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In th i s  paper some new methods of constructing i n f i n i t e  families of cospeetral 

graphs are presented. As an esampIe of their  application it i s  shorn that given any 
2n- 2 graph G on n vertices one can construct a t  least  ( n-2) nm-isomorphic pairs of eon- 

nected cospectral graphs on 3n vertices such that each member of each of the pairs 

contains three dis jo int  subgraphs isomorphic to  G. 

The same procedure can be w e d  to  construct pairs of non-isomorphic and non- 

cospectral graphs with the same spectral radius containing any two given graphs as 

d is jo int  induced subgraphs. 

1. INTRODUCTION 

Throughout t h i s  paper a l l  graphs considered have a f i n i t e  number of ver t i ces  

and no loops o r  mult iple  edges. A l l  undefined graph t h e o r e t i c  terms w i l l  have t h e  

meanings given i n  Harary [21. Simi la r ly ,  undefined matrix t h e o r e t i c  terms w i l l  be 

found i n  Lancaster 151. A l l  matrices w i l l  be assumed t o  have non-negative i n t e g r a l  

e n t r i e s  though, with the  exception of t h e  s tatements  concerning t h e  s p e c t r a l  r a d i i  of  

graphs, t h e  r e s u l t s  a r e  v a l i d  without t h i s  r e s t r i c t i o n .  .When wr i t ing  down p a r t i t i o n e d  

matr ices  we use 0 t o  denote a block with a l l  e n t r i e s  zero. 

We take the  d e f i n i t i o n  o f  a multigraph t o  permit both loops and mult iple  

d i rec ted  edges. The adjacency matrix A = ( a i j )  of a l a b e l l e d  multigraph on n v e r t i c e s  

i s  t h e  n x n  matrix with a . .  equal  t o  t h e  number of  d i r e c t e d  edges going from vertex i 
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t o  ver tex  j. This d e f i n i t i o n  i s  cons i s ten t  with t h e  d e f i n i t i o n  of  t h e  adjacency 

matrix of  a graph. Note t h a t  we have a 1-1 correspondence between l a b e l l e d  multi- 

graphs and matrices with non-negative i n t e g r a l  e n t r i e s .  

Two graphs (multigraphs) w i l l  be c a l l e d  cospectral i f  t h e  c h a r a c t e r i s t i c  poly- 

nomials o f  t h e i r  adjacency matr ices  a r e  t h e  same. We a l s o  apply t h i s  term t o  the  

matr ices  themselves. The spectral radius of a graph ( o r  matr ix)  is  j u s t  the  l a r g e s t  

eigenvalue o f  i t s  c h a r a c t e r i s t i c  polynomial. We w i l l  r e f e r  t o  two matrices a s  iso-  

morphic i f  t h e  l a b e l l e d  graphs (mult igraphs)  they represent  a r e  i s o m o ~ h i c  ( i . e . ,  

r e l a b e l l i n g s  of  each o t h e r ) .  In o ther  words two matrices A and B a re  isomorphic i f  

the re  e x i s t s  a permutation matr ix P such t h a t  P A P  = B .  We w r i t e  G(X) and A(X) t o  

denote the  c h a r a c t e r i s t i c  polynomial of  t h e  graph ( o r  multigraph) G and the  matrix A ,  

r espec t ive ly .  

The r e s t  of t h i s  paper f a l l s  i n t o  two p a r t s ;  t h e  first of  which (Section 2 )  



c o n s i s t s  o f  t h e  s t a t emen t s  o f  t h e  main r e s u l t s ,  and a  d i s c u s s i o n  of  some of  t h e i r  

consequences.  The second p a r t  ( S e c t i o n  3 )  c o n t a i n s  t h e  main p r o o f s .  These have been 

p resen ted  s e p a r a t e l y ,  a s  they  a r e  e n t i r e l y  m a t r i x  t h e o r e t i c a l  and somewhat t e c h n i c a l .  

