coy =°°, Ck where

< i < = 1 2
for 1 < i <€k, Ci {vi v, .

Two cells of size 2 can be equitably Jjoined in one of

these four ways:

o ® o——8
; ; >< ; g :
o ® O —
Since <:C£> is either Kj or Ky for 1 < i < k we find that the

rermutation

k k. .
v = (vilvpl) (vi2vp2)eee(vy vy ) is in L
Hence each Ci is an orbit of Fw'

(3) If |C] = 1 then the theorem is trivial. )

5.18 Corollary: If the conditions of the theorem arve satisfied for

each cell C of © then m ¢ 0(G). 0
5.19 Theorem: Let m ¢ EZ(G) have & cells, where n - % < 5. Let C
be a cell of m of the smallest non-trivial size. Then C 18 an orbit

of T_. The bound is sharp.

Proof: The possible sizes for the non-trivial cells of 7 are
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2,
22, 3,
222, 23, 4,

2222, 223, 33, 24, 5,

22222, 2223, 233, 224, 34, 25, 6.

Theorem 5.17 can be applied to all these cases except 24 and 224
since all the regular graphs on <6 points are transitive. Hence we
need consider only the cases where m has a cell C; consisting of 4 points

and one or two cells consisting of two points each.

For a start we notice that if m has a cell of size 2 joined
trivially to C; then that cell is an orbit of Fﬂ by the same argument
as used in 5.17. In this situation the case 24 is proven and the

case 224 reduces to the case 2L,

Consider the subgraph <C;>. Since it is regular (5.7), it
must be Ky, Zy or the complement of one of these. Hence it can be

labelled so that its automorphism group contains the group Dy of the

[]

a d

square

Suppose Cy = {vy, vo} is a cell of 7w which is not trivially
Joined to C;. Then since Cp is equitably joined to C; we must have
a(vy, Cy) = d(vy, C1) = 2, and d(v, Cp) = 1 for any v € C;. Hence we
can bisect C; into two halves -- those points adjacent to v; and

those adjacent to vy. This can be done in one of three non-equivalent

ways:
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b c
i

a d

b c
B:

a a

b c
C:

a d

Define subsets DA’ D_, D, of Dy:

B’ °C

D, = {(be)(ad), (pd)(ac)?
Dy = {(ab)(cd), (ac)(bd)}
Dy = {(abcd), (adeb), (ab)(cd), (ad)(be)}.

Note that DA consists of those elements of Dy which swap the

two halves of C; shown in A, and similarly for DB and DC'

(i) In the case 24, FTr contains (vivyp)Y where y is from the

set DA’ DB or DC depending on the way C» is Jjoined to Cj.

(ii) Let C3 = {vs, vy} be another cell of 7, not joined trivially
to C1. Now suppose that for example Co gives the bisection A of Cy
and C3 gives the bisection B. Then we let v ¢ DA n DB. This can

always be done since any palr of the sets D D_ and D, have an

A® 7B C

element in common.

Now Cy, and C3 can only be joined in one of the ways shown in
5.17, and so the permutation (vivy)(v3vy)y is in Pw’ which shows that

both C, and C3 are orbits of Pﬂ.

The graph marked (¥) in Figure 5.2 is a counter-example

where n - £ = 6, []
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5.20 Theorem: Let m € E(G) where G is connected and let C e n. Let
o be the partition of the points of G into cells of equal distance

from C. Then m < Mo

Proof: For any j = 0, let Dj = {veV|a(v, C) = j}.

We prove by induction on j that each Dj is a union of

cells of w.
Firstly, Dg = C € 7.

Now suppose that for some j = O, Dj is a union of cells

of m,
Then whenever vi ~ v, we have a(vy, Dj) = d(vy, Dj)'
Now Dj+1 = {v e V|5(v, C) > j and da(v, Dj) z 0}.
Therefore, if vy € Dj+1’ we must have vy € Dj+1 and so

D, is also a union of cells of .

J+1

Hence m < T B
If G is transitive and My € 2(G) whenever |C| = 1, then G is

called distance-regular. Distance regularity is also defined for
non-transitive graphs. If Mo € O(T) in the same circumstances, G

is called distance-transitive. See Biggs [ 6 ] for further details.

5.21 Let m € N(V) be the partition {cllczl---lcl} and let the
elements of V be vy, vy, °°°, v in some order. We define an & x n
matrix T = T(w) by

J

1 if v, € C,
{ 3 i

0 otherwise.
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Clearly TT' is the £ x % diagonal matrix diag([Cyil, <<-, ICQI)
and so (TT')7! exists. Let A be the adjacency matrix of G with the

labelling vy, *°°, Voo and define the £ x £ matrix

B = TAT'(TT')" 1,

5.22 Theorem: 7 € E(G) 2ff TA = BT. Furthermore, if m e E(G), then

A

B,. = d(v, Ci) for any v € Cj, where 1 <1 <8, 1< j <4,

1d

Proof: Suppose TA = BT. Then for 1 < i £ 2, 1 £ j £ n we have

n
(TA)ij = kleikAkj
keC, 9
1
= d(vj, ci)
2
and (BT)ij = k£1Bikaj

= Bikaj where vj e C

Hence for v, , v. € C_ (1
J17 2 k

d(vjl, ci) =B, = d(vjz, ci) (1 <14

IA

k < %), we have

IA

2) and so m ¢ E(G).

Conversely, if m ¢ E(G) define the £ X £ matrix B by

~

= i < j <
1] a(v, ci) where v e cj (L<i<g,1<3<).

Then, in a similar fashion, TA = ET, and this implies that
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B = TAT'(TT')"! = B. [

5.23 If m e E(G), then the matrix B is sometimes called the
quotient matrix of A induced by 7w, although some authors use this title
for the transpose B'. It plays an important part in many algorithms
for graph isomorphism, for example +that of Corneil and Gotlieb

(11, 147,

The matrix B also plays a central role in many other regions
of graph theory, in particular spectral theory. For example, the
characteristic polynomial of B divides that of A, a result first
proved by Haynsworth [23]. We shall not be concerned with these
matters here. For further information see Sachs, Petersdorff and

Finck [19, 53, 60, 61], Schwenk [63] and Djokovic [15].

5.24 We turn now to the problem of computing &(w). This problem
is of central importance in many proposed algorithms for graph iso-
morphism for the following reason. Given any partition m e I(V) we
have (by 5.10)

o(w) < g(n) < .

Consequently &(m) is in general a better estimate of 6(mw)
than is m, and in many cases (s-e graphs for example) will equal 6(w)
exactly. £&(m) can often be used in place of 8(w), which is much

harder to compute.

5.25 In order to store a partition in the computer we need to
assign an order to the cells. Similarly, we need to label the points
of a graph. These matters have been discussed in sections 3.8 to

3.10. They lead us to the following definitions.
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G is a labelled graph with points V = {1, 2, ==+, n}.

~

(V) is the class of ordered partitions of V. In other
words, E(V) is the class of sequences [Cllczl-°-|Ck] where

{01|02|---|ck} e M(V).

If 7 ¢ E(V), then 7w(i) denotes the i-th cell of .

~

If 7y and Ty are in either M(V) or N(V) we write mp = mp

to indicate that m; and w, have the same cells in some order.

Otherwise when relations and functions defined on II(V) are
applied to elements of E(V) we understand that the corresponding
unordered partitions are intended. For example, if ;1, Fz € E(V),
then by ;1 < ;2 we mean that m; £ 7y where mp, To € n(v), m = ;1 and

To = To.

5.26 We begin by presenting a very simple algorithm for computing
g(w). The ideas behind this algorithm date back to Duijvestijn [177,

Unger [76] and Morgan [46 1. More recently, it has been proposed in a

similar form by Corneil [11 1, Parris [50]1, Steen [69] and Tinhofer

Lre 1.

Suppose T = [Cll--'ICk] ¢ T(V). Then we define the vector

d(v, m) for each v € V by
(v, ™) = [dg, d1, ==+, 4]
where v e w(dg)

and d

[}

a(v, ci) (1L <1 <k).

Note that all degrees are taken in the graph G.
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5.27 Algorithm: 0{,y Compute T g(m).

(1) set % =W,
(2) Compute 4(v, F) for each v e V.

(3) Set m; to the ordered partition of V whose cells contain

~

points for which d(v, m) is equal, and are ordered according to a

lexicographic ordering of these vectors.
(b) If my = T stop.
(5) Set m := my. Go to step (2).

Let d{*(ﬁ) denote the value of 7 when the algorithm stops.

5.28 Example: ILet G be the graph of Figure 5.6 and let

™= [19 29 39 hs 59 69 79 8]-

Figure 5.6
(l) :l\T‘ = [la 29 33 h‘, 59 65 7: 8]'

(2) da(v, m) =[1, 23, [1, 33, [1, 31, [1, 31,
1, 31, [1, 3], [1, 21, [1, 31,

for v =1, 2, *++, 8 respectively.
(3) m] = [ls 7!2) 35 u) 55 65 8]'

(5) = =1[1, Tl2, 3, 4, 5, 6, 87.
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(2) alv, m) =1, 0, 27, [2, 1, 21, [2, 0, 31, [2, 1, 2],
te, o, 31, (2, 1, 21, (1, 0, 21, [2, 1, 2],

for v =1, 2, *++, 8 respectively.
(3) = =1[1, 713, 512, 4, 6, 81.
(5) m=1[1, TI3, 512, 4, 6, 81.

(2) dalv, m) =[1, 0, 0, 23, (3, 1, 1, 11, [2, 0, 1, 23, [3, 1, 1, 11,
[2, 0, 1, 21, [3, 1, 1, 11, [1, 0, 0, 21, [3, 1, 1, 11,

for v =1, 2, *++, 8 respectively.
(3) m =11, 713, 5l2, 4, 6, 8].
(4) stop.

Hence R ,(v) = [1, TI3, 512, &, 6, 87.

5.29 Theorem: (R ,(w) = £(n) for any © « m(v).

Proof: Consider step (3). The first element of g(v, ;) for each v

ensures that mp < T. Also, the condition m; = T is Just that for T to

be equitable.

Hence 0{%(ﬂ) is equitable, and 0{*(w) < m. Therefore,

R . (m) < gn).

Let C be a cell of &(w) and let vy, vp € C. Now &(w) < =

and so when step (2) is executed for the first time each cell of T is

~

a union of cells of &(m) (by 2.10). Therefore d(vy, 7) = vy, m)
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and so vy and vo will be in the same cell of m; after executing step
(3). Hence, at this stage &(m) < m;. Repeating this argument for
each time steps (2) and (3) are executed we see that &(m) < 0{*(ﬂ),

which completes the proof. d

5.30 Despite its simplicity the algorithm 4{* has several

disadvantages:

(1) We are required to sort vectors of varying lengths. 1In King's
implementation [31] this problem is simplified by a process of
"compacting" the vectors. TFor example, if d(v, F) = {12, 01, 03, 07T]
then we can write this as an integer 12010307. However, special
handling is still required as such integers can be much too large to

store as integers in the normal way.

(2) Much unnecessary computation is performed. For example,
suppose that after step (3) the partitions T and m1; have a common
cell C. Then for all vy, vy in the same cell of m; we have
d(vy, C) = d(vy, C). Therefore there is no need to compute these
degrees next time step (2) is executed since they will make no

difference to the sorting.

5.31 A few improvements to 0{* have been suggested in special
cases. If the initial partition m contains a trivial cell, say {v},
then Saucier [62] first divides V into cells of equal distance from v
(compare 5.20). Then we know that cells Cj and Cp are trivially
joined if |8(v, Cy) - 8(v, Cp)| > 1. This would seem to save much
time 1f the graph has a large diameter. Another variation is used by
Levi [40] for the fundamentally different case where the cells of the

partitions contain both the points and the edges of the graph.
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We now present a new algorithm which, while not the final
answer to the problem, has been found to work very satisfactorily in

practice.

Iet ™ € ﬁ(V) have r cells. ILet K be a positive integer. The

value of K will be discussed later.

5.32 Algorithm: OR’K: Compute 7 = £(w).

(1) Set 7 := m;
k 1= K;
L = r;
L' =,

(2) Itk > 2 or & = n, stop.

1l
32

(3) Set C (x);

i:= 1.
(4) 1f |m(i)| = 1 go to step (8).

(5) Sort n(i) into cells C15 Cp, *++, C_ according to

a(v, C) for v e n(i).

(6) If s =1, go to step (8).

(7) Set m(i) :=C;. For 2 <3 <s set m(L' + j = 1) := Cj'
Set &' := ' + 5 -~ 1.
(8) sSet i =i+ 1. Ifi< %, goto step (k).

(9) Set 2

it

L7

k :=k + 1. Go to step (2).
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Let O{K(W) denote the value of 7 (with & cells) when the

algorithm stops.

5.33 We consider the example of 5.28 and apply algorithm 5.32
with K = 1.

(1) m=101,2,3,%,5,6,7,8],k=2=2"=1.

(3) ¢c=11,2,3,4,5,6, 7,8}, i=1,

(5) a(v, ¢)=2,3,3,3,3,3,2,3forv=1,2, «=+, 8

]

respectively. C; = {1, T}, Cp, = {2, 3, 4, 5, 6, 8}.

—
-3
EN
1]

[15 7|23 39 h, 5, 6, 8:], L' = 2.

(9) 2=2,%

I
n

(3) ¢c=1{2, 3, k4, 5,6,8H,i=1.

(5) a(1, c) =2, da(7,C) =2s0os=1

(8) 1i=2.

(5) d(v, C) =2,3,2,3,2,2 forv=2, 3,4 5,6,8
respectively. C; = {2, 4, 6, 8}, Co = {3, 51}.

(1) = =1(1, 7Tl2, 4, 6, 8]3, 51, &' = 3.

(9) 2 =3,k=3

(3) ¢c=1{3, 5}, i=1.

(5) a(x, ¢) =a(7, C) =0 so0 s = 1.

(8) i =2,
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(3)

fo¥
-~
N
5
)
g
I

= da(k, C) =

1
2
[@)Y
&
Q
A
H
o
P
o
-
(@}
o
it
H
)
O
0
il
‘__l

—
\J1
~—

(o))

—
w

)

Q
~—
Il

1

a(s, ¢) 1lsos = 1.

(2) k > 2 so stop: R () = [1, 712, b, 6, 83, 51.

5.34 Theorem: For any v € E(V), 4%1(W) = g(w).

(1) For each value of k, steps (L) to (8) are executed less
than n times. Furthermore, k is incremented at step (9) and stops
execution when it passes 2. Hence the algorithm terminates and so

ﬁl(n) is defined.

(2) The partition T is altered only at step (7) where it is
made finer. Let C be a cell of &(w) and let vy, vo ¢ C. At step (1)

we set T to m, which is coarser than &(mw).

Suppose that 7 is coarser than E(m) just before step (7) is
executed. By 2.10 each cell of 7 is a union of cells of £(m).
Therefore d(vy, C) = d(vp, C) and so v] and vp will be in the same

cell of T after step (7) is executed.
Hence E(w) < &{1(ﬂ) < 7.
(3) SupposedQl(ﬂ) is not an equitable partition.

Therldal(w) contains cells Cy; and Cp and points vy, vp € C;
such that

d(V]_, Cz) z d(Vz, Cz).
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Since the partition T is made successively finer during the
execution of the algorithm, vy and vy must always be in the same cell

of ;. We show that this leads to a contradiction.

(a) Suppose that before and after some execution of step (T),
Cy is contained in m(p) and 7(q) respectively. Then clearly q = p,
and also q £ n. However, kX is set to 1 initially and is incremented

by 1 at each execution of step (9).
Therefore at some execution of step (3) we have Cp <€ (k).

(b) Since we are assuming vy and vy are not separated, we must

have

a(vy, m(k)) = dlve, m(k)).

But d(vy, Cp) # d(vyp, Cp) and Cyp < m(k). Therefore, there is at least
one cell, say C3, of 0{1(w) which is contained in 7(k)\C, and such that

d(_V]_, 03) #z d(Vz, 03).

(c) Since C, and C3 are distinct cells of (Ri(m) they must be
separated at some execution of step (7). At least one of them, say

Cy, will then be a subset of some cell F(j) where j > k.

(d) As in (a), some cell containing Cy will again be encountered

as ;(k) at step (3).

Clearly the argument from (a) to (d) can be repeated
indefinitely and so the algorithm will never terminate. This

contradicts (1).

Therefore, 0{1(“) is equitable, and so OQI(F) = £(m) by

part (2). O
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5.35 One of the greatest advantages that algorithm 5.32 has over
algorithm 5.27 is that in many cases of practical concern the constant
K can be set to a value greater than one, without destroying the
validity of the algorithm. We now give a method for setting K which

will later be seen to have an important application.

Let my € ﬁ(V) be an equitable partition coarser than .
Suppose m] has %7 cells. Let g be an integer (1 < g < £7) such that

for 1 < i < q, m(j) € m(i) for at most one n(j), (1 < j < q).
5.36 Theorem: (R o(m) = g(n) if K = 1.

Proof:

(1) By the same arguments as for 5.34 the algorithm terminates

and

g(m) < G{K(ﬂ) < .

(2) Suppose G{K(ﬂ) is not equitable.

Then O%K(ﬂ) contains a cell C; such that for some two points

¥y, Vv, in the same cell of R (r), we have d(vy, Cy) # d(vy, Cy).
1> V2 K 1> C1 25 C1

Let m; be the equitable partition defined above. Since
&LKKW) < My, there is a cell C of m; of the form C; U Cy U *=+ U C_

where each Ci is a cell of 6{K(ﬂ).

But w1 is equitable and so d(vy, C) = d(vy, C). Therefore
at least one of the cells C, (2 <i < s) also has d(v;, ci) z d(vy, ci).

Say i = 2.

Hence the defined relationship between 7 and 7] ensures

that, if C; and Cy are contained in different cells of w, one of them,
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say Co, 1s contained in a cell ﬂ(j) where J 2 K. In this case we
can take up the proof of 5.34 at step (a) and derive the same

contradiction.

If however C; and C; are contained in the same cell of 7 we

can take up the proof of 5.34 at step (c), where we read C; for Cs.

In either case we conclude that OEK}W) is equitable, and

so R (n) = &(n). [

5.37 We now study the efficiency of algorithms 5.27 and 5.32, for
the data structures described in sections 3.8-3.10. In both algorithms
the time taken for indexing etc., is quite trivial and so we may
accurately write

t] = Nyjdy + s for 0{*

or

tz dez + 89 for @,

K

where ti is the total time, Ni is the number of times we must compute
d(v, C) for some point v and cell C, di is the average time for such

a computation, and S4 is the time taken in sorting, for i = 1, 2.

Suppose T and £(w) have %3 and 21 cells respectively.

5.38 Consider algorithm 5.27. Let p be the number of times
"
step (2) is executed. Since p € n and p = [EEEJ when G = P we see

that p = 0(n) in the worst cases.

(1) At the j-th execution of step (2), 7 has a least %5 + § — 1

cells.

Therefore N; =

I ~13

n(fg + 3 - 1) =%np(20 +p - 1).

J=1
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(2) At the j-th execution of step (2) we are required to sort

n vectors of length at least &g + j. Even if a very efficient means
of packing the vectors is used the time for sorting will be at least

of order n log n, [20].

Therefore s; = O(pn log n)

0(n? log n) (at least) in the worst cases.

5.39 Consider algorithm 5.32 for some value of K. Clearly step

(3) is executed %27 - K + 1 times.

(1) For each value of k we must compute d(v, 7(k)) for at most

n points, depending on step (k).
Therefore Ny < n(2; - K + 1).

(2) Sorting is performed at step (5) where we must order the
points of F(i) according to their degree relative to C. Now
0<d(v,C) <n-1forany ve V, C € V. This enables us to use the
address-calculation sort (see [20]). This sorting method is not only
the fastest but the simplest. The time it takes is of order IF(i)I
and so the %ime taken in sorting for each value of k is of order

2
) Im(i)] = n.
i=1

Therefore s, = O(n(f; - K + 1)).

5.40 In the author's implementation a computation of the form
d(v, C) takes a fixed time since the population count instruction can
be used (see 3.2). Therefore we can say that in the worst cases

we have

t; = 0(n3)  while tp = O(n(2; - K + 1))

O(n2) for fixed K.
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The expression for t, again emphasizes the advantage in

being able to set K > 1 in some cases.

5.41 The efficiency of algorithm 5.32 has been examined
extensively for "random" graphs of the type described in Section 3.11.
The results for the case where the initial partition is the unit
partition are illustrated in Figure 5.7. ZEach point represents the
average time for about 100 graphs. The cases where o = 075 or

¢ = 050 are seen to be very nearly linear.

time
(milliseconds)

107

10 20 30 40 50 60

number of points

Figure 5.7
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CHAPTER SIX

BACKTRACK PROGRAMMING - I

6.1 A large proportion of computing tasks in combinatorics can
only be handled by something which amounts to an exhaustive search
through a large set of possibilities. The most widely employed
method for performing such a search in a systematic fashion is known
as "backtrack programming" or "depth-first searching'". Descriptions
of backtrack programming with various degrees of generality can be
found in Golomb and Baumert [22], Wells [T78], Tarjan [71] or Fillmore

and Williamson [1817].

We begin this chapter by giving a formal description of
backtrack programming as applied to a problem of finding sequences
satisfying a given property. This gives us a program with a natural

tree-like structure which we then explore.

Following these basic results, which are well known, we
introduce the invariance group T of the program and prove some of its
properties. It is seen that the automorphism group of the graph,
group or whatever object is under consideration is a subgroup of T
under certain very common conditions. The invariance group does not
appear to have been defined before, although some properties of
certain of its subgroups have been utilised. We show that knowledge
of a subgroup of T enables us to considerably reduce the amount of

work required by the backtrack method.

6.2 Let V be the set {1, 2, =+, n}. Then for O < k < n define

Q(k)(

V) to be the set of sequences [vy, °°°, vk] of distinct
elements of V. If k = O then the symbol [vy, °°-, vk] indicates the

null sequence [].
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n
Define Q(V) = UJ q V). Let P be a property defined on
k=

Q(n)(V) and let U = {1 € Q(n)<V)|T has property P}. We shall direct
our attention to the problem of finding U when P is given. For

example, if G is a graph with points V, then we might say that

T =1lvy, °°°, vn] satisfies P if vy, vo, **°, vn, vy is a Hamiltonian

cycle of G.

One possible way to determine U is by testing each of the

(1’1)(

n! elements of Q V) to see which of them satisfy P. However, this

technique is obviously impractical except for very small values of n,
and so some more efficient means is required. The success of the

"backtrack" process lies in its capability for eliminating elements

(1’1)(

of Q V) without examining them explicitly. To continue our

example, if vy, vp, v3 is a path in G, but vy is not connected to vj3,

then U contains no elements of the form [vy, vo, v3, vy, **°, vn].

6.3 If v =[vy, *°°, vk] e Q(V), define X, = {v € V|U contains an

element of the form [vy, *°-, s V, =*o 1}, Let W : Q(V) -~ 2V

Vi

be any function so that for v = [vy, =°-, vk] e Q(V) we have

6.4 X, < W(v) ¢ W{vy, -, Vk}’

The backtrack algorithm we now present produces all

1).

sequences [vy, *°-, vn] such that for 1 £ i € n, v:.L € W([vl, eee, vi_1

The condition 6.4 shows that every element of U is of the form. In
practice a trade-off will usually be necessary between the size of

W(v) and the effort expended in computing it. If W(v) = X, for all v,
then only elements of U will be produced. At the other extreme, if
W(lvy, *°°, Vk]) = W{vy, -, vk} for all [vy, °°°, Vk]’ then the whole

(n)(

of Q V) will be produced.
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6.5 Algorithm: Find U given P
(1) Set k := 0.

(2) Set U = W(lvy, °=°, Vk])'

(3) IfU_ = ¢, go to step (7).

(4) Choose and delete any element v from U . Set k 1=k + 1.

(5) Ifk <n, go to step (2).

(6) Output [vy, ==-, Vn] if it satisfies P.

(7) Setk :=k -1. Ifk >0, go to step (3); otherwise stop.
6.6 We illustrate this algorithm by continuing our example of

finding Hamiltonian cycles in a graph G, namely the graph of Figure

6.1.

Define W as follows:

(1) w([])

1
<

(1)

1

(2) W(lvy, ==-, vk]) {(ve WN{vy, -, vk}lv is connected to

v in G} (x = 1),

(+) We have set W([]) = V because it makes our example more instructive
in later sections. In practice, we would set W([]) = {1} to avoid

each cycle appearing 5 times. For a more sophisticated algorithm

for finding cycles in a graph see Johnson [29].
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6.7 We follow the progress of the algorithm until it finds the

first solution.

no

o)
o
|

= {1, 2, 3, 4, 5}
(3) Ug 2 ¢

(k) vy =1, U0y=1{2, 3, 4,5}, k =1

(5) k <n so go to (2)

(2) Uy = {2, 4}

(3) Uy = ¢

(W) vy =2,U;={4}, k=02
(5) k <n so go to (2)

(2) U, = {3, 5}

(3) Uy = ¢

(L) v3=3,U;=1{5},k=23
(5) k <n so go to (2)

(2) Uz = {4, 5}

(3) Uz =4

(W) vy =4, U3=1{5},k =4k

(5) k <n so go to (2)

(2) U, = {5}
(3) Uy % ¢
()4) V5=59U’+"'¢:k=5
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(5) k=n

(6) T1, 2, 3, 4, 51 s not a Hamiltonian cycle
(7) k = L4; go to (3)

(3) Uy = ¢ so go to (7)

(7) k = 3; go to (3)

(h) v = 5, Uz = ¢, k = L

(5) kX <n so go to (2)
(2) Uq = {h}
(3) Uy # ¢

() vg =k, Uy = ¢, k =5

(5) k=mn
(6) [1, 2, 3, 5, 41 28 a Hamiltonian cycle

ete.

6.8 This process can be conveniently described in terms of a
program tree T as shown (for our example) in Figure 6.2. The points

of the tree are called nodes. The node at the top of the tree is
called its root and corresponds to the start of the algorithm. The
other nodes correspond to a choice of v at step (4) of the algorithm.

k+1
Each node is considered to be labelled with the sequence [vy, =*<-, vk]
which is current after step (4) has been completed. For clarity,
however, only the value of Vi is shown in Figure 6.2. Thus the label
of the node marked A is [3, 2, 1, 4]. The algorithm 6.5 begins at the
root of the tree and works downwards where possible, taking the
left-most branches on the way down (hence the phrase "depth-first").

If it reaches a dead-end, it "backtracks" to find another path downwards,

and thus continues until it has traversed the entire tree.
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A node of the form [vy, °*°° 1 (x 2 0) is called a

> Vo Vet
successor of the node [vy, °*°*, vk]. Edges of T join each node to its
successors (if any). Since the edges of T are simply determined by

the labels of its nodes we will normally regard T as just the set of

its nodes, although we still refer to it as a tree.

Extending the successor relationship, a node vi of the
form [vy, **°*, v., *°°, vr] (r > k) is called a descendant of the node
vy = [vy, °°°, vk]. Conversely v, is called an ancestor of vy. If v
is a node of T (we write this simply as v € T), then the subset of T

consisting of v and all its descendants is called the subtree of T

rooted at v and is denoted T(v).

If a node has no successors (and hence no descendants), it
is called an endnode of T. If v is an endnode and |v] = n, then v is
a terminal node of T. Those terminal nodes in 6.2 which satisfy P

are drawn as solid circles.

6.9 Backtrack programs are notoriously sensitive to slight
changes in W, and theoretical timing studies are very difficult to
carry out. However, it is often possible in practice to estimate the
~efficiency of such a program by examining a random selection of

subtrees of T. See Knuth [34] for further details.

6.10 In our analysis of program trees we shall focus our
attention on the terminal nodes rather than on the solution nodes,
which depend on P. In this sense the program tree is defined by the
function W. In fact, we shall refer to W as a defining function for
T. However, T may have many defining functions since it is not

affected by the value of W(v) when v ¢ T.
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6.11 From now on we will assume that T has at least two nodes.

The successor function for T is the map

T
Fo:Q(v)>2
defined by
{u ¢ Q(V)|u is a successor of v} veT
(v) =
o vdT
It 1s generally more convenient to work with F rather than with W,

since F and T uniquely define each other.

et v = Lvy, ==-, vk] e Q(V), v € Sn' Then we write

6.12 Theorem: T ig imvariant wnder Y Lff F commutes with v in the

sense that for any v e Q(V), r(vY) = (F(v))Y.

Proof:

(a) Suppose F commutes with y. Let v e T.

If v is not an endnode of T, then F(v) # ¢. Hence

F(vY) = (F(v))Y z ¢, showing that voe T,

If v is an endnode of T, then there exists u ¢ T such that

Y e ana F(uY) = (F(u))Y. Hence v' e T.

v e F(u). As above,
(b) Suppose T is invariant under .

If v ¢ T, then v/ ¢ T and so F(v) = F(v') = .

If v e T, then v/ ¢ T. Suppose u ¢ F(v). Then u' e T and

S0 uY e T(vY).
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Similarly, if uY € F(vY), then uY € T, which shows that

L e T and hence p e F(v).

6.13 Theorem: Let E be the set of endnodes of T. Let vy e S, - Then

T=1" {ff E =5

Proof: By definition, E = {v € T|F(v) = ¢}.

1

(a) Suppose T =T'. Let v ¢ E.

Then v' € T and F(vY) = (F(v))Y by 6.12. Hence v' ¢ E.

i

EY. Let v e T where v = [vy, *=+, v, 1.

(b) Suppose E .

Then T has an endnode of the form W = [vy, *°°, v, , *°°, Vr]

where kK £ r £ n.

Y Y

Vs
vl = [le, sae, ka] e T. O

Hence ' = [le, R N er] e T, and so

6.1 Theorem: If T = T' and X is the set of terminal nodes of T,

then X = X'.
) - (n) Y, o
Proof: X =Tn Q (V) and |v'| = |v] forany v € T, v ¢ Sn' ]
6.15 Theorem: Let T(T) = {y ¢ San =17}, Then T(T) is a group.
: V1Y, = Yo -
Proof: Let vy, v, € T(T). Then T'1'2 =12 =T, 0

6.16 The group T(T) will be called the invariance group of T.
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For example, if T is the program tree of Figure 6.2, then T(T) is the
group {(1), (24), (35), (24)(35)}. 1In this case T(T) is precisely
the automorphism group of the graph G. This situation 1s very common

and will be considered in more depth later.

Recall that T(v) is the subtree of T rooted at v. The
motivation for the study of T(T) can be found in the following

result.