2. THE PARTITIONED TENSOR PRODUCT 

By Newton's r e l a t i o n s  ( s e e  [61) ,  t h e  r o o t s  o f  a  polynomial a r e  determined,  up 

t o  o r d e r i n g ,  by t h e  sequences o f  sums o f  t h e  r h  powers of  i t s  r o o t s  f o r  r =  0 ,1 ,2 ,  ... 
Now f o r  any ma t r ix  A ,  t r  Ar ( t h e  t r a c e  o f  t h e  r h  power o f  A) i s  j u s t  t h e  sum of  t h e  

rth powers o f  t he  c h a r a c t e r i s t i c  r o o t s  of  A .  Taking A = I (where I is  t h e  i d e n t i t y  

m a t r i x  o f  t h e  same s i z e  a s  A) we have t h e  fo l lowing  r e s u l t :  

Lemma 2.1. I f  A and B are any too matrices, then they are cospectral i f f  

t r ~ ~ = t r  B~ f o r r = 0 , 1 , 2  ,... . 

D e f i n i t i o n s  2 .2 .  We d e f i n e  t h e  tensor product of  t h e  ma t r i ces  A and B, where 

A = ( a ' - )  i s  m x n ,  t o  be t h e  m a t r i x  c o n s i s t i n g  o f  m rows o f  n  b locks  where t h e  j t h  
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b lock  i n  t h e  ith row i s  t h e  m a t r i x  aijB. We denote it A XB. The main p r o p e r t i e s  of  

t h e  t e n s o r  product  may be found i n  [51  (where it i s  c a l l e d  t h e  d i r e c t  p r o d u c t ) .  

C l e a r l y  we can d e f i n e  t h e  t e n s o r  product  of  two graphs ( o r  mul t ig raphs )  a s  t h e  graph 

r ep resen ted  by t h e  t e n s o r  product  o f  t h e i r  adjacency ma t r i ces .  The p r o p e r t i e s  of  t h e  

t e n s o r  product  of  graphs  a r e  o u t l i n e d  i n  [3] (where it i s  c a l l e d  t h e  "conjunct ion")  

and i n  [71 (where it i s  c a l l e d  t h e  "Kronecker p roduc t " ) .  We no te  h e r e  t h a t  t h e  graphs  

r ep resen ted  by t h e  ma t r i ces  AxB and B xA can be  shown t o  be isomorphic ,  and t h a t  t h e  

graph r ep resen ted  by AxB depends only  on t h e  graphs  r ep resen ted  by t h e  ma t r i ces  A and 

B and n o t  on t h e i r  l a b e l l i n g .  

Let  

We assume h e r e ,  a s  we s h a l l  f o r  t h e  r e s t  o f  t h i s  pape r ,  t h a t  t h e  d i agona l  b locks  

(U, X ,  A and D) a r e  a l l  squa re .  We d e f i n e  t h e  part i t ioned tensor product o f  L and H 

t o  be t h e  m a t r i x  

and denote  it by LZH. Note t h a t  t h e  value  o f  t h i s  product  depends on t h e  p a r t i t i o n i n g  

o f  L and H .  Where ambiguity a s  t o  t h e  p a r t i t i o n i n g  a r i s e s ,  we w i l l  i n d i c a t e  t h e  

in t ended  p a r t i t i o n i n g  by d o t t e d  l i n e s .  



Examples 2 . 3 .  We i l l u s t r a t e  t h e  above d e f i n i t i o n  of t h e  p a r t i t i o n e d  tensor  

product.  Let 

where 

T 
and B is j u s t  the  transpose o f  B. Then H and H* a r e  t h e  adjacency matrices of t h e  

l a b e l l e d  graphs G(H) and G(HC:) shown i n  Figure 1. L 5H and L 5 Hg: a r e  the  adjacency 

matr ices  of  t h e  graphs G ( L x H )  and G(LÂ£H* respec t ive ly  and these  a r e  shown i n  Figure 

1 a l s o .  

FIGURE 1 

We now t u r n  t o  the  statement and proofs of our main r e s u l t s .  Let 

where t h e  matrices A and D a r e  square while In ( I n )  i s  t h e  m x  m (n x n )  i d e n t i t y  matrix. 

We have t h e  following r e s u l t .  

Theorem 2 . 4 .  ( a )  If m = n, L 5 H and L 5 H* aye cospect~a2 

Cb) If m # n, L 5 H and L z if* are cospectra'i iff A awia; D are. 



Proof. By 3.8 we have tr [ ( L ~ H ) ~  - C L ~ H * ) ~ ]  = (m-n)Ct r  A' - t$ Î ) f o r  

r =  l , 2 , 3 ,  ... . Applying Lemma 2.1 t h e  r e s u l t  i s  immediate. 

Examples 2.5. By way of i l l u s t r a t i o n  of  2.4 we po in t  out t h a t  t h e  adjacency 

matrices o f  t h e  l a s t  two graphs i n  Figure 1 have t h e  form L s H  and L E H ; ~  with L having 

t h e  form required by 2.4. Hence these  two graphs a r e  cospec t ra l .  In f a c t  they a r e  t h e  

smal les t  connected cospec t ra l  graphs ( see  [I]). As another example l e t  L be t h e  same 

matrix a s  i n  2.3, with the  same p a r t i t i o n i n g .  Let H be t h e  adjacency matr ix of t h e  

l a b e l l e d  graph G(H) i n  Figure 2 .  Then t h e  graphs represented by t h e  matrices L x H  

and LxH* a r e  shown i n  Figure 2, a s  G(L5H) and GCLzH*) respec t ive ly .  

G1 
FIGURE 2 

Since t h e  c h a r a c t e r i s t i c  polynomial of  a graph i s  j u s t  the product of t h e  

c h a r a c t e r i s t i c  polynomial of  i t s  components (see [8]) the  graphs G ,  and G2 obtained 

from G(L5H) and G(LsH*) respec t ive ly  by "cancelling" isomorphic components a r e  co- 

s p e c t r a l .  In f a c t  they a r e  t h e  smal les t  cospec t ra l  f o r e s t s  E l ] .  

Now l e t  

Then i f  L i s  any matr ix o f  the  form required by 2.4, LEK and L z K *  a r e  cospec t ra l .  

But it i s  easy t o  show t h a t  L > ; K  i s  isomorphic t o  t h e  matrix 



where 

In  o t h e r  words, considered a s  a multigraph, L z K  has two components whose. 

adjacency matr ices  can be represented a s  L2.H1 and L 5 H 2 .  Now L5H2 i n  tu rn  can be 

shown t o  have two components with adjacency matr ices  I x D  and In x A .  (We a r e  s t r e t c h -  

ing  the  d e f i n i t i o n  of  components here and above s ince  they a r e  not necessar i ly  con- 

nected) .  Thus t h e  c h a r a c t e r i s t i c  polynomial of L 5 K is  (L ~ H ~ ) ( A ) A ( A ) ~ D (  

Similar ly we can show the  c h a r a c t e r i s t i c  polynomial of  L 5 Kf: i s  (L x ~ f i )  ( X ) A ( A ) ~ D (  A)n. 

But L 5 K  and L s K *  a r e  cospec t ra l  s o  we have shown t h a t  

Suppose t h a t  t h e  matr ices  L 5 H l  and L x H* represen t  connected graphs. Then 1 
t h e  matr ices  A and D represent  induced subgraphs of  both,  and s o  by a well-known r e s u l t  

( see  e .g .  [8 ] )  t h e  s p e c t r a l  r a d i i  of  A and D a r e  s t r i c t l y  l e s s  than the  s p e c t r a l  r a d i i  

of LxHl  and L ~ H ?  So by (1) LzH,  and L ~ H ?  have the  same s p e c t r a l  r a d i i .  We 

summarize our  conclusions a s  follows: 

Theorem 2 .6 .  Let L, H, m and n be as i n  the statement of 2 .4 .  Then 

and i f  L x H and L : H* represent connected graphs, they have the same spectral radius. 

Thus Theorem 2.6 enables one t o  cons t ruc t  p a i r s  of non-cospectral (and s o  non- 

isomorphic) graphs with t h e  same s p e c t r a l  rad ius .  

Let 

Then we have t h e  following: 

Theorem 2.7. Let L l  and L n  be cospectral. Then 

(a )  i f  m l  = n l ,  L l z H  and L 2 z H  are oospectpa.2 

(b)  i f  in., + nl, L, '<.H and Ly 5 H  are cospec2raZ iff A and D are. 

Proof. By 3.9, t r  [ ( L ~ ~ H ) ~ -  ( L ~ . ~ H ) ~ I  = (m, - m2)( t r  A r -  tr Dr) f o r  r =  l , 2 ,  .... 



and i s  zero f o r  r =  0. Applying 2.1 t h e  r e s u l t  follows a t  once. 

The argument used t o  prove 2.6 can be extended t o  y i e l d :  

Theorem 2.8.  W i t h  notation and assumptions as i n  2.7 we have 

and i f  L l  5 H  and L 2 ~ H  represent connected graphs, they have the  same spectral radius. 