6.17 Theorem: ILet v € T(T) and v € T. Then T(v') = (T(v))Y.

Proof: Suppose v = [vy, ¢+, v, J. Then vY

X =[V1Y, --°,ka]€ T.

If u is a descendant of v, then it has the form
u=[vy, *oc, v, , =, vr] (k < r <n). Thus

o= [VlY: seey, ka, cos, VrY] e T(vY).

Similarly, if W€ T(vY), then u ¢ T(v) since

Y1 e T(T) by 6.15. 0

6.18 We consider the consequences of 6.17. Given any subtree

T(v) and permutation Yy € T(T), we can construct the subtree T(vY) without
the need for producing it by using the backtrack Algorithm 6.5. In
particular, the terminal nodes of T(vY) can be determined from those

of T(v).

Taking this idea a step further, let ¥ be a subgroup of

Y

T(T), and let v, 4 € X. Then we write v & u if p = v' for some

¥
Yy € Y.

By 6.14 the relation v (written as ~ if ¥ is understood)
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is anequivalence relation on X. Consequently X can be determined
from the group Y and any subset R € X containing at least one node
from each equivalence class under ~. This can produce a considerable
saving if |¥] is large. A means of producing R using algorithm 6.5

will be given as soon as a few additional results are discussed.

If ¥ < T(T) and v = [vy, °°-, vk] e T, then ¥ denotes the

point-wise stabiliser of {vy, °<-, vk} in Y.
6.19 Lemma: Let v e T, T = T(T). Then T, < T(T(v)).

Proof: Let v ¢ Tv and p = [vy, *°°, vk, cee, Vr] (k < r £ n) where

v=[vy, °v°, vk] and u e T(v).

Then 1’ = [le, cee, VkY, vk+1Y, see er]
= [ vy, °°°, Vi s vk+1Y, IEKIN VTY] e T(v). O

Unfortunately, we do not always have equality in 6.19. For
example, if v is the node marked B in Figure 6.2, T(T(v)) = {(1), (15)}

but T = {{1)}.

6.20 Lemma: Let v ¢ T, ¥ < T(T) and let W be a defining function

for T. Then W(v) 28 a wnion of orbits of Wv'

Proof: Let vy € v Then v' = v. Hence W(v) = w(v¥) = (w(v))Y
by 6.12. 0
6.21 Let ¥ < T(T) and suppose W is a defining function for T. We

define a quotient tree T/Y¥ as the program tree given by a defining

function W/Y¥ constructed as follows:
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Let v = [vy, °°*°, Vk] e Q(V).

(1) I v d T set (WY¥)(v) = ¢.

(2) If v e T then by 6.20 W(v) is a union of orbits of v,
Define (W/¥)(v) to be any set consisting of exactly one element from

each of these orbits.

The tree T/Y¥ depends on the method of choosing orbit

representatives of Wv and so 1s not uniquely defined.

6.22 For example, we take the tree T of Figure 6.2 and the group
¥ o= {(1), (24), (35), (24)(35)}. Then a quotient tree T/¥ is shown in
Figure 6.3. The nodes are labelled in the same fashion as for

Figure 6.2.

As indicated earlier, the value of W(v) when v ¢ T is
arbitrary and does not affect T. Since also T/¥Y ¢ T by its
definition, we can construct W/¥ from W and ¥ and so Algorithm 6.5
can be used to find T/¥Y. The example suggests that T/Y is considerably
smaller than T and this is indeed true in the sense of the following

result.
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6.23 Theorem: Let X and R be the sets of terminal nodes of T and
T/Y respectively. Consider the equivalence classes of X defined in

6.18. Then R contains exactly one member of each equivalence class.

Proof: R ¢ X since T/¥Y ¢ T.

(1) Let v = [vy, -, vn] e X. Then we can construct u ¢ R

such that v ~ p as follows:

For 0 <k <nlet v, =Lvy, ***, v. ]. Then v, ¢ T. Suppose

k k k

we have found, for some k, e = [wy, °°-, Wk] € T/¥ and v € ¥ such

that w = ka. Now w. e W(v, ) and so by 6.12, v

k+1 k Yoe wlu).

k+1 k

Consequently there is w,_ , € (W/¥)(u,_ ) and § € Yp such

k+ k K
- Y8 =
that Vgt = Vg1 - So Meyq € T/¥ where Moyq = fwi, > Wi Wk+1]’
. - ¥$ :
and since § € ka, Uk+1 vk+1 where v§ ¢ V.

Continuing this process we find that L V.

(2) Suppose there are distinct elements Vi, Vo2 € Rand v € ¥

such that vy = le. Let vi = [vy, *°°, vn]. Then vi and vo have a

common ancestor of greatest length u = [vy, **-, v, 1. Then vy ¢ Wu.

k
. _ Y .
Hence, by the definition of W/¥, we have Vipq Vk+1 contradicting
the maximality of u. il
6.24 Corollary: |X| = |¥]IR]. g
6.25 We have shown that knowledge of a subgroup ¥ < T(T) can be

used to significantly reduce the amount of work required by the
backtrack algorithm. However, we have not indicated how such a

subgroup could be found. There seems to be no way of doing this in
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general, except by computing the entire tree T, and this is what we are
aiming to avoid. However, when the elements of the set V are the
objects of a set with "suitable structure" (for example, the points
of a graph, the elements of a group, or the vertices of a polyhedron)
then the "automorphisms" (structure-preserving permutations) can very
commonly be identified as elements of T(T). So that we can avoid the
difficulties in defining these ideas in a precise general fashion, we

shall describe the case where V is the set of points of a graph.

In order to represent a graph in a computer, it 1s necessary
to label the points of the gﬁﬁph in some manner. To take the most
common situation, we are given a set of labels, normally {1, *<-, n}
and must assign each label to a point of the graph in some arbitrary
(one-to-one) fashion. The condition we require is that computation of
the defining function W does not depend on the way in which this

labelling is performed. Let us make this rigorous.
Suppose the computation of W is carried out by a procedure
W ov) x av) » 2"

so that for G e G(V), v € Q(V), the computed value of W(v) will be
aij, v). The procedure & can be said to be independent of the
labelling of G if for vy e 8> V€ Q(V) we have

6.26 Wi, vV) = Wi, wv)Y.

6.27 Theorem: Ij’f@7is independent of the labelling of G, then

r(g) < v(T1).

Proof: If vy e I'(G), then G' = G. Hence for any v € Q(V), 6.26
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becomes

(]
>
<
<2
o
il
S
(@)
<
S
S
<
5

or equivalently,

Therefore, if F is the successor function for T, then F(v') = (F(v))Y

and so y € T(T) by 6.12. 0

In practice, it is usually quite easy to decide whether W
1s independent of the labelling of G. Roughly speaking, this will be
the case if‘&7 treats the labels as objects without any ordering and
makes nc arbitrary choices. However, there is another method of
showing I'(G) € T(T) which is often easier to apply. This method
consists of identifying the endnodes of T and using Theorem 6.13.

To 1llustrate this we take our former example and the function W
defined in 6.6. If vy is an automorphism of G and [vy, *°°, vk] is
an endnode of T, then so is [le, see, V. 71 since Y preserves

k

adjacency. Effectively, we need only verify 6.26 for those v where

1@7(G, V) = ¢.

6.28 Although our development so far has been quite straight-
forward, these 1deas have received only scant attention. This is

perhaps partly explained by the following practical difficulties:

(1) Computation of I'(G) is required. Although many known
algorithms are capable of computing I'(G), they invariasbly generate
each element of I'(G) individually. When |I'(G)| is large this may
take impossibly long. In any case, finding T(G) may take longer than

using the original version of the backtrack algorithm.

(2) Once T'(G) has been computed we have the problem of storing



Th.
it in the computer. The methods described in Chapter 4 may be used,

but these do not seem to be widely known.

(3) The evaluation of the defining function W/T requires the
orbits of the stabiliser Fv for a possibly large number of nodes V.
Unfortunately, in the notation of 4.4, there seems to be no easy way

(

of converting a set {Yi k)} of coset representatives corresponding

to a sequence [vy, °*¢, Vv 1] to a set corresponding to another

r+

sequence [wy, <°°, Wr+1]' The constant need to compute the orbits
of Fv may take more time than it saves, unless the computation of

W(v)takes a similar amount of time.

6.29 In order to avoid these problems we can use various

compromises. For example,

(1) We can use only a small subgroup of I'(G). The result 6.2k
indicates that even the subgroup ¥ generated by a single element of
I'(G) may considerably reduce the size of the program tree. In this

case the computation of Wv is trivial.

(2) We can restrict our attention to subgroups of T'(G) of
special type. In Sections 6.30-6.33 we shall consider the subgroup
of T(G) generated by its transpositions. This method will of course

be useless if T(G) has no transpositions.

(3) We can use a more sophisticated means of reducing the size
of the program tree. Several such methods will be presented in

Chapter 7.

6.30 Lemma: Let G e G(V) and v, w e V. Then the transposition (vw)

is in T(G) 2ff v is adjacent to the same points in V\{v, w} as is w.
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Proof: Trivial. [l

This result shows that the transpositions in I'(G) can be
easily found. The next three results show how the subgroup they

generate may be handled.

6.31 Lemma: [54] Let Vi be a subset of V. Then 1f 7 < S(V;) is a

set of transpositions, 7 generates S(Vy) Zff b, = Vy. 0

IA

6.32 Lemma: If ¥ < S(V), then Y is generated by transpositions 1ff

0

¥ = S(V)Tr where "

{CcylCol+==lC. }. Then by applying 6.31 to each

Proof: Suppose 7 X

cell Ci we see that

¥ =5(Cy) ® °=- @ 3(C, ). 0

k
6.33 Lemma: If VY < S(V) Zs generated by transpositions, and m e N(V),

then eA = ew AT where A = Wﬂ.

Proof: Clearly 6, < 6 (L.14) ang 8, < 7 (trivial).

AT A
Hence eA < GF AT
>
But 0, 26, AT Dy 6.32. 0

Lemmas 6.32 and 6.33 show that only the partition 6, is

required in order to evaluate W/¥. If v € Q(V) the orbits

of ¥ which lie in W(v) are simply the non-

null sets of the form W(v) n C, where 8, = {Cll---ICk}. Thus the

guotient tree T/¥ can be generated very easily. In the context of



graph isomorphism this idea was first used by Morgan [46] who
considered the canonical labelling of chemical compounds. A more

general treatment was given later by Steen [69].

76.
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CHAPTER SEVEN

BACKTRACK PROGRAMMING - IT

7.1 We are now in a position to present a number of techniques
by which we can reduce the size of a program tree T without prior
explicit knowledge of T(T). 1In order for these techniques to work we
require a means for "recognising" some subgroup ¥ of T(T), in the
sense that, given v ¢ Sn’ we can declde whether or not vy € ¥. For
example, if we are working with a graph G and T(G) < T(T), then by
permuting the adjacency matrix of G we can tell whether or not

vy € T(G). Clearly any subgroup of T(T) is "recognisable" in
principle, but our techniques will not be practically useful unless
the recognition can be performed with reasonable efficiency.
Throughout this chapter, we continue the notation of Chapter Six,
and assume that ¥ < T(T). Except as indicated in 7.28, all of

this chapter is original.

Let T be the program tree with defining function W and
having successor function F. Let X be the set of terminal nodes of T;
for convenience we assume that X is not empty. The elements of X
will be assumed to be in the order in which they are produced; for
example, from left to right in Figure 6.2. Hence, for example, we
can talk of T € X being earlier than 1, € X. Similarly, if
vi, Vo € T we can say that T(vj) is earlier than T(vy) if every
terminal node of T(vy) is earlier than those of T(vy). Following
6.18 we denote 17 ~ T, if for some Yy € ¥, Tp = rlY. Such terminal
nodes will be called equivalent (under ¥). The earliest terminal nodes
in each equivalence class will be called Zidentity nodes and denoted
{e1, ==, er} in the order in which they are produced, where

IX| = rl¥].
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Let 11, Tp € X where 1] # Tp. Suppose 11 = [vy, *°°, Vn]

= LI = < q < z .
and 12 = [wy, R wn] where v, = w; (0 <i<k) and Vi1 ® M
Then we denote Ty - To = [vy, *°=, Vs Vk+1] and
T2 - T1 = [Wls sy Wka Wk'l'l] = [vla Y Vka Wk+1]~ For

example, if t; = [1, 2, 3, 5, 4] and 1, = [1, 2, 5, 3, 41,
Ty - T2 = [1, 2, 3] and 1o - 11 = [1, 2, 5]. ©Since 17 and T3 are
descendants of 1y - T and T - T1 respectively, 11 - T2 and

7o - T1 are both in T.

7.2 Lemma: Let T(vi) and T(vy) be subtrees of T where vy = vi'
for some y € ¥, but vy # vi. Then if T(vy1) is earlier than T(vy),

T(vo) contains no identity nodes.

Proof: By 6.17, T(vy) = (T(vy))Y. Therefore, if T(vy) contains an

¥

identity node e, e is earlier than e, which is a contra-

diction. U

Suppose that at some stage during the execution of
Algorithm 6.5 we have encountered the identity nodes {e;, =--, es}

and now find the terminal node 1. There are two possibilities:

(1) T is a new identity node.

Y

(2) 1 ~ e, for some i (1 < i < s). Suppose T = ey where
Y € ¥. Then, if e, =T = vy, =o-, v, Vk+1j we have
— oo Y
T - = [vy, > Vs Vg 1.
Hence T e, =(e, =1)
and so (1 - e.) = (T(e; - )Y

Since also T(ei - 1) is earlier than T{t - ei) we conclude

from 7.2 that T(tT - ei) contains no identity nodes. Thus we can
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remove T(T - ei) from the tree without losing identity nodes.
These ideas lead us to the following simple algorithm,

which is modelled on 6.5.
7.3 Algorithm: Find the identity nodes of T.

(1) Set k :=0; s := 0.

(2) Set U, = W(lvy, -, vkj).

(3) 1If U, = ¢ go to step (9).

(4) Choose and delete any element Vg from U - Set k := k + 1.

(5) Ifk <n go to step (2).

(6) We have found a terminal node T = [vy, ***, vn].

If 1 ~e, for some § (1 < j < s) go to step (8).

J
(7) Set s := s + 1; e = T. Go to step (9).
(8) Set k := |1 - ejl.
(9) Set k :=k - 1. Ifk 20 go to step (3); otherwise stop.
7.k We now apply Algorithm 7.3 to the example of 6.6, taking

¥ = T(G). TFor the first two terminal nodes of T, Algorithm 7.3
behaves the same as Algorithm 6.5 and so we will not repeat this
part. Instead, we take up the workings where we left off in 6.7. At
this stage we have found two non-eguivalent terminal nodes. The

various symbols have values as follows:
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Continuing this process we obtain the program tree shown in
Figure 7.1l. Comparing this with Figure 6.2 we see that the number of
terminal nodes has been reduced from 28 to 15. The terminal nodes
in Figure 7.1 are labelled according to their equivalence classes

and the automorphisms o = (24) and B8 = (35).

T.5 We have shown that Algorithm 7.3 produces the full set of
identity nodes {ej, °°°, er}. These can be thought of as the terminal
nodes of some quotient tree T/Y. In many applications the set

{eq, <=, er}, since it represents all terminal nodes not equivalent
under ¥Y,will be all that is required. However, if we need the entire
set of terminal nodes of T, we first need to find Y. It turns out
that ¥ can be constructed quite simply from those elements of V¥

which are encountered during the execution of the algorithm.