Applications 2.9. The r e s u l t s  given i n  2.4 and 2.6 could, of course, be 

t r i v i a l  i n  t h a t  t h e  graphs represented by t h e  matrices L z H  and L s H *  may be isomorphic, 

and not  j u s t  cospec t ra l .  

For completeness then ,  we o u t l i n e  a method f o r  obtaining a number of d i s t i n c t  

p a i r s  of cospec t ra l  non-isomorphic graphs from any given graph G ,  based on 2 . 4 .  

Let d i  be the  degree of  t h e  ith ver tex  of G .  Label G so  t h a t  di 2 di+l f o r  

i = 1 , 2 ,  ..., n-1. Let denote t h e  n-tuple of non-negative in tegers  ( a l , a 2 ,  ..., a n )  

where a l = n ,  a n =  0 and a; S a ^  f o r  i = 1 , 2 ,  ..., n-1. Let A denote t h e  s e t  of a l l  such 

n-tuples and f o r  6 i n  A l e t  s ( a )  denote t h e  sum of  t h e  e n t r i e s  of 5. Take two copies 

of G ,  G,  and G2 say,  l a b e l l e d  a s  described above. Let ( i , j )  denote an edge joining 

ver tex  i i n  G l  t o  ver tex  j(mod n )  where j # O(mod n )  and t o  ver tex  n otherwise. Put 

i n  s ( 2 )  edges a s  fol lows:  (1 ,1 ) , (1 ,2 )  ... ( l , a1) , (2 ,a1+l )  ,..., (2 ,a1+a2) , (3 ,a ,+a2+l ) ,  

. . . ( m , ~ ( ~ ) )  where m is  t h e  g r e a t e s t  i n t e g e r  such t h a t  a #  0 .  Ca l l  t h i s  graph G(2) and 

l e t  L be t h e  same matr ix as i n  2.3. Then L ?G(g)  and L z W a , )  (where t h e  l a b e l l i n g  

and p a r t i t i o n i n g  of  the  adjacency matrix of  G(a) i s  such t h a t  t h e  diagonal blocks a re  

t h e  adjacency matr ices  of G l  and G2) a r e  cospec t ra l  by 2 .4 .  But L s G ( a )  and L zG*(g) 

a r e  non-isomorphic a s  the  maximum degree o f  a ver tex  i n  L x.G(a) is  dl+2n, while f o r  

LzG'-qa) - it  i s  l e s s  than o r  equal  t o  the  maximum of the s e t  {dl+n,d,+2(n-l)}, which i s  

s t r i c t l y  l e s s  than d t 2 n .  I f  2 i s  another  element of A then it can be shown by com- 

paring degrees t h a t  L z  G(a) and LzG(b)  a r e  non-isomorphic unless a =  b. The same 

holds,  n a t u r a l l y ,  f o r  L 5 G2?(g) and L 2 G&(b). F ina l ly  t h e  maximum degrees of L s G(2) 

and L 5 G'qk~) a r e  always d i f f e r e n t .  

Thus we have a t  l e a s t  a s  many p a i r s  of  non-isomorphic cospec t ra l  graphs a s  

t h e e  a r e  elements of  4. This number can be shown t o  be ( 2 n ~ 2 )  which is  asymptoticall: 

4n-1/ 6. 

Let 

Then one can e a s i l y  show t h a t ,  considered a s  a multigraph, M x N  has two components 



with adjacency matrices MZN and M.:Nfs. Let 

Then M ' 2 N  = M E N ,  and M' s N *  = M5N2''. So by 2 . 6  MEN and M s N *  have t h e i r  character-  

i s t i c  polynomials d i f f e r i n g  only by a power of  \ and there fore  a r e  cospec t ra l  i f  they 

have t h e  same s i z e .  

Thus i n  general  we can regard M x N  and M x N *  a s  "cospectral  but f o r  zeros". 

In  t h e  s p e c i a l  case where K = J ,  c = B and a l l  t h e  matr ices  a r e  (0-1) matrices t h e  

graphs represented by them a r e  a l l  b i p a r t i t e .  Thus we can show t h a t  the  two components 

of the t ensor  product of two connected b i p a r t i t e  graphs a r e  always "cospectral  bu t  f o r  

zeros" and a r e  cospec t ra l  when they have t h e  same number of  v e r t i c e s .  (Of course these  

components may be isomorphic.) 