Let T and T be respectively the program trees produced by

Algorithms 6.5 and T.3.

Suppose that during the execution of 7.3 we have found an

identity node ej and a terminal node T such that T # ej but 1 = e.Y
for some y € ¥. Then we say that Tt - e, is absorbed onto ey - T by v.

In Figure 7.1 such absorptions are indicated by dashed arrovs.

In our analysis of T; we are assuming that the orders of

choosing the v, , from U at step (4) of Algorithms 6.5 and T.3 are

the same.

7.6 lemma: Let e; = Lvy, =-v, vn] be an identity node of T. Then

any node v of T of the form [vy, , wl (0 <k <n) will also

L4 9 vk
be in T,.
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Proof: If v is not in T;, then some ancestor iy of v must have been
—1
absorbed by an element vy of ¥ onto a node pi. But then eiY is

earlier than €5 contradicting the assertion that e, is an identity

node. U

7.7 Corollary: If T ¢ X, then t - e, € Tq.

Proof: 1 - e; is of the form required by T7.6. N

1

7.8 Lemma: Let e, [vy, *°°, vn] be an identity node of T. Let
vy = [vy, *°°, Vo Vk+1] and

vy = [vy, *eo , W] where vy € T and vy = VlY

ka
for some y € ¥, but vy, # vi. Then vy will be absorbed onto vy (but

not necessarily by v).

Proof: Let T be the first terminal node of T(vy). Then vy = e, = T
and vp = T - e, Since T(vy) is earlier than T(vy), T is not an
identity node, by T7.2. Hence there is an identity node ej and an

element § ¢ ¥ such that T = ejs.

Now 1 - ej and vy are both ancestors of T.
(1) Suppose T - e, is an ancestor of vs.

Then e; € (1t - ej) since e; « T(vy) and T - e is an

ancestor of vj.

But T - ej = (ej - 7)6 and T(ej - 1) is earlier than

T(t - ej), which contradicts T.2.

(2) Suppose vy is an ancestor of T - ey
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Then e, ¢ T(vy) since e, ¢ T(ej - 1) and vy is an ancestor

of e, - 1.

But vy = vi' and T(v,) is earlier than T(vy), which again

contradicts T.2.
-1
Hence we must have vy = T - ej. Let v3 = vp . Then
-1
vy = lea . But e, € T(vy) and e ¢ T(v3) and so vi = vz by T.2.

Therefore vy = ej - Tand vp =T - e,, and so vy will be absorbed onto

vi by 8. [

Let es = [vy, *°-, vn] be an identity node of T. For

0 <k £n define v, = [vy, **+, v ] and W(k) =Y .
k k Vk

7.9 Theorem: For O <k < n (following 4.4) we have the disjoint

o (6) _ (5, 0e1) (k)

k k+1 k
where yi(k) = (1) and {yz(k), s Y, (k)} arve the elements of ¥ by
which nodes of T are absorbed onto vkil'

Proof: Let the orbit of W(k) which contains v +1 be Z = {wy, *°-, Wy }

k k

where wy = vk+1.

By 6.20 7 < w(vk), and so by 7.6, u; € Ty where
u, = Lvi, ==, Ve Wi] (1 <1 < sk). Note that u; = vk+1 and
consider M where 2 < i < Sk'

By 7.8, ui will be absorbed onto p; by an element yi(k) of VY.
a1 . (k) _ (k)

ince v, 1s a common ancestor of u; and us, Y5 € Wv =Y Further-
k

more, Yy k) maps w; onto LA The theorem follows from 4.2. O
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(h)

7.10 Corollary: For any O < h < n, ¥ is generated by the set

Q ={Yi(k)|hﬁk<n,lSiSs}.

h k

In particular, Qo generates VY.

Proof: By L.5. 0

Theorem 7.9 shows that in order to find ¥ we must only look
at those nodes which are absorbed onto ancestors of a single fixed

identity node -- for example, the first terminal node e;.

For the tree of Figure 7.1, we find

i

Hence y

<:(2 L), (3 5):> as expected.

Theorem 7.9 also enables us to find a bound for the number
of terminal nodes of Ty;. Recall that the terminal nodes of T are the

set X where |X| = r|¥].
7.11 Theorem: Ty has t terminal nodes, where t < r((5) + 1).

Proof: Let e be an identity node of T. By 7.9 the number of nodes

absorbed onto ancestors of e is

nil
(s, - 1).
k=0 K
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Therefore the number of non~identity terminal nodes assoclated
with each identity node in this way is bounded above by (2). The

theorem follows immediately. O

The bound of T7.11 is realized only when Y = Sn and is generally
too large. Since |¥| can be as large as n! the work saved by using

7.3 instead of 6.5 can be enormous.

In Theorem 4.8 we showed that the set € can be reduced to
a set Y' of at most n - p generators of ¥, where Y has p orbits. Hence
we can find such a generating set by producing Q¢ via Algorithm 7.3
and then applying Algorithm 4.9. However a closer look at the ideas

behind 7.3 reveals a way in which such a set can be produced directly.

T.12 Before proceeding further we shall establish the following
conventions. It has been assumed that V = {1, °<-, n}, If

Wi, Wop € V, then by w1 < wo we simply mean that w; is smaller than

wo numerically. Furthermore, we shall assume that when required to
choose an arbitrary element from a subset of V (for example, the set

U, at step (4) of Algorithm 6.5 or T7.3) we shall choose the numerically
smallest element. This convention has already been adhered to in our

examples. The following result is now obvious.

T.13 Lemma: Let vy, vo € T where vy = [vy, -, Vi wil,

vp = [vy, - » W2l and wy < wo. Then T(vy) is earlier than

N Vk
T(v2). 0
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T.1h Let e = [vy, ==, vn] be an identity node of T and suppose

0 £qg <n.

For 0 <k < h define v = [vy, °°*, vﬁ]and w(k) = VY

k v

k
Let {Yl, RN Ym} be a set of elements of ¥ by which nodes

of T are absorbed onto nodes vk where k > q.

(q)

Then Y; € W<q) (1 £1i<m)., Therefore A < V¥ , where

A= <Y 2 ...’ Ym>.
By 6.20, W(vq) is a union of orbits of A.

et m =06, =6 V see v g Dby h,1lh,
¥ Yy Yy v

Now if wy < wp where Wi, Wo € W(vq) and wi ~ wp then for

some y € ¥, wop = wly.

Hence u, = u1Y where uj

]

[vy, °°-, Vq, w1l and

Ho = [Vla "t an wal.

Therefore T(up) = (T(ul))Y by 6.17 and so T(u,) contains no

identity nodes, by 7.2 and T.13.

7.15 To implement these ideas, additional data items are required.
Upon creating a node v = [vy, *°°, vk] we compute W(v) and create a
partition m e m(w(v)). Initially, m, is set equal to the discrete
partition of W(v). Thereafter, whenever we encounter an element

Y ¢ ¥ by which a node is absorbed onto a descendant of v we set

™ LN v eY, where V denotes the generalized join operation
introduced in 3.4. This operation can be performed by Algorithm 3.6.

At any stage during the execution of the following algorithm, we

require partitions only for the current node and its ancestors
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(excepting that we do not need a partition for a terminal node) and so

no more than n partitions need to be stored at one time.

For convenience we shall assume that the cells of a
partition m, are stored so that if an element of a cell C1 is smaller
than every element of another cell Cy, C; is stored before Co. The
structure of Algorithm 3.6 ensures that if ™ is in this form, then
T v eY will be also, irrespective of the order of the cells of SY
In the following algorithm a cell of T is regarded as having been
chosen if any element of the cell has been chosen. Our conventions

ensure that the chosen cells of m, are always stored before those

which have not been chosen.

7.16 Algorithm: Find the identity nodes of T.
(1) Set k :=0; s := 0.
(2) Compute Z := W([vy, **-, vk]). If Z = ¢ go to step (9).
(3) Set m,_:= discrete partition of Z.

k

(4) set C

first cell of T not yet chosen;

Vit

k

smallest point in Cj

k + 1.
(5) Ifk <n go to step (2).

(6) We have found a terminal node T = [vy, °**°, vn].

If t ~ e'j for some 3 (1 £ j < s) go to step (8).

(7) Set s := s + 1; e 1. Go to step (9).

(8) Compute vy such that T = er. Set k := |1 - ejl.

For 0 £i<ksetm, :=m VO,
i i %
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If all cells of 7

go to step (k).

T.17

include those

k

89.

have been chosen go to step (9); otherwise

We again consider the example of 6.6. For brevity we only

k=0, 8=

0.

steps of the algorithm where variables change value.

AR {l, 29 3, h: 5}'

mo = {112]3145}.

C = {1}, Vi
7z = {2, 4},
ﬂl = {th}.
C = {2}, Vo
z = {3, 5}.
To = {3|5}.
C = {3}, v3
z = {4, 5}.
Ty = {h|5}.
c = {4}, v,
z = {5}.

Ty = {5}.

C = {5}, vg

fl

1

1,

>,

k



—
I

4]
1

k =14
k=3

¢ = {5}, vy
z = {4}

m, = {4},

C = {4}, vs

-
i

S =

k=L

k = 3
k=2

C = {5}, v3
7 = {3, L},
w3 = {34},
C = {3}, vy
7 = {4},

my = {4},

C = {4}, vs

]

it

h, k

[l’ 29 3) 5) ll']

23 62':[1, 2) 3

=[1, 2, 3, 4, 5] - an identity node.

1, e; =[1, 2, 3, 4, 51.

- an identity node.

5 5: h]-

90.
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(6) t=1I1,2,5, 3, 4] -~ equivalent to e,.

(8) vy =1(35), eY = {11213, 5|k}.

k = 3.
mg = {112}3, 5|k},
m = {2]4}.
mg = {3, 5}.
(9) k=2
(9) k=1
(k) C = {4},

Continuing this process we obtain the program tree shown in

Figure 7.2. The labelling is the same as in Figure T.1.

As before, if at step (8) of Algorithm T7.16, we have
T = er for an identity node ej and a terminal node 1T we say that

T - ey is absorbed onto ey = T by v.

We denote by T, T1, To the program trees produced by
Algorithms 6.5, 7.3 and T7.16 respectively. We have shown that

both T and Ty contain the identity nodes of T.

7.18 Suppose that at step (8) of Algorithm 7.16 we have T = er

where ej is an identity node, T a terminal node and y ¢ Y.
Let T = [vy, *°-, vn], and 0 £ 1 < |t - ejl.

Then in step (8) we set Moo= M, v ey. Suppose for some
node v = [vy, °°°, Vi’ w] of Ty this operation causes the cell of T,

containing w to be increased in size. Then we say that v is active

at v.



o Q2
20€--5- -0y & A3
/i
<,§“~ o) ' X
3% 5 3 & t >
ou 95 93 92 3p€=Ps 91 Os5 Dy
| !
E
|
°5 9 °y 95 5 73 71
8 a
e1 €5 e5° e €3 €3 ey

Figure 7.2

3
20¢- - -0n &
1 Ps rl " 4
o Pu P2 91 Y1
65 o4 CL5 $4 92

o Q.
es eg €5 ey €7

a=(24),8=1(35)

26



93.

7.19 Lemma: vy 78 active at ej - T.

Proof: ej - 1 is in Ty because it is an ancestor of ej. Also ej - T
is clearly of the form [vy, <°*, Vs w] where i = |1 - ejl - 1. Then

the operation m,oTE M, V 8_ brings v, into the same cell as w. U

i Y i+l
T7.20 Theorem: Let ey = vy, °°°, vn] be an identity node of T. Let
Y be the set of elements of ¥ found by 7.16 which are active at
ancestors<zfej. Then Y generates ¥ and |Y| < n - p where ¥ has p

orbits.

Proof: We verify that Y satisfies the requirements of Theorem 4.7

for h = 0.

For 0 £k £ n, define v

W(6) _

]
i}
<

S
<

Consider the partition m_ when the subtree T,(v, ) has been

k k

completely generated by the algorithm (say at step (9)).

Let Z be the orbit of w(k) containing Then Z < w(vk)

Vk+1'
by 6.20.

Also, Z is a union of cells of m,_, since the cells of w

(k)

are orbits of some group generated by elements of V¥ .

k k

Suppose C; and Cy are distinct cells of w,_ contained in 7,

k

where Vel € Ci. Let w be the smallest element of Cy. Then w must
sometime have been chosen at step (4). But this would have resulted

in w being absorbed onto some element of C; (the proof is like that

of 7.8) and Cy, and C; will have been merged (7.19).
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Hence Z is a cell of M e But since Vierq € Z, m, 18 an

orbit of the group generated by elements active at vq for each q > k.

Therefore, the set Y satisfies the conditions of 4.7 for h = 0.
Hence {Y > = V.

Now let Y = {yj, °°-, Yt} in the order these elements are

found. For 0 £ 2 £ t define

Then since each Yi igs active at some ancestor of ej,

+1 2

w(z ) is always strictly finer than W( ) (0 £ 2 <1t). But ﬂ(o) and
W(t) have n and p cells respectively, and so t < n - p. O
7.21 Corollary: For 0 <k < n, ¥v'&) = <Y n w(k)> :

Proof: Immediate from L.7. o

T7.22 Theorem: Ty has at most r(n - p + 1) terminal nodes, where

IX] = ri¥| and ¥ has p orbits.

Proof: Let T be a terminal node which is not an identity node. Then
for some identity node ej we have T ~ ej. Hence by T7.19 every element
of ¥ found by 7.16 is active at an ancestor of some identity node.

The result now follows from T7.20. O

T.23 Despite the power of Algorithm T7.16, its efficiency can be
increased still further. Upon creating a node v of T,, Algorithm 7.16
initialises a partition m, as the discrete partition of W(v). In this

sense it assumes no prior knowledge of Wv. However, if we have a set
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{Yl, e, Ym} of previously discovered elements of ¥, then some of them,
say {Yl, cee Yq}’ may be in Wv. Then clearly we can initialise
m_o:= (6 Vo ese v g ) without losing identity nodes. In fact,
k Y Y ,
1 a [W(v)
we could set m = eA'w(v) where A = <:y1, cee, Ym>%’ but in practice

this seems to be rarely worth the additional computation required.

Several points are worth mentioning here.

(1) Only the partitions ﬂ(l) = GY need to be stored. In fact,

R i
only the non-trivial cells of n(l are required.
(2) There is no need to store all the elements of ¥ discovered.
Storing too many elements can actually slow down the algorithm since

the constant initialisation of partitions m,_ may become too laborious.

k

In practice, we can choose a small integer J and store only the first

J elements of ¥ discovered.
These ideas give rise to the following algorithm, which is a
variation on 7.16.
T.24 Algorithm: Find the identity nodes of T.
(1) Set k :=0; s :=0; t := 0.

(2) Compute Z := W([vy, *°°, vk]). If Z = ¢ go to step (10).

(3) Set discrete partition of Z.

(1)

k

For 1 £ i £t such that =« fixes [vy, ¢°-, Vk] set

Py
=
92
]
t
(@]
1}

first cell of T not yet chosen;

<
I

smallest point in C;

k =k + 1.
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(5) Ifk <n go to step (2).

(6) We have found a terminal node T = [vy, *°°, Vn].

If v ~ e for some j (1 < j < s) go to step (8).

(7) Set s :=s + 1; e i T.

Go to step (10).