F ina l ly  we po in t  out  t h a t  we have found examples of graphs, not capable of 

non- t r iv ia l  represen ta t ions  a s  p a r t i t i o n e d  tensor  products ,  cospec t ra l  t o  graphs which 

do admit such represen ta t ions .  

3 .  PROOFS 

Our aim i n  t h i s  sec t ion  i s  t o  prove Lemmas 3.8 and 3.9 which we used t o  derive 

2 . 4  and 2 . 6 -  2.8. Throughout t h i s  s e c t i o n  we l e t  

and assume, a s  usual ,  t h a t  A and D a r e  square. 

We introduce some new notat ion.  Let 

Thus we may wr i te  H = I(A,D) +P(B,C). 

We list t h e  following proper t i es  of I and P. 

Lemma 3.1. For r = 1 , 2 , 3 ,  ... we have 

(a )  I ( A , D ) ~  = I(A~,D') 



Proofs. ( a ) ,  (d)  and ( e )  a r e  d i r e c t  consequences of t h e  d e f i n i t i o n s  while 

(b)  and ( c )  follow from ( a ) ,  (d )  and ( e )  and the  observation t h a t  P(B,c)' = I(BC,CB). 

Our assumption t h a t  H i s  p a r t i t i o n e d  so  t h a t  A and D a r e  square ensures t h a t  a l l  t h e  

matr ix products a r e  defined. 

We now note t h a t  f o r  a r b i t r a r y  m x m matr ices  X and Y (XtY can be  wr i t t en  a s  

a sum of  monomials i n  X and Y .  Relat ive t o  some ordering we denote these  monomials 

by ~ ~ ' ( X , Y ) ,  i =  1 , 2 , . . . , ~ ~ ;  e .g . ,  ( x + Y ) ~  = X'+XY+YX+Y~ so  we can define ~ F ) ( x , Y )  = X2, 

~ ^ ( X , Y )  = XY, f$" = YX and f p  = Y 2 .  We can regard each monomial a s  a funct ion i n  

two var iab les  X and Y and w i l l  denote it i n  t h i s  case simply a s  f y .  We w i l l  a l s o  

use f t o  denote Xr. 

o r  convenience we s u e  t h a t  f denotes some f i x e d  monomial f p )  from now t o  

t h e  end of  Lemma 3.7. We now der ive  some proper t ies  of  f .  

Lemma 3.2. 

where the gij  ( i = l , 2 ;  j = 1 ,2)  are monomials i n  A ,  B ,  C and D. 

Proof. The r e s u l t  follows t r i v i a l l y  from 3.1. 

I n  t h e  following we f i n d  it convenient t o  abbreviate  f (I(A,D) ,P(B ,c)) and 

gij(A,B,C,D) a s  f(H) and gij(H) respec t ive ly ,  s ince  no ambiguity can a r i s e .  

Lemma 3.3. Let 

where U and X are square. Then we have 

(Making t h e  obvious adjustments i n  no ta t ion  we w r i t e  t h i s  a s  f(M5H) = f(M) x f(H1.1 

Proof. For a r b i t r a r y  matrices Q, R,S and T we have (Q x R)(S x T) = QS x RT, i f  

t h e  products e x i s t  ( see  [ 5 ]  p .  257). Since by 3.2 t h e  g i j  a r e  monomials t h i s  f a c t  



implies  t h e  a s s e r t i o n  of t h e  lemma. 

Lemma 3.4. Let 

and l e t  notation be as i n  3.2 and 3.3 otherwise. Then 

But tr (X xY) = tr X tr Y f o r  a r b i t r a r y  matr ices  X and Y ( see  [5] p. 258) .  Using 

t h i s  we ob ta in  the statement of t h e  lemma. 

Let H* be the  matrix 

Assume D i s  a  k  x k  matrix and t h a t  A is Hxs,. Let Ik and I t  be the  k  x k  and 

k x l  i d e n t i t y  matr ices  respec t ive ly .  Let Q be t h e  permutation matr ix P( Ik , I l ) .  Then 

i f  K ,  say,  i s  any matrix of t h e  same s i z e  and with same p a r t i t i o n  a s  H ,  Q^KQ = K*. 

Lemma 3.5.  With notation as i n  3 . 2  ue have gl1(H)=gz2(H*) and gl2(H)=gZl(H*).  

E. Since f  is a monomial ,~- ' f (~)Q = f(QdlHQ) = f(H*). But by t h e  def in i -  

t i o n  of Q 

Comparing t h i s  matrix with the  one given f o r  f(H*) by 3 .2 ,  the  lemma follows imrnedia- 

t e l y  . 
Lemma 3.6. With notation as i n  3 . 3  and 3.5  we have 

tr [ f ( ~  X H )  - ~ ( M Z  He)] = (tr gll(M) - tr g 2 2 ( ~ ) ]  [tr g l l (H)  - t r  g Z 2 ( ~ ) ] .  



Proof .  Th i s  fo l lows  from t h e  a p p l i c a t i o n  of  t h e  i d e n t i t i e s  i n  3 .5  t o  Lemma 

Now l e t  

where Imi ( I n . )  is  j u s t  t h e  mixmi ( n i x n i )  i d e n t i t y  ma t r ix .  We d e f i n e  t h e  degree of 

X i n  t h e  monomial f  t o  be t h e  sum o f  t h e  exponents of  t h e  powers of  X i n  t h e  expansion 

o f  f(X,Y) ( e . g . ,  t h e  degree  o f  X i n  f(X,Y) = x3Yxy2 i s  f o u r ) .  S i m i l a r l y  we have of  

cour se  t h e  degree  o f  Y i n  f .  We c a l l  t h e  sum o f  t h e  degree  o f  X and t h e  degree o f  Y 

t h e  t o t a l  degree o f  f .  The fo l lowing  p r o p e r t i e s  of  L  (and L )  a r e  e s s e n t i a l  t o  our  

main r e s u l t s .  

Lemma 3.7.  Let the  notat ion be as i n  3.2 and 3.5. Let s be the degree of Y 

i n  f ,  l e t  t be the t o t a l  degree of f .  Then 

( a )  i f  s#O, t r  g l l ( ~ l )  = tr g n n ( ~ , ) ,  

(b )  i f  s =  0 , t r  g l l ( L l )  = m l ,  tr gZ2(L l )  = n l ,  

( c )  i f  s #  0 , t r  g l l ( L l )  = tr gZ2(L2)  for a l l  monomials f  i f f  L l  and L2 are 
cospectra2. 

Proof .  Note t h a t  f ( L l )  = f  ( l ( I m  I ) , P ( J l , K l ) ) .  Now t h e  arguments o f  f  
1 '  "1 

commute, s o  f ( L l )  i s  j u s t  P ( J , , K , )  when s # 0. Applying t h e  i d e n t i t i e s  i n  3 . 1  we s e e  

tr g l l ( L l )  = tr g2,(L1) = 0  i f  s is  odd. So assume s = 2 r ,  r # 0.  Again by 3 . 1  we 

have g l l ( L l )  = ( J ~ K ~ ) ~  and g2,(L1) = ( K ~ J ~ ) ~ .  

Now f o r  any ma t r i ces  X and Y we have tr (XY) = tr (YX) whenever t h e  p roduc t s  

a r e  def ined ( s e e  e . g . ,  [41 ) .  We have, t h e n  

Hence tr ( J ~ K ~ ) ~  = tr ( K ~ J ~ ) ~  and s o  ( a )  ho lds  f o r  a l l  s # 0 ,  odd o r  even. 

I f  s = 0 ,  f ( L l )  = l ( I m  ,In ) and s o  tr g l l ( L l )  = m l ,  tr  g 2 2 ( L l )  = n 1  and ( b )  
1 1  

i s  proved.  

t t By 2.1, L l  and L2 a r e  c o s p e c t r a l  i f f  ml tnl  = m2+n2 and tr ( L )  = tr ( L )  f o r  

t = 1 , 2 , 3 ,  ... . I t  i s  e a s i l y  shown t h a t  t h i s  i s  equ iva len t  t o  t h e  requirement  t h a t  

tr ( P ( J ~ , K , ) ~ )  = tr ( P ( J ~ , K ~ ) ~ )  f o r  t = 1 , 2 , 3  ,..., i . e . ,  t h a t  tr f ( L l )  = tr f ( L 2 )  f o r  

a l l  monomials f .  A s  tr f ( L l )  = tr g l l ( L l ) + t r  gZ2(L l ) ,  by ( a )  and ( b )  t h i s  i m p l i e s  

tr g l l ( L l )  = tr g l l ( L 2 )  and s o  ( c )  h o l d s .  