(8) Compute y such that t = er. Set k := |1 - ejl.
For 0 £ i <k setmw, =7, VO.
i i Y
(9) If+t =J go to step (10).
. . ()
Otherwise set t =t + 1; = := 0

"
(10) If k = O stop.

Set k :=k - 1.

(11) If all cells of m  have been chosen go to step (10);

otherwise go to step (k).

If J = 0, then Algorithm T7.24 is identical to Algorithm
7.16. If J 2 2, then applying Algorithm 7.24 to the example of 6.6
produces the program tree of Figure T7.3. In the process of the

algorithm, we have only needed to store the partitions for (3 5) and

(2 b).

The activity of an element of ¥ discovered by T7.24 is

defined as for T7.16.

7.25 Theorem: Let Y be the set of elements of Y discovered by
Algorithm 7.24 (for any J) which are active at ancestors of the first
terminal node e,. Then Y generates ¥ and |Y| < n - p, where ¥ has p

orbits.
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Proof: When the ancestors of e are created during 7.2t we have
t = 0 since no elements of ¥ have been found. The proof of T7.20

can therefore be applied. 0

Let T3 denote the program tree produced by Algorithm 7.2k,
If J is large enough, the number of terminal nodes of T3 seems to be
typically of order r + n. However, no bound better than that for T»
has been proven. For program trees with a lot of endnodes which are
not terminal nodes, T3 is often wvastly smaller than Ty, since the

size of subtrees without terminal nodes can be reduced.

T.26 We now turn to a variation on Algorithms 7.3, 7.16 and T7.24.
In all of these algorithms, it is necessary to store the full set of
identity nodes. If this set is required exactly, there seems to be
no alternative, since otherwise further identity nodes could not be
positively identified. However, in some applications a larger set

of terminal nodes, known to contain the identity nodes, will be
sufficient. In these cases we can store a subset of the identity
nodes. Terminal nodes which are equivalent to identity nodes that

are not stored will then be recognised as "possibly an identity node".

One method which appears to work very well is to choose an
integer L 2 0 and to store the first identity node e; and the latest L
terminal nodes which are "possibly identity nodes". The reason for
storing e; 1s that then Theorems 7.9, 7.20 and 7.25 will still hold for

this identity node.

T.27 The simplest case here is when L = 0 so that only the first
identity node is stored. When Algorithm T7.24 with this change is

applied to the example of 6.6, the program tree Ty of Figure 7.4 is
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(2 k), 8=1(35)

a

R

Figure
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produced. It is seen (in this example at least) that Ty is only
marginally larger than T3. An advantage of this case (L = 0) is that
the set Y of Theorem 7.25 contains all the elements of ¥ discovered
by T.2k. 1In fact, it is the set Y' which would be produced by
Algorithm 4.9 from the set Qg of all elements of ¥ discovered by

Algorithm 7.3 with L = O.

7.28 After work on this chapter was completed, it was discovered
that a method akin to that of Algorithm T7.16 had previously been used
in a special case by Arlazarcv et al. [ 2 1, who were concerned with
the problem of canonically labelling a graph. However, to the best
of our knowledge, Algorithm T7.24 and all our results on the generation

of ¥ and on the size of Ty and Ty, are original.

T.29 In practical problems it is very common for many nodes of
the program tree T to have only one successor. In other words, for
many nodes v € T, we have |W(v)] = 1. For such nodes there is

clearly no need to have a set U (as in 6.5 or 7.3) or a partition L
(as in T7.16 or 7.24) since these will always be trivial. Similarly,

on "backtracking" out of the subtree T(v) there is no need to examine v
since there cannot be further paths downwards from v. Therefore we

can consider such nodes (excepting the root) to be omitted from the
tree. Tor example, the tree T of Figure 7.5 can be reduced to the

tree T of Figure 7.6.
H1 Hi

M2 M2
M3 H3
Figure 7.5 Figure 7.6

Hy My

Vi V2 V3 Vy Vi Vo V3 Vy
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Since T is determined by its endnodes (all other nodes are
ancestors of endnodes), it is trivial to reconstruct T from E and so
both trees contain the same information. "Reduced" trees like T can
be analysed by generalising the ideas of defining and successor
functions. For example, the tree T of Figure 7.6 is described by a

generalised successor function F such that

{ug}

Flup)

F(Uz) {113, uq}

Fluz) = {v3, vy}

Fluy) = {vy, vp}
F(vi) =¢ (i =1, 2, 3, 4).
T.30 There is no reason why we could not delete just some of the

nodes of T with one successor. If this is done so that % is still
invariant under ¥, all the results of Chapters Six and Seven can be simply
adapted to this case. Such reduced trees will occur in our

applications in later chapters.
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CHAPTER ETGHT

GRAPH TSOMORPHISM PROBLEMS

8.1 There are several related problems which fall under the
general title of "graph isomorphism problems". The main ones can be

stated approximately as follows.

Let Gy, Go and G be labelled graphs.

Pl1. (a) Are G and Gy isomorphic?
(b) If Gy and G, are isomorphic, find one (or all) isomorphisms

between them.

P2. Find a canonical labelling of G.

P3. Determine the group I'(G).

PLi. Find one (or all) subgraphs of Gj isomorphic to Gy.

P5. Find the common subgraphs (or maximal common subgraphs) of

Gy and Go.

8.2 Apart from their obvious impact on graph-theoretic
research, solutions to these problems have many direct practical
applications. A much-quoted example concerns the storage and
recognition of chemical compound structures [L42, 43, 527, where a
molecule can be represented as a graph with points and edges labelled
by atom type and bond type respectively. Another application is in
pattern recognition [Th4], where shapes can often be described in
terms of graphs and need to be recognised despite their orientation

and distortion.

8.3 Problems P4 and P5 will not be considered in this thesis,
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although future research may be directed towards an extension of our
procedures to these cases. Problem P4, usually called the "subgraph
isomorphism problem" has received attention from Sussenguth [70],
Penny [52], Levi [397, Levi and Luccio [41], Berztiss [ 5 ] and
Ullmenn [75]. The special case where G; and G, are trees has been
considered by Matula [45]. Problem P5 has been treated only rarely,

for example by Levi [39].

8.4 Proposed methods for solving problem Pl generally fall into
one of two breoad classes. The first approach, which we shall call
approach A, treats Gy and Gp together. In the usual system, Gj is
relabelled in some way and then an attempt is made to relabel Gy in

such a way that G; and Gy become ldentical.

The second approach, approach B, is to devise a map f from
G(V) into some convenient set 2 such that £(Gy) = f(Gy) if and only if
Gi and Gp are isomorphic. Unsuccessful or conjectural suggestions
for f(G) in the past have included the characteristic polynomial of
the adjacency matrix of G [10, 21, 59 ] and certain more general
matrix functions [Ll4, 73]. More success has been had in devising

maps f as follows.
8.5 Let £ : G(V) » G(V) be a map such that for each G e G(V)
and v € Sn we have

(1) f£(a) is isomorphic to G, and

(2) £(c") = £(q).

f(G) can be called the canonical labelling of G. Its

computation is the subject of problem P2.



10k,

8.6 The practical choice between these two basic approaches will
depend on the application required. If graphs are to be compared in

pairs only, then, under the current state of the art, approach A will
undoubtedly be the more efficient. However, 1f larger collections of

graphs need to be compared this will not necessarily be so.

Suppose we have a collection of N graphs which we wish to
divide into isomorphic families. If the number of such families is
almost as large as N and each comparison of two (labelled or
unlabelled) graphs gives only a yes/no answer, approximately (g) such

comparisons are required. Define average execution times as follows.

t; : for comparing two unlabelled graphs
ty : for comparing two labelled graphs

t3 ¢ for canonically labelling a graph.

Approaches A and B will then take approximate times

tA and tB, where

ot
il

tl(g) and

o
Il

N
Nty + t2(2).

Hence, as N » =, tB/tA ~>—t2/t1 which, for existing algorithms,

is considerably less than one.

8.7 The great majority of existing algorithms for solving
problem P1, whether by approach A or approach B, can be described in

terms of a canonical map. This is defined to be a map

(V)

g ¢ a(v) » 28\ (41

such that for G e G(V) and v « Sn we have
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(1) g(c") = g(G) ana

(2) G is isomorphic to every member of g(G).

8.8 Tn terms of a canonical map g, approach A to solving problem

Pl can be described as follows.
(1) Find one member Gi1' of g(G1).

(2) search g(Gy) in some systematic fashion for a labelled

graph 1dentical to Gy'.

Commonly, steps (1) and (2) are carried out together, and
intermediate information is used to help the search in (2). However,
since we will not be particularly concerned with approach A, we will

not go into these details here.

8.9 A canonical map g can also be used to canonically label a
graph G. Firstly, we must devise a total order on g(v). For example,
we can apply the usual ordering of the integers by writing an
adjacency matrix row-by-row as an nZ-bit binary number. Another

simple method uses the incidence matrix [49, 557 in a similar way.

Relative to whatever order on G(V) we have chosen, we can

define a canonical labelling of G ¢ G(V) by
(@) = max g(a).

The first use of this method was probably by Nagle [48],
who defined g(G) to be the set of all labelled graphs isomorphic to
G. A better choice was made by Heap [2h], who required each member

of g(G) to have its points in ascending order of degree. A similar
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system, counting triangles as well as edges, was used by Baker et al.

[ 3] when generating 9-point graphs.

8.10 Clearly the efficiency of any of these techniques will
depend heavily on the choice of the canonical map g. A great many
such maps have been used, explicitly or not, in published algorithms.

However, almost all of them fall in the class we now describe.

8.11 Let W: G(V) x q(v) » oV be a map such that the following

hold for each G ¢ gﬂV) and v ¢ Q(V).
(1) Wia, v) < "\v.

(2) W is independent of the labelling of G (as defined

(3) The program tree TG with defining function ﬂf(G, *) has

at least one terminal node.

(n)(

Since every terminal node of TG is in Q V), it corresponds
to an ordering of V and hence to a relabelling of G. If we define
g(G) to be the set of labelled graphs corresponding to the terminal

nodes of T. then g is canonical by 6.27.

Explicit uses of this method for finding a canonical map
have been given by Berztiss [ 571, Proskurowski [ 49, 551, Ullmann [ 75]
and Arlazarov et al. [ 2]. However, most of the so-called "partitioning"

procedures also fall into this class, as we shall demonstrate shortly.

8.12 Obviously, any terminal nodes of TG which are equivalent

under T'(G) correspond to the same labelled graph. Consequently at
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most one member of each equivalence class under I'(g) is required for
the determination of g(G). Therefore, any of the methods described
in Chapter Seven for reducing the size of TG can be used. However,
except as mentioned in T7.28, they have not been used in any published
algorithm that we know of. This is the main reason why we believe

our own algorithms (described in the next chapter) to be superior

to any previous algorithms.

8.13 We now proceed to give a formal account of "partitioning"
procedures and show how they lead to maps W of the type described

in 8.11. We first require a few definitions.

8.1k Let m = [Cy[Cole-lC ] € (V) and v € 8 - Then m’ denotes

the ordered partition [ClYICZYI'--[CkY].
Let A be a totally ordered set. A map

$:av) xTV) x V>4

will be called an indicator function if, for each G e G(V), m e I(V),

veV, ve Sn,we have

Similarly a map

® : G(v) x T(V) » T(V)

will be called a partition funmetion if, for each G e G(V), m e I(V),

Y € Sn’ we have

P @Y, o) = (Pla, =Y.



108.

Let g(V) and f(V) denote, respectively, the families of all

indicator functions and partition functions for V.

8.15 The sets g(V) and f(V) are closely related as follows.

et Je g(V). Then we can find a corresponding partition
function P= P(F) where for G € g(V) and 7 e T(V), P (G, ™) is the
ordered partition whose cells contain points with the same value of

S(G, 7, v) and are in the order induced from A.

Similarly, let (P € 03(\/’). Then we can find a corresponding
indicator function 3 = j (P) as follows. Let A be the natural
numbers. For G e G(V), 7 € E(V) and v € V let 3(G, T, v) = i, where

v is in the i-th cell of P(a, m).
The following lemma is trivial.

8.16 Lemma: Let § e g(V), Pe P (V). Then (@) < I ) and
P(I) e P(v). Purthermore,

1) PPy =P.
(2) For any G e G(V), m e T(V) and vi, vy € V,

FPINe, n, vp)

< $(PIN, 7, v
iff
f(G, T, vi) < j{(G, T, vy ). 0
8.17 We have already mentioned (8.9) the indicator function used

by Heap [2L4]. 1In this case we have

j(G, T, V) = dG(v).
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Similar functions used by other authors include
(1) the number of points at a given distance from v [Lko,767,

(2) the number of points adjacent to v (or at a given distance

from v) which lie in a given cell of w[40, 761, and

(3) the components corresponding to v in the eigenvectors of

the adjacency matrix of G [36].

The next few results show how partition functions can be

combined to give other partition functions.

8.18 Theorem: ret (P, P, ¢ P(v). Then P,(P) < ® (V) where

(P PG, m) = Pya,Pr(c, 1), for G ¢ (V) and 7 € T(V).

Proof: For vy ¢ Sn’

Py, PicY, o)) = Co6Y, (Pie, =)

Il

(Poc, (Pi(c, mNY. O

For ordered partitions my, Ty € E(V) we define my; A m to
be the meet of the unordered partitions corresponding to m; and mp,

with the cells in the order induced from mw; and my. Precisely, if

(mq A mp ) (i) = ﬂl(il) n mp(isn)

and

(my A mp)(3) = m(31) n m(3a),

then 1< j iff either iy < j; or i; = j; and iy < jso.
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8.19 Lemma: For any v € = and my, Ty € W(V), m ' A myY = (m A my).

Proof: Trivial. 0

8.20 Theorem: ILet 0)1, 032 € (f(V). Then 091 AN Py e ON)(V) where
(P A Py)(a, m) = F(e, n) »n Ppla, ),

~

for G e G(V), m e T(V).

Proof: Tor any vy ¢ Sn’

(Pl(GY, n') A @z(GYg )

1l

(P, "N A ( Py, o))

1l

(f]_(Ga TT) A PZ(G) ﬂ))Y

by 8.19. O

8.21 Theorem: et y ¢ I where T =T(G), G e G(V), m e ), let
fe Q(V)

Then [P (G, m)1Y¥

P (a, n).

I

Y
Proof: If vy ¢ T, then G G and 7' = . (]

The most common method of obtaining partition functions
is via indicator functions as shown in 8.15. From these partition
functions others can be constructed using 8.18 or 8.20. The following
few results indicate a related method which was first treated
systematically by Tinhofer [72 ] but used previously by Unger [761] and

other authors.

Let ﬁ*(G, ) and G{K(G, m) denote, respectively, the
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resulting partitions when Algorithms 5.27 and 5.32 are applied to

G e G(V) ana m ¢ T(V).
8.22 Theorem: K, ¢ 4?(V) and OEK € 4?(V) for any K > 0.

Proof: The vector g(v, ) of 5.26 is clearly an indicator function
and so 0{* € Q?(V) by 8.18 and 8.20. Similarly, the transformatiocn
of ; from step (5) to step (7) of Algorithm 5.32 constitutes a

partition function. 0

8.23 Let ¢ : G(V) » G(V) be a map such that for any G e G(V),
Y € Sn we have

c(@”) = (ela)).

For example vy, vy € V might be adjacent in c(G) exactly
when 3(vy,v2) =k in G (for some fixed k). If y ¢ I'(G), then

(e(a))Y = c(gV) = c(@) and so vy € T'(e(@)). Hence T(G) = T'(c(q)).

8.24 Theorem: Let c : G(V) » G(V) be a map satisfying 8.23. Let

Pe Pv). Then P e P(V) where for ¢ e G(V) and 7 « m(v),
P (e, m) = P (c(a), =)
Proof: For any vy € Sn’
P (c(cY), n") = PlleeN?, 7N
= (Plc(e), m))Y O

8.25 Theorem: [721 Let G e G(V) and let my be the unit partition
of V. Then there is a sequence ci, c,, ***, cy of maps satisfying

8.23 such that the cells of ™, are orbits of T(G), where
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We now demonstrate how partition functions can help us to

find functions W satisfying 8.11.

An ordered partition T € T(V) will be said to fixz a

sequence v € Q(V) if each element of v is in a trivial cell of .
8.26 let B : g(v) x Q(V) » T(V) be a map such that for G e G(V),
ve QV), ve Sn we have

(1) B, v) = (B(c, v))Y, and

(2) @&(a, v) fixes v.

Given (P e P(V), one such map can be found as follows. If

v = [vy, *°°, vk] , let w= [vllvzl-'-IVKIV\\)]. Then we can take

Bc, v) =7 A G)(G, 7). Other similar schemes are possible.

- ~ l‘
8.27 Let & : TI(V) x Q(V) ~» 2] be a map such that for v ¢ Q(V),

yeS andwe T(V) which fixes v we have the following.
(1) &Y, V) = (G (n, ).

(2) If |vl

1

n, then & (m, v) = ¢.

(3) If |v] <n, then & (m, v) is a cell of 7 not containing an

element of wv.

For example, we might take & (w, v) to be the first cell of

T not containing an element of v, or the first such cell of smallest

size.
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8.28 Theorem: ILet the maps B and € satisfy 8.26 and 8.27 respectively.
Then the map
1 o(v) x q(v) » 2"
defined by
WG, v) = 6(B(G, v), v)

for G e G(V) and v € Q(V) satisfies the conditions of 8.11.

Proof: Condition (1) follows from 8.27 (3). If vy ¢ 8 G e G(V),

and v € Q(V), we have

i]

WY, v = (BT, v, v

T((B(c, v)Y, ")

1

(T(B (G, v), v)

It

(wWa, v))Y,

i

so that @ satisfies condition (2). Finally, the program tree Te

contains terminal nodes since WG, v) = ¢ if |v] < n. O

8.29 Given the map ¥/ defined in 8.28 we can define a function f
satisfying 8.5 as we indicated in 8.9. However, in practice, the
following method may be more convenient. Suppose we have decided on

a total ordering of G(V).

For G ¢ G(V) define T, as in 8.11 (3) and let X(G) be the

G
set of its terminal nodes. TFor any t ¢ X(G) define ¢t to be the

labelled graph formed by labelling the vertices of G in the order they

appear in B (G, t). Then define

£(@) = max{c' |t e x(G)}.
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8.30 Theorem: The function f : G(V) - G(V) defined above satisfies

8.5.

Proof: TFor any G e€ G(V), f(G) and G are obviously isomorphic. Now

let vy € Sn' Then if T € X(G), 7 e x(a") by 6.27.

Y
But B(cY, V) = (B(a, 1)) and so (¢")" = ¢ .
Therefore £(G') = £(a). O

TY T

8.31 If G e G(V), 1 € X{(G) and v € T(G), then G =G .

Consequently any of the methods described in Chapter Seven can be

used to eliminate terminal nodes equivalent under T'(G) without changing
f(G). These methods have an additional advantage in that a small set
of generators for T'(G) can be found, for example, as described in

7.25.

8.32 Very commonly in implementing these ideas we find that
ﬂJ(G,v) consists of just one point for many nodes of the program
tree. Nodes of this type can be removed from the tree, as described
in 7.29. A wvery convenient arrangement for doing this is as follows.
The function & of 8.27 can be defined so that & (v, v) will be a
non-trivial cell of m if there are any. Furthermore, the map 8 or
8.26 can be defined so that if v; is an ancestor of vy in the tree

TG’We have

B (a, vp) < B(a, vi1),

and if B(G, vy) is discrete,

il

R(c, vp) &B(a, vl).
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In this situation the partition &(G, t) for 1 € X(G) can be found

from the earliest v of its ancestors for which B(G, v) is discrete.

Later ancestors can be ignored.
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CHAPTER NINE

A NEW CANONICAL LABETLING ATLGORITHM

9.1 In this chapter we present several versions of a new
algorithm for canonically labelling a graph and for determining its
automorphism group. This algorithm was originally inspired by King's
implementation [31] of the method of Parris and Read [50, 511, and
retains a superficial similarity to this method. However, many
improvements have been made. Most importantly, the methods of Chapter
Seven have been applied, making the algorithm useful for graphs with
large automorphism groups. Secondly, the use of Algorithm 5.32
instead of 5.27 has effected a great increase in efficiency. Finally,
several ad hoc features to be described later have been incorporated.
Once the algorithm has been presented and examples given, we treat

the problem of efficiency in some detail. ZEvidence is presented in
support of our claim that for large random graphs the algorithm is

close to the fastest possible. All of this chapter is original.

9.2 The basic structure of the algorithm is as described in
8.29 and 8.32. Therefore, our first step will be to define maps

6, B and Wsatisfying 8.27, 8.26 and 8.11 respectively.

9.3 Define a map & : (V) x Qlv) - 2V as follows. Let
ve QV), me (V).

(1) If m does not fix v, or |v| = n, define C(m, v) = .

(2) If 7 fixes v and 7 is not discrete, define g%TH v) to be

the first of the non-trivial cells of 7 of smallest size.

(3) If 7 is discrete and |v| < n, define ﬁ(ﬂ, v) to be the
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first cell of m not containing an element of v.
9.4 Lemma: & satisfies the conditions of 8.27.

Proof: Trivial. O
9.5 Define a map . (V) x Vv > T(V) as follows. Let
veV, Te E(V).

(1) If v is in a trivial cell of w, define P (w, v) =7.

(2) Ifm = [C1|"'|02] and v is in the non-trivial cell Cr’
define

D (n, v) = [Cyle=slC \{v}]eoelC, |{v}T.
r 2

9.6 Lemma: ILet ve V, me (V) and v € s, Then

Proof: 1In case (1) the lemma is trivial. In case (2) we have

A K R EERS (VAN A T ERT (VAR TS 20S
= (D(r, ¥)V. 0
9.7 As before, let G{K(G, m) denote the result of Algorithm 5.32

when applied to G e G(V) and 7 € T(V). Define a map
B : G(v) x q(v) - (V) as follows. Let G ¢ G(v) and

v e Q(V).

(1) If |v] = 0, define B(G, v) = 0{1((}, mg), where my is the

unit partition of V.
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(2) Suppose v = [vy, ==, vk], where 0< k < n. Then define

B (G, v) = RQH(G,Q (B(G, ), v )),
where

u=[vy, ] and L= 1B(a, ul.

T Vi

9.8 Lemma: B satisfies the conditions of 8.26.

Proof: If |v|=0, the result follows trivially from 8.22. Otherwise

it follows, by simple induction on |v|, from 8.22 and 9.6. [

9.9 Theorem: For any G e G(V) and v € Q(V) we have B (G, v) = =

where 7 is the coarsest element of =(G) which fixes v.

Proof: If |v] = 0 the result follows from 5.3k4.

Suppose the theorem is true for u = [vy, ***, v. ,J (0< k < n).

k-1
et v = [vy, *°°, vk] e Q(V).

Then, by definition, ® (G, v) = RQH(G, D (ny, v.)) where

Yk
m; = B(G, n) has £ cells. The induction hypothesis says that

B (G, u) = wp where my is the coarsest element of Z(G) fixing u.

Suppose B(G, v) = 7 e NI(V). By 5.36, m is the coarsest
element of 2(G) finer than P (my, vk). But the coarsest element of
5(@) fixing v is finer than the coarsest fixing n (trivially) and so

is finer than P (my, Vk)'

Hence w is the coarsest element of E(G) fixing v. 0

9.10 Following 8.28, define a map W': G(V) x Q(V) » oV by
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W, v) = t(B(c, v), v) for any G ¢ G(V) and v € Q(V). A canonical
labelling f(G) of G can then be defined as in 8.29. We have used a
total ordering of g(V) derived from a lexigraphic ordering of the

adjacency matrices of its elements.

We shall find the following notation convenient. If
Ge G(V) and 7 « E(V) is discrete, we define G{(w) to be the labelled
graph formed by labelling the points of G in the order that they

appear in w.

9.11 Clearly, any of the methods of Chapter Seven can be used to
find the set X(G) or a subset of X(G) containing the identity nodes
of TG with respect to I'(G). The method which we will describe is

based on T7.24 but altered so that L = 0, as described in T.27.

For convenience, we list a few of the variables used in the

description of the algorithm and note their usage. For 0 £ k £ n

define v, = [vy, *°°, vk].
Then Ek = B(a, \)k).
e = B(G, e;) where e; is the first terminal node.
p = B(G, t) where T is the terminal node for which

G is greatest so far.

m_ is the (ordered) partition of WH(G, v. ) as in 7.2k,

k

(1)

T is the orbits partition of the i-th element of
r(G) discovered. Only the non-trivial cells of

(1)

' need be stored.

J < 0 is the maximum number of partitions ﬂ(l) to be stored.



120.

0 if no terminal nodes have been found.
ley = 1] if T is the next terminal node to be

found, and T #ej.

We use the conventions of T.12 and T7.15 throughout.

9.12 Algorithm: Canonically label G ¢ g(V).
(1) Setk :=0; t :=0; h := 0,

(2) Compute & T B (a, vk), where v, = [vy, ***, v 1.

k k

If g 1is discrete go to step (6).

(3) set z := ¢ (&

= [vlﬂ "',‘V ].

), where v i

k® k k

(4) set m. = discrete partition of 7 with cells in numerical order.
. (1)
For 1 £ 1 £ 1% such that =
- (1)

m =T vVoT

fixes [vy, *°°, vk] set

(5) set C

first cell of T not yet chosen;

<
1l

e+l smallest element of C;
k =k + 1.

Go to step (2).

(6) Ifh =0 go to step (7).

Set p € = gk;
h := k.

Go to step (10).

(1) 1f G(e) =G(g) go to step (9).
Compute v such that gk = eY.
Set k := h.
For 0 < i< k set m, 3= m, v eY.
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(2)
(3)

(5)

(3)
(k)

121.
If t+ = J go to step (10).
Set t =t + 1, W(t) = 0 .,
Y
Go to step (10).
It G(Ek) < G(p) go to step (10).

Set p

1}
N

Ifk = 0 stop.

Set h :

1}
8
.
=
[ny
=
w

[}
5
[
]

Tf gll cellsof T, have been chosen go to step (10).

k

Otherwise go to step (5).

As an example we label the graph G of Figure 9.1 with J 2 2.

1 2

EO = [l: 2a 3”*7 5: 6]
Z = {l’ 23 3}-
To = [l|2]3].

¢C={1}; vi = 1; k = 1.

g1 = Rs(c,l2, 314, 5, 611]) = [2, 3|5, 6]1|4].
z = {2, 3}.
Ty = [2]3].

C=1{2}; vp =2; k = 2,



(2)
(6)
(7)

g, =R5(G,[315, 6]1Ik]2]1) = [3]6]1]k]2]5].

0o =¢e=[36]1k]2]5]
h =2,

k=1,

C=1{3}; vo = 3; k = 2.

£ = Rs(G,[2]5, 6]1114]3]) = [2]|5]1|4]3]6].

Go to (7).
G(e) = G(&2)

(2 3)(5 6)

Y
k=2

mg = [1l2, 31; =y = [2, 3].

t =1
g2, 305, 6).
k=1

Go to (10).
h=1;,%k=0

Go to (5).

¢C=1{2, 3}; vi = 2; k = 1.

g1 = Rs(c,01, 31L, 5, 612]) =1, 3|4, 6]2]5].

z = {1, 3}.
w1 = [1]3].

C=1{1}; v, =1; k = 2.

£s = Rs5(c,[31k, 6]2(5111) = [3]6]2]5(1|L].

Go to (7).

122,
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(8) =2
2 21, oqn, s},
(10) k = 0.

(11) Go to (10).
(10) Stop: f(G) = Glp)

where p = [3]|6|1[k|2]5].

9.1k The program tree of Algorithm 9.12 applied to the example

of 9.13 is shown in Figure 9.2. For convenience, the nodes of the

tree are labelled with the partitions ﬁk, with the cell Zf(ik, vk)
underlined.
[1.2.31k4,5,6]
[2.3]5,611]4] [1.3/4,612]5]
[3l6]1|ki2]5] (25111413163 [316]215]1]4]
. (2 3)(5 6) (1 2)(h5)
Figure 9.2

A more complicated example is shown in Figure 9.3, where

9.15 Algorithm 9.12 provides a particularly convenient means



[5.611,2,3,417,819]

<

[6]11,2,3,4]7,81915] [511,2,3,417.81916]
E6_3_,_11895\,21 [611,21719151813,41  [513,41819161T7]1,2]
[6141819151711,213] [6131819151711,2143  [6121TI9151813.k111  [5[4{819161711.213]

[6]4%]181915]TI213]1] 61k]819l51T7I1i312] [61318191siTl2ik]1] (612719151814 ]113] [5iki81916l7l21311]
(12) (3 1) (1 3)(2 B)(7 8) (5 6)

€

Figure 9.3

2T
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of computing the automorphism group I'(G). While many published
algorithms for graph isomorphism, for example by Levi [40] or Yang
(801, can be used to find T'(G), there seem to be no algorithms other
than our own for finding a small set of generators for T(G). All
other methods find each element of T(G) individually, and so are

practically useless if [T'(G)| is very large.

9.16 In Algorithm 9.12, suppose the first terminal node is
ey = [vy, *=-, Vn]. For 0 £ j £ n, define Vj = [vy, °°°, vj] and

let v, be the shortest such node for which & (G, v,) is the discrete

L 2

partition €.

Suppose 0 £ j € . Define P<J) =T, where T = r(g). 1If

j = 0, consider the point of time when the alggrithm.terminates.
Otherwise consider the instant when h is set to j - 1 for the first
time at step (10). In other words, consider the algorithm immediately
it has finished with vj and its descendants. At this point of time,
define ;j =, and let Yj be the set of all elements of T'(G) so far
discovered. Then from 7.20, T7.21 and T7.25 we have the following
result.

9.17 Theorem: (a) Yj generates T(j).

(b) lel <n - pj where F(j) has pj orbits.

(c) The cells of ;j are orbits of F(j), (3 < 2).

(@) ol = lr(j”’HFj(l)I, (3 <2). 0

We now consider a few simple means by which Algorithm 9.12

can be improved.
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9.18 Let 0 < j £ % and again consider the point of time when 9.12

has finished with vj and its descendants. For 0 £ i < J the cells of

the partition ", at this stage are orbits of P(J). In the algorithm

these partitions have been produced by applying the operation

Moo=,V GY for each v ¢ Yj' We introduce a new partition & ¢ E(V)
which is initially the discrete partition in numerical order. Each
time we find an element v € T'(G) we set & := £ V GY. Then (at the
point of time to which we are referring) the cells of & are the orbits

(3) )

induced from £. This method has the added advantage that at the end

of T and so we can set ﬂj_l to the partition of 6%5._1,

\)j_l

of the algorithm the cells of & are the orbits of T.