Lemma 3.8. Let H and Hf: be as i n  3.5. Let L  = L l  be as i n  3.7  (with m = ml,  

n = n l ) .  Then tr [ ( L X H ) ~ -  - ( L ~ H ~ ~ ) ~ ]  = (m-n) ( t r  A ~ -  tr  D ~ )  (and i s  zero for t =  0) .  



t Proof. tr (LxH)  can be expressed a s  a sum of terms tr f ( L x H )  by our  - - 
d e f i n i t i o n  of the  monomials f ,  and these  monomials w i l l  a l l  have t o t a l  degree t .  By 

3.6 we have 

tr [f(L 2 H) - f (L:  H A ) ]  = (tr g ^ ( ~ )  - tr g&)) g, 

By 3.7 ( a )  t h e  L.S. is  zero i f  s ,  t h e  degree o f  Y i n  f 

f(X,Y) = xt and g l l ( ~ )  = A t ,  gZ2(H) = D ~ ,  g l l ( ~ )  = Im, 

values  i n  ( 1 )  we a r r i v e  a t  t h e  s ta tement  of the  lemma. 

'(X,Y), is non-zero. I f  s =  0 ,  

g ( L )  = In. S u b s t i t u t i n g  these  

Lemma 3.9. Let Ll, L2 be as in 3.7 with L l  and. L2 cospec t rd .  Let H be as 

i n  3 .5 .  Then tr [(Ll 2 ~ ) ~ -  ( L ~ ~ H ) ~ ]  = (ml-m2)(tr A~ - tr D*) t = l , 2 , 3 ,  ... (and i s  

zero for t = O ) .  

Proof. From 3.4 we have - 

t 
By 3.7 ( c )  we may assume without l o s s  t h a t  f(X,Y) = X . Then we have gl l (H) = A ,  

g22(H) = D', g l l ( L i )  = I^., g22(Li) = Ini ( i = l , 2 ) .  A s  Ll and L2 a r e  cospec t ra l  

ml+nl = m2+n2, hence ml -mn  = n2-nl. S u b s t i t u t i n g  these  values  i n  ( 2 ) ,  we ob ta in  t h e  

lemma. 

Although, a s  s t a t e d  i n  t h e  in t roduc t ion ,  we have only considered matr ices  with 

non-negative i n t e g r a l  e n t r i e s ,  Lemmas 3.8 and 3.9 w i l l  hold f o r  matr ices  over more 

genera l  r i n g s ,  e . g . ,  t h e  complex numbers. We a l s o  mention t h a t  it is  poss ib le  t o  

genera l i ze  these  r e s u l t s  t o  matr ices  with a 3 x 3 p a r t i t i o n ,  but  t h e  p roofs ,  while 

conceptual ly  t h e  same, requ i red  more complicated no ta t ion .  

REFERENCES 

[l] C .  Godsil  and B.  McKay, Some computational r e s u l t s  on t h e  s p e c t r a  of graphs, 

This volume. 

[21 F .  Harary, Graph Theory. (Addison Wesley, 1969). 

[3]  F.  Harary and G.W. Wilcox, Boolean operat ions on graphs, Math. Scand. 20 (1967), 

41-51. 

[4] F .E .  Hohn, Elementary Matrix Algebra. 2nd e d i t i o n  (MacMillan, 1964). 

151 P .  Lancaster ,  Theory of  Matrices. (Academic Press ,  1969). 

[6] J . V .  Uspensky, Theory of  Equations. (McGraw-Hill, 1948). 



[7]  P.M. Weichse l ,  The Kronecker p r o d u c t  of g r a p h s ,  Proc. Amer. Math. Soc. 13 

( 1963 ) ,  47-52. 

[8 ]  R . J .  Wi lson ,  On t h e  ad j acency  m a t r i x  o f  a g r aph ,  i n  Cornbinatorics   roc. Conf. 

Comb. Maths . ,  Oxford)  (Inst. Math. App. 1972 ) ,  295-321. 

Department o f  Mathematics,  

U n i v e r s i t y  of Melbourne,  

P a r k v i l l e  , VIC . 