9.19 Another source of inefficiency occurs at step (4) of 9.12.

The computing of ﬂk i= ﬂk v ﬂ(l) for possibly many partitions ﬂ(l)

will be unnecessary if no cell of 7w, other than the first is ever

k
chosen. This will be the case, for example, if the terminal node
T # e) descended from the current node 1s absorbed onto an ancestor

of eyj. Hence we can defer these computations until they are actually

required.

9.20 " Let v be a node of the program tree produced by Algorithm
9.12 and let m = B (G, v). Ifn - || <5, then by 5.19 and 9.9,

G (m, v) is an orbit of Pﬂ, where T = T'(G). Consequently all the
terminal nodes descended from v are equivalent. If e; is descended
from v, then we know that G(e) = G(gk) at step (7) of 9.12 without
computing G(Ek), where Ek corresponds to a node descended from v. On
the other hand, if the terminal nodes descended from v are not

equivalent to e;, they can be identified as such by examination of

the first of them. In the following algorithm this change has been
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handled by the variable q in a way best seen by examining the algorithm.

It has led to more than a two-fold improvement in efficlency in many

cases.

9.21 Algorithm: Canonically label G e G(V) and find generators for

r(a).

(1)

(3)

(5)

Set k :

i

Oyt =03 h :=0; q :=0;m := 13

[laa]
H

discrete partition of V in numerical order.

=[vy, =, v 1.

Compute &_ := B (G, v, ) where v k

k k
If Ek is discrete go to step (5).

If n - [Ekl >5 set q :=k + 1.

G (&

Set Z := 2 vk) where v, = [vi, **°, vk];

L discrete partition of Z in numerical order.
Set C := first cell of T not yet chosen;
Vgl 0T first element of C;

k :=k + 1,

Go to step (2).

If h > q go to step (8).
Compute G(Ek).

If h # 0 go to step (7).

Set p 1= ¢ := gk;
h := k;
k :=k - 1.

Go to step (11).



(9)

(10)

(11)

(12)

(13)

It G(e) = G(Ek) go to step (10).
Compute vy such that Ek =’
Set & := £V SY;

k :=h - 1;

e 1T Ty v 6Y

Ift =J go to step (11).

Set t :
(%)

t + 1
=0 .,

Y
Go to step (11).

If G(gk) > G(p) set p := & .

Set k :=q - 1.

If k < 0 stop: f£(G) = G(p).

If k =h -1 or v. is not in the first cell of =

k

For 1 < i <t such that ﬁ(l) fixes [vy, *°°,

set ﬂk o= ﬂk vor

Itk <gset q:=k + 1.

k

v, 1,

128.

» 80 to step (13).

If not all the cellsof T have been chosen g0 to step (4).

Set k =k 1.

Ifk 2h -1 go to step (11).

If k <0 stop: f(G) = cl(p).

Set 7. := partition of éy(;K, vk) induced from £.

k
Itk <gset q :=k + 1.

Go to step (4).



129.
9.22 Algorithm 9.21 produces the same program tree as does
Algorithm 9.12 except for the occasional lopping of an unwanted
gsubtree, as described in 9.20. Theorem 9.17 will still hold. 1In
addition, at the termination of the algorithm we have m = |T(G)| and

the partition & gives the orbits of T'(G).

9.23 In many applications we may be interested in T'(G) but not in
the canonical labelling f(G). Clearly, in this case any terminal
nodes of the program tree other than those equivalent to e; can be
ignored. A convenient way in which many such nodes can be

eliminated is by defining a function
L gv) x q(v) > A

where A is any convenient set, and such that for G e G(V), v e Q(V)

and vy € Sn we have
L', v = L(c, v).

Now if ey = [vy, *°°, Vn] and for some v = [wy, -, wk] we have

L, v) = L(G,[vy, *°°, vk]),

then none of the terminal nodes descended from v are equivalent to ej.

Hence the subtree T(v) can be ignored.

A possible choice of‘<£(Ch v) is the quotient matrix of G
induced by B(G, v), as defined in 5.23. This matrix has been used
for related purposes by Levi [L01, and Corneil and Gotlieb [11, 14].
However, because of the large amount of time needed to compute this
matrix for each node of the tree, and because of the large amount of
storage space required to hold as many as n of these matrices, we have

adopted a simpler system.
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Let G e G(V), v e Q(V), m = &Z(G, v), and define
ry = Inl,

ro = i, where 'E;’(w9 v) = (i),

r3 = |n(i)|, and

I

ry a computer word whose one-bits indicate the

position of the trivial cells in m (see 3.10).

These four variables were chosen as being already available to the
program. If m is discrete we define Jf(G, v) = 0. Otherwise

£ (G, v) is a single machine word formed from lry, ro, r3, 7] using
the shift and exclusive-or operations of the machine. Despite the
simplicity of this system, it seems to be only rarely less powerful

than the use of the quotient matrix.

9.24 Algorithm: Find generators for I'(G).

(1) Setk :=0; t :=03; h :=0; q :=0;m:=1;

£

discrete partition of V in numerical order.

(2) Compute & 1T B(G, v, ) where v, = [vy, =+, v 1.

k k

If g is discrete go to step (6).
Set q = d.

Ifn - |£k| >5 get q : =k + 1.

If h =0 go to step (3).

Ir J?(G, vk) = Ak go to step (4).

Set q := q-

Go to step (12).

(3) Set Ak = £(G, v, ) where v, = (vy, *°°, vk].

k k
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(4) Set 7 := 5KEK, vk) where v = [vy, °°°, vk];
T := discrete partition of Z in numerical order.
(5) Set C := first cell of ™. Dot yet chosen;
Vi1 := first element of C;
k :=k + 1.

Go to step (2).

(6) If h =0 go to step (7).
If A, # 0 go to step (12).
(7) If h>qg go to step (10).

k)'
If h 2 0 go to step (9).

Compute G(&

(8) Set e := gk;
h := k3
k :=k - 1.

Go to step (13).

(9) 1If G(e) = G(gk) go to step (12).

(10) Compute y such that Ek =¢,
Output vy.
Set £ := & V ey;
k :=h - 1;
T = M v GY

(11) If t = J go to step (13).

Set t =t + 1; ﬂ(t) 1= 0

v
Go to step (13).

(12) Set k := g - 1.
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132.

Ifk =h -1, or v is not in the first cell of M > 80

to step (15).
(14) For 1 £ i £t such that w(i)
- (i)

= \
set ﬂk ﬂk i

(15) If k < q set q :=k + 1.

fixes [vy, *°°, v ]

k

If not all the cells of m,_ have been chosen go to step (5).

k
(16) Set k :=k - 1.
If k 2 h - 1 go to step (13).
Set h :=k + 1
m:= m X Iﬂh(l)l.
(17) If k < 0 stop.
Set m  := partition of ﬁ(ik, \)k) induced from &.
Ifk < qgset q:=k + 1.
Go to step (5).
9.25 Since Algorithm 9.2L4 produces the same elements of T'(G) as

does Algorithm 9.21, Theorem 9.17 will still hold.

Given the set of

generators Yy, we can construct the whole group I'(G) if desired, as

described in 4.11. However, a certain amount of information about the

group can be deduced directly from Yg. We have seen that the size and

the orbits of T'(G) are given by the algorithm. For the next few

results we continue the notation of 9.16.

9.26 Theorem: Suppose Y, contains an element of the form vé where

Ys 8 € T(G) and any point of V not fixed by v is fixed by §. Then

either v or § is trivial.



133.

Proof: Without loss of generality, suppcse that for some r where

0 <r < % we have v L= Vo= Y S but that vY z v . Then
r r r r+1 r+1
(r+1)

vr+1 = vr+1 and so 6 € T

v6

Therefore the terminal node e,

is in the subtree

T(v' ). Let T be the first terminal node of T(vl ) such that for

r+i
(r+1) . . i )
some B e T which fixes points of V not fixed by y we have

YB
1

+1

T =28

Let X(y) be the set of points fixed by y. We prove by

induction that B is trivial.

Suppose that for some j, where 0 £ j < %, we have

ijB = ij. This is true for example if j < r + 1.

Then G, \,J_YB) = Wa, ij) = (W, \)j))Y by 8.28. Let
v = vj+1 for convenience.
(1) If v ¢ x(y) then # = v by assumption, and so v'P = v',
sincé YB = By.
(2) 1If v e x(y) then
v = min{W/ (G, vj)} = min{® (G, vj) n x(y)}
since v ¢ x(y).
Also, v'* = min{(W(q, v DY 0 ()}
= min{tW (G, vj) n x{v)}

since w' = w if w € x(v)

=V

= v', since v e x(y).



134,

Hence in either case vYB = vY R
J+1

341 and so T = elY by

induction.

will be absorbed onto the node v

. Y
Since the node vr+1 P+l ?

no terminal node of T(\)Y ) equivalent to ey other than elY will be

r+1

encountered.
Hence 6§ = B and so § is trivial. J

9.27 Corollary: Suppose that for some subset Y ¢ Yqg we have

<y» = W(l) ® W(Q), where W(i) and W(Q)
(1) (2)

are non-trivial subgroups of

(1) (1)

T(G). Then we can write Y = Y uy where <Y > =Y and
2
< Y(2)> _ W( ).
1
Proof: Any element of Y is of the form 8y where v ¢ W( ) and
2
S € W( ). By the theorem one of y and § is trivial. a

9.28 Theorem: For some v € Q(V) suppose T, has exactly one non-trivial
orbit, where T = T(G). Then there is a subset Y¥ c Y, such that < Y*>

18 congugate to T, in T.

Proof: For any subgroup A < T let y(A) denote the set of points fixed
by A and let 2(A) denote the maximum value of j for which

x(A).

{vi, *°-, vj} c

Let ¥ be a subgroup of T'(G) conjugate to Fv for which

r = &(¥) is the greatest. Let C be the non-trivial orbit of V.

By assumption, Vo4q € C. Also, since V¥ < F(r), C is
)

contained in some orbit C; of F(r .
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Suppose there exists a point v in Cy\C. Then if

(r) Y )

- .. r
yeT and v. =v', Y 1Wy i1s in F(

and fixes v
+1

r+1°

This contradicts the maximality of 2(¥), and so C = Cy.

Now suppose Cp is another orbit of F(r) and w € Cp. Since

the partition 8, is equitable (5.9) and fixes w, the cell {w} is

Y
trivially joined to the cell C.

However, the equitable partition 6 () also has C as a cell,
r
and so Cp is trivially joined to C.

(r) (r)|

Hence by 5.16, I''"/ =T ® r(r)l
(

o v\C and so by 9.27,

1”)l =y, 0

Yy contains a subset generating T c

9.29 Corollary: If I'(G) contains transpositions, then Y, contains at

least one member from each conjugacy class of transpositions.

Proof: The subgroup of T'(G) generated by a single transposition

satisfies the conditions of the theorem. g

It is not clear when Theorem 9.28 will hold without the
restriction that Fv have just one non-trivial orbit. We conjecture
that a sufficient condition is that for any v € V not fixed by

I' the stabliser (T ) is trivial.
v v'v

9.30 Theorem: If I'(G) = ¥[z], where ¥ and ¥ are non-trivial, then

Yo contains a subset generating one of the copies of L in T(G).

Proof: TFor subgroups A € T(G) define 2(A) as before and let I¥ be

(r)

the copy of I for which r = 2(f¥*) is greatest. Then T is a direct
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sum with one factor £¥. The result follows from 9.27. 0

9.31 We now give a sequence of examples of the performance of

Algorithms 9.21 and 9.24. The following abbreviations are used:

n : number of points of G.
v, : first ancestor of ej for which 8 (G, Vl) is discrete.
M; : number of terminal nodes equivalent to e;.
My : number of terminal nodes not equivalent to ej.
£ : orbits partition of T = I'(G).
g : unit partition of V.
t : execution time in milliseconds, excluding time
for output.

If both 9.21 and 9.24 behave the same way and take about the

same time, only the figures for 9.21 are given.

9.32 1 o2

n==6,

=[1, 21; My = 3, M

]
o

Ve
IT| =12; € = wg.

Yy = {(2 6)(35), (12)(36)(kh 5)}.
t = 5-8.

9.33
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n = 8.
vy = (1, 2, 3];3 My = 4, M, = 0.
IT] = )48, E = mg.

Yo = {(35)(k 6), (23)(6 7), (1 2)(3L)(56)(T 8)}.

t = 10-3.
9.3k4 G = Kjp.
n = 10.
v, =11, 2,3, 4,5, 6, 7,8, 9]; M =10, Mp =0.

IT] = 3,628,800, £ = mg.

Yo = {(9 10), (89), (7 8), (6 7), (56), (45), (34), (23), (12)}.

t = 364,
9.35 2 03 0% ¢
1 L 7
13
2
11 9
10
n = 13.

v, = (4, 8, 1, 2, 9, 10, 5, 6153 My = 9, My = 0.
IT| = 12963 ¢ = {1, 2, 3, 5, 6, 7, 9, 10, 11{k, 8, 12]13}.
Yo = {(6 7), (56), (23), (12), (10 11), (9 10),
(5 9)(6 10)(7 11)(8 12), (1 5)(2 6)(3 7)(k 8)}.
t = 3846,
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5 6l 7 ‘8/€

16.

il

n
v, = [1, 1215 My = 3, M, = 0.
IT| = 8, £ ={1, 4, 13, 16]2, 3, 5, 8, 9, 12, 14, 15|6, 7, 10, 11}.
Yo = {(2 5)(3 9)(k 13)(7 10)(8 14)(12 15),

(1 4)(2 3)(5 8)(6 7)(9 12)(10 11)(13 16)(1k 15)}.

t = 21-5.

9.37
=

H
=
]
—
kw
ot
1
—
=
fon——
o

—
(%)}
\ "
}
—
hoo
b,
s
1o
/
M
o
O el

(25)(34)(710)(89)(1215)(131k)(1720)(1819)(2225)(2324),
(12345)(678910)(1112131415)(1617181920)(2122232425)1}.

t = 60-9.

9.38 G

C5[Cs], where Cg is labelled in a circular fashion. The

group T(G) is ¥[¥], where ¥ = T(Cs), [581].
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n = 25,

v, = ri, 3, 11, 13, 21, 23, 16, 18, 6,81; My = 13, My = 0.

IT| = 1,000,000; & = 7.

Yo = {(7 10)(8 9), (6 789 10), (17 20)(18 19),
(16 17 18 19 20), (22 25)(23 2L4), (21 22 23 24 25),
(12 15)(13 1k), (11 12 13 14 15),
(621)(722)(823)(92k)(1025)(1116) (12 17) (13 18) (1L 19) (15 20),
(2 5)(34), (12345),
(16111621)(27121722)(38131823) (4 91k 1924)(510152025)1}.

t = 160.
9.39 G is the graph with points {1, 2, e+, 13, 1', 2', -+, 13"}
where for 1 £ 1 £ 13, 1 < j < 13,

i and j are 2, 5,6, 7, 8 or 11,

o
o
C.
)
[¢]
[0}
[»]
ot
H.
Hy
[
[N
f
c
i}

i'and 3" " " " " 1, 3, ¥, 9, 10 or 12,

i and j' 1 il " "

0, 1, 3or9,

all differences being taken modulo 13, [1 J].

26.

n
v, = [1, 313 Mp = 3; Mp =5 (for 9.24), 7 (for 9.21).
IT] =39; £ ={1, 2, ««¢, 13]1', 2', ++e, 13"},

YO = {ad', BB'}

where o

(210 W)(36 7)(5 11 13)(8 12 9),

B=(123456 780910 11 12 13),
and o', B' denote the corresponding permutations acting

on the second half of G.

t =99 (for 9.24), 116 (for 9.21).
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9.40 G is the strongly regular graph with degree 10, 26 points

and trivial automorphism group, as given in [65].

n = 26.
v, = (1, 17, 71; My = 1, My = 7 (for 9.24k), 267 (for 9.21).
IT| =15 Yg = ¢.

t = 115 seconds (for 9.24), 2:60 seconds (for 9.21).

The algorithm of Arlazarov et al. [ 2 ] produced 756 terminal
nodes for this graph, and L0 for the graph of 9.39. They do not state

their execution times.

9.h1 We now consider the efficiency of Algorithm 9.21. Although
Algorithm 9.24 is always at least as fast as 9.21, we have not been

able to find any simple estimates for its execution time which are better
than those for 9.21. Furthermore, we have not been able to estimate

the effect of the improvement described in 9.20 although, as we have
said, it is often considerable. Consequently, we will assume that at

| > 5.

step (2) we always have n - ng

Define M= M; + My, where M; and My are as defined in 9.31.

Let t be the total time taken by Algorithm 9.21 when applied to G e G(V).

9.42 We first consider the time t; taken for the computation of

B (G, v) for each node v. Let t = [vy, **-, Vh] be a terminal node.

it

For 0 £ jJ < n define Vj [Vl, e, Vj]s

B (g, v.),
J

I

m.
J
L.
J

i

I, ]
J

Let k be the smallest value of j for which Rj = n,

By definition (9.7),
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T = R (G,@(ﬂj,v )), for 0 < j <k.

3+1 b+ 341

The computation of ga(ﬂj, v ) requires time of order 1, and

J¥1

so the computation of w,

341 takes time of order n(£j+

1" zj), by 5.k40.

Similarly the computation of 7y requires time of order nfg.

Hence the time taken to compute ﬂj for v, and its ancestors is

k
of order
k-1
nfgy + .2 n(zj+1 - Ej) = nly + n(SLk - %)
J=0
= nlk
= n2,

Summing over all terminal nodes we have

ty = 0(n?M).
9.43 Next we consider the time to required for calculations of the
form ﬂk =W v ﬂ(l) at step (12). One such computation takes time of

(1)) (1)) is the number of non-trivial cells of

order |m. |w(mw where w(mw

k
ﬂ(l). Define

m .
Q= Z m(w(l)), where m = M; - 1.

Then to is of order QZIﬂkl, where the sum is taken over all ancestors
of terminal nodes not equivalent to e;. We conjecture that for any n,
2 < Bn{log, n}, where {log, n} is the smallest integer not smaller than
logosn. This bound has been proven for graphs whose automorphism
groups I' have the property that, for any v ¢ V not fixed by I', the
stabiliser Fv is trivial, and for a few other similar cases. However,
the best bound we have been able to prove for an arbitrary graph is

Q< %—(3n - 2). Hence the best we can say for certain is that to is

of order n”Mz, although no class of graphs has been found for which an

order worse than nzMz holds.
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9.4l Other contributions to the execution time of 9.21 are easily

bounded. We list them below.

(1) TFor the computation of & (£ , v, ) at step (3): 0(n2M).

k> 'k

(ii) For computing the adjacency matrix of G(£_) at step (5):

k
0(n?M).

(iii) For comparison of G(gk) with G(e) and G(p): O(nM).

(iv) For computing v, 6y, gV GY and m v GY at step (8): 0(n2M;).

(v) For setting m,_ at step (15): 0(n2).

k

(vi) For indexing and other minor computations: 0(n?M).

Most of these bounds follow from the fact that TG has M
terminal nodes and not more than nM + 1 nodes. Bound (iv) follows from
the observation that vy is only computed for terminal nodes equivalent

to ey.

9.45 Putting these estimates together, we find that the total time
t is at worst of order n2M1 + n”Mz, although, as stated in 9.43, we

know of no class of graphs for which t > 0(n2M; + n?My) = 0(n?M).

By Theorem 9.17, M; < n and so t = O(n3 + n%*My). No realistic
estimate for My has been found, since it depends on two factors, both

of them difficult to determine.

(i) The number of identity nodes depends on the relationship

between 0(G) and E(G).

(ii) The efficiency of the technique of T7.23 in reducing the

number of terminal nodes equivalent to identity nodes other than ej
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is difficult to estimate. In fact, it depends on the labelling of G.

9.46 Fortunately, the proportion of graphs for which My > 0 is
quite small. For graphs with 7, 8 or 9 points the proportions are
respectively 2/104k4, 15/12346 and T0/274668 and in no graph with <9

points have we observed My > 5.
9.47 Theorem: The following condition is sufficient to ensure that
M, = O for G.

For any v € Q(V), let m be the coarszst element of E(G)
which fimes v. Then the non-trivial cells of w of smallest size are

orbits of r,, where T = r(a).

Proof: From 9.9 we have (G, v) = . The result follows from

9.3 (2) and the definition of . 0

9.48 Corollary: If G Zs s-e, My = O.

Proof: If G is s~e, then all equitable partitions are orbital. [l

Unfortunately, the conditions of 9.47 and 9.48 are both very
difficult to verify, both theoretically and experimentally. Incidentally

we do not know of any transitive graph for which My, # O.

Let My(n) be the maximum value of My, for any graph with n
points. The following result shows that My(n) is not bounded above by

any polynomial in n.

9.49 Theorem: Let G be a connected regular graph with m points, whose
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automorphism group T(G) has p orbits. Then for any k > 0,

Proof: Let kG denote the graph consisting of k disjoint copies of G,
{Gy, ==-, Gk} with point sets {Vy, *°-, Vk} respectively, and define

V=Vpu e uV .

(a) Suppose k = 1.

Since Gp is regular, @(Gy, [1) = Vi, and so contains p

orbits of I'(Gy). Hence T, has at least p identity nodes.
1

(b) Suppose TrG has at least pr identity nodes, for some r > O.
Let H = (r + 1)G. Since H is regular, ZJ(H, []) = V and so contains p
orbits of I'(H). Hence TH has p equivalence classes {under T'(H)) of

nodes of length one.

Suppose vy = [v] € Ty is the first node in one of these
classes. Without loss of generality we can assume that v € V;. By
9.9, B(H, v;) contains one cell C = Vy U === U Vr+1' A1l its other

cells are proper subsets of Vi, and hence smaller than C. If any of

these cells is non-trivial, we have @W(H, vi) < V;, by the definition

of f.

Continuing in this manner down the subtree TH(vl), we
eventually find a node vj for which Q%(H, vj) contains exactly one

non-trivial cell, namely Vo U °e* U Vr+ Since the trivial cells of

1
B (=, vj) will have no further effect on the computation of W(H, -)
for nodes of TH(vj), we can apply the induction hypothesis and say that
TH(vj), and hence TH(vl),has at least p  identity nodes. Considering
the other equivalence classes of unit-length nodes, we see that TH has
at least pr+1 identity nodes. U
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9.50 We now give some experimental data on the performance of
Algorithms 9.21 and 9.24 for a few common families of graphs. The
execution times are shown in Figure 9.&, where both scales are
logarithmic. The approximate gradient of the curve for large n is
given below as the constant k. As before, only data for 9.21 is

given, unless 9.24 behaves appreciably different.

(a) The path on n points, Pn’ labelled from one end to the other.

For all n, M; = 2 and My = 0. « = 18.

(b) The cycle on n points, Z , labelled in a circular fashion.

For all n, M; = 3 and My = 0. k = 19.

(c) The complete graph on n points, L

For each n, M] = n and Mp = 0. « = 27,

(d) The generalised cube on o points, Q_, defined by Q1 = Py,

XP2(H1> 1).
For each m, M; = m + 1 and My = 0. « = 2-0.

(e) Random graphs, as defined in 3.11.

The two curves marked RG in Figure 9.4 show average
execution times for ¢ = 0+50 and ¢ = 0*75. In both cases, no graphs
with non-trivial automorphism groups were encountered for n > 25, and
no graphs for which My # O were encountered for n = 10. Hence the

measured times for 9.21 and 9.2 were almost identical.

To illustrate how fast these algorithms are on random graphs
we have plotted (as a dashed line in Figure 9.4) the time required for
a single permutation of an n X n adjacency matrix. For n = 30 and
n = 60 this time represents about 58% and 73%, respectively, of the

time taken by 9.21 on random graphs. Since at least one such matrix
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permutation is an essential step for any canonical labelling algorithm
which employs an adjacency matrix representation of a graph, we believe
that it is not possible to devise such an algorithm which is very much

faster than our own on large random graphs.

9.51 Only a few other authors have given execution times for their
algorithm's performance on random graphs. In Table 9.1 we list the
execution times (in seconds) of Algorithm 9.21, Corneil and Gotlieb's
algorithm [ 11, 143 and Ullmann's algorithm [ 75], for random graphs
with ¢ = 0<5. Both these other algorithms test for isomorphism
between two graphs. It is clear that Algorithm 9.21 is by far the
fastest, even after allowing for machine-speed differences (perhaps a
factor of 4 in both cases). Times marked with a dagger (1) in Table

9.1 were estimated from related figures given by the relevant authors.

n Q.21 Corneil and Gotlieb Ullmann
20 0-0065 027 090
o) 0+020 0-95(+) 6-1(+)
Table 9.1
9.52 Let Hk denote the graph with 2k components, k isomorphic to

Z3 and k isomorphic to Z,. We define Hk(l) and Hk(z) to be particular

labelled graphs isomorphic to Hk' In Hk(l)

labelled before the copies of Z3, and in K

all the copies of Z, are

(2)

K copies of 7, and Z3 are

labelled alternately. For example,

1 2 5 6 9 12

A, K

L 3 8 7 11 10 14 13
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() 1 2 5 8 9 12

2

2 =I:j A I:I A '
[ 3 7 6 11 10 14 13

2
For any k, the program tree THk has (lf

so we can expect Algorithms 9.21 and 9.24 to be comparatively

) identity nodes, and

inefficient on these graphs. However, for both labellings, Algorithm
9.24 finds no identity nodes not equivalent to ej;, showing that the
technique described in 9.23 has been very successful. The behaviour
of Algorithm 9.21 can be seen from Table 9.2. M1 was the same for

both labellings.

k n IF(Hk)I (if) My M, for Hk(l) M, for Hk(z)
1 T 48 2 5 1 1
2 1k 9216 6 11 5 10
3 21 3981312 20 17 19 57
4 28 3.06 x 109 70 23 69 276
5 35 3467 x 1012 252 29 251 1257
6 L 6-34 x 101° 92l 35 923 5555
71 b9 1-kg x 1019 W3 41 3431 ohooo 1
8 56 Le58 x 1022 12870 L7 12869 104000
[(t+)estimated]
Table 9.2
The reason why My, 1s larger for Hk(z) than for Hk(l) seems

to be that terminal nodes not equivalent to ej are encountered before

very many elements of I'(H, ) have been found, so that the process in

k
step (12) of 9.21 is not so effective. However, for k = 8 we still
have only about 8 terminal nodes per identity node, which is very small
compared with IP(Hk)l. Execution times for both algorithms, and both

labellings, are shown in Figure 9.5,
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9.53 A minor extension of Algorithms 9.21 and 9.24 enables them
to solve two somewhat more general problems. Suppose G € G(V) and
z € N(V). One problem is the determination of FC’ where T = T(G).

The other is to find a map
£ g(v) x T(v) > g(v)
so that the following hold for each G ¢ G(V), ¢ € (V) and Y € Sn.
(1) (@, t) is isomorphic to G.
(2) 6", ¢") = #(q, 7).
Y . Y J
(3) (G, ") = f(a, ) iff ¢' = ¢ for some & e I'(G).

Clearly,this definition generalises that of a canonical labelling as
given in 8.5. We can think of it as the problem of canonically
labelling a graph with coloured points, each colour corresponding to

a cell of .

Although we shall not prove it here, the only change

required to 9.21 and 9.24 is to alter 9.7(1) to read

"Ir |v| = 0, define B(a, v) = Ry(c, r)."

9.54 A particular application of this technique can be described

as follows. Suppose G, H € g(V) and that G and H are known to be
transitive. If G and H are isomorphic and v ¢ V, there 1s an isomorphism
from G to H which takes v € V(G) onto v € V(H). Therefore we can

compare G and H by using Algorithm 9.21 with ¢ = [v|V\{v}]. This will
generally save a considerable amount of time. The elements of I'(G)

found by 9.21 (or 9.24) will generate the stabiliser F(G)v.
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In one of the first practical applications of Algorithm 9.21,
this method was used to generate all the circulant graphs with fewer
than 38 points. A graph G with n points is circulant if T(G)
contains a cycle of length n; hence G is transitive. In one run, for
example, the isomorphic copies amongst 23423 circulant graphs with 36
roints were found in less than 30 minutes. TFor these graphs, My, was

always zero, and M; averaged about 2-h,

9.55 Algorithms 9.21 and 9.24 can also be easily extended so that
they apply to more general graph-like objects, for example digraphs,
loop-graphs or multigraphs. We have used 9.21 and 9.24 with con-
siderable success on both digraphs and loop-graphs. The only necessary
change was to suspend the technique described in 9.20, since Theorem

5.19 no longer holds.

9.56 Finally, we mention a few simple methods by which our
algorithms might be improved. Basic directions we might try to take
are towards reducing the number of identity nodes, and towards

reducing the number of non-identity nodes.

Considering the first possibility, suppose G e G(V) and that
le and ﬁJz are maps satisfying 8.11. If r; and ry are the number of
identity nodes of the program trees defined by &i(G, *) and Wy (G, *)
respectively, we say that &)1 is stronger than 0]2 if ry €£rp. IF
r; = 1, then tJl is optimal (for G). The well-known Corneil-Gotlieb
algorithm [1L4] uses a defining function stronger than ours, but
requiring much more time for its evaluation. In fact, these authors
conjecture their choice of W to be always optimal, but unfortunately
counter-examples have since been found [13]. On the other hand,

Arlazarov et al. [2] use a defining function which can be very rapidly
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evaluated, but which is weaker than ours. The maps used by Overton
and Proskurowski [491 probably also fall into this category. We
believe that for most graphs our own choice of 1/ is a reasonable
compromise, since it is fast to compute (5.41) and usually optimal
(9.46). However, to help those cases (like the graphs in 9.52) where
4 is far from optimal, it should be possible to devise a system
whereby a -stronger version of W is automatically "turned on" by the
appearance of too many identity nodes. ZEven if the algorithm must be
restarted in these cases (which is not certain), this system should
substantially improve the "worst-case" behaviour without damaging the
average efficiency. For this purpose, we are currently examining
several possible choices for a map ¢ (or a sequence of maps) satisfying
8.23. The idea is to apply Algorithm 5.32 first on c(G) and then on G

during the computation of R .

9.57 The other possibility for improvement could be to reduce the
number of non-identity terminal nodes. Since the number equivalent

to e] is already very small (9.17), these nodes would no longer be a
problem if the number of identity nodes was sufficiently reduced.
Nevertheless there may be some merit in having L > 0, as described in

T.27.
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